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Strong Convergence of Multi-step Iterations
with Errors for a Family of Finite
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Abstract : In this paper, we established strong convergence theorems for a multi-
step iterative scheme with errors for finite mappings of asymptotically nonexpan-
sive in the intermediate sense in Banace spaces. Our results extend and improve
the recent ones announced by Plubtieng and Wangkeeree [ Strong convergence the-
orems for multi-step iterations with errors in Banach spaces, J. Math. Anal. Appl.
321 (2006) 10-23], Cho, Zhou and Guo [Weak and strong convergence theorems
for three-step iterations with errors for asymptotically nonexpansive mappings,
Computers Math. Applic. 47(4/5), 707-717, (2004)], and many others.
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1 Introduction

Let C' be a subset of real normed linear space X. A mapping T : C — C
is said to be asymptotically nonezpansive on C if there exists a sequence {r,} in
[0,00) with lim r, = 0 such that for each z,y € C,

n—oo

[Tz =Ty < (1 + 7o)l —yl, ¥Vn=1

If r, =0, then T is known as a nonexpansive mapping. 1" is called asymptoticall
nonezpansive in the intermediate sense [18] provided T is uniformly continuous
and
limsup sup (||7"x — T"y| — |l — y||) <O0.
n—oo x,yeC

From the above definitions, it follows that asymptotically nonexpansive map-
ping must be asymptotically nonexpansive in the intermediate sense.

Fixed-point iterations process for asymptotically nonexpansive mappings in
Banach spaces including Mann and Ishikawa iterations process have been studied
extensively by many authors to solve the nonlinear operator equations as well as
variational inequations; see [1, 5-9, 11-14, 16-17].
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In 2000, Noor [12] introduced a three-step iterative scheme and studied the
approximate solution of variational inclusion in Hilbert spaces by using the tech-
niques of updating the solution and the auxiliary principle. Glowinski and Le
Tallec [4] used three-step iterative schemes to find the approximate solutions of
the elastoviscoplasticity problem, liquid crystal theory, and eigenvalue computa-
tion. It has been shown in [4] that the three-step iterative scheme gives better
numberical results then the two-step and one-step approximate iterations. Thus
we conclude that three-step scheme plays an important and significant part in
solving various problems, which arise in pure and applied sciences.

Recently, Xu and Noor [18] introduced and studied a three-step scheme to ap-
proximate fixed points of asymptotically nonexpansive mappings in Banach space.
In 2004, Cho, Zhou and Guo [2] extended the work of Xu and Noor to the three-step
iterative scheme with errors and gave weak and strong convergence theorems for
asymptotically nonexpansive mappings in Banach space. Moreover, Plubtieng and
Wangkeeree [15] introduced strong convergence theorems of a multi-step scheme
with errors of asymptotically nonexpansive in the intermediate sense. Inspired
motivated by these fact, we introduce and study a multi-step scheme with errors
for finite family of asymptotically nonexpansive in the intermediate sense.

Let C' be a nonempty subset of normed space X and T1,...,Tx : C — C be
mappings. For a given x; € C, and a fixed N € N defined by

r1=x€C,

o) = aflwy, + BT, + 480 ul)

(2) = Pz, + BOTraY 44D 0, (L1)
Tpil = 2 = oMz, + ﬂle)T]&x% Dy WﬁN)ugzN), n>1,

where, {unl)} S{u N)} are bounded sequences in C and {an)} {Bn } {’y }

(l) = 1 for each

are appropriate real sequences in [0, 1] such that a,& + ﬂ
ie{l,2,...,N}.
The iterative schemes (1.1) are called the multi-step iteratives with errors.
IftTy =T, =---=Tyn =T, then (1.1) reduces to multi-step Noor iterations

with errors introduced by Plubtieng and Wangkeeree [15] defined by

r1 =z € C,
xg) a(l)m —i—ﬁ(l T, + ,y(l)ugll),
ng) a( I +/6(2)Tn (1) +7(2) (2 ) (1.2)

tnsr = 2 = aM g, 4 BT N=D L NN s g

where, {un oo {u N)} are bounded sequences 1n C’ and {a )} {6( )} {*y( )}

(1)

are appropriate real sequences in [0, 1] such that o 4+ ,8 = 1 for each

ie{l,2,...,N}.
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The purpose of this paper is to establish several strong convergence theorems
of multi-step iterative scheme with errors for finite family of asymptotically non-
expansive in the intermediate sense in a uniformly convex Banach space. These
results presented in this paper extend and improve the corresponding ones an-
nounced by Plubtieng and Wangkeeree [15], and many others.

2 Preliminaries

In this section, we recall the well known conceot results. Let C' be a nonempty
subset of normed space X and Ti,...,Tny : C — C be mappings. A family
{T; : i = 1,2,...,N} of N self-mappings of C (i.e.,T; : C — C) with F =
NN, F(T;) # ¢ is said to satisfy condition (B) on C if there is a nondecreasing
function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all r € (0, 00) such
that for all x € C

—T; > . .
s {lle ~ Taall} 2 F(d(z, F) (2.1)
A mapping T : C — C is called semi — compact if any sequence {z,} in C
satistying ||z, — Txz,| — 0 as n — oo has a convergent subsequence.

Lemma 2.1 ([17]) Suppose that X is a uniformly convex Banach space and 0 <
p < t, <q <1 for all positive integers n. Also suppose that {x,} and {y,} are
two sequences of X such that

limsup ||z, || <7, limsup [jy,| <r

n—oo n—o0

and lUm |t,x, + (1 —t,)ynl| =7 hold for some r > 0. Then lim ||z, —y,| = 0.
n—oo n—oo

Lemma 2.2 ([10]) Let{an}, {bn} and {y,} be nonnegative sequences of real num-
ber satisfying
ant1 < (14 vn)an + b, foralln> 1.
If > 1A < oo and Y o7 b, < 0o then
(a) lim a,, exists;
(b) lim a, =0, whenever liminf a, = 0.

n—oo n—oo

3 Main Theorems

This section we prove two strong convergence theorems for finite mappings of
asymptotically nonexpansive in the intermediate sense.

Lemma 3.1 Let X be a uniformly convex Banach space, C' a nonempty closed
bounded convex subset of X. LetTy,Ts, ..., Tn be finite mappings of asymptotically
nonezpansive in the intermediate sense with F = NN, F(T;) # ¢. Put

G = sup (| T =Tyl — |z —yl) VO, Yn>1,
z,yeC
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so that > 0" | G GY) < oo for alli € {1,2,...,N}. Let {z,} be the sequence defined
by (1.1) with the following restrictions :

(1) ol —l—ﬁ(i) +%(Li) =1 forallie{1,2,3,...,N} and for alln > 1;
(ii) >0 lfyn < oo forallie{1,2,3,...,N}.
Ifpe F, then lim ||z, —pl| ezists.

Proof. Let p € F for each n > 1, we note that

Iz = pll < aP(TT 2 — pll + B |2 — pll + 4 ulD — pl|
< ol (|an = pll + 1TV 20 — pll = 120 — plI) + B |20 — pl|
+ P ul) - pll
< alP||zn —pll + aPGY + BV |2y — pl| + 4P Jull - p|
< (af) + W) |lzn — pl| + dV
< [y — pl| + dt, (3.1)

where d) = aPG + 4V ||u o _ p|l. Since >°7 G < oo, we see that
S dV < oo. Tt follows from (3.1) that

I3l < oDITED —pl+ 30 —pl 472102 1
a2 (Jal?) — pll + 17500 — pll = 25D = pl) + Bz — pl
+7n)Hu(2) pll
< 2D ~ | + PGP + B 20 bl + A2 [
< o (o — pll + &) + @DGE + 5O lan — pll + 4Pl — g
(@) + B o =l + DD + e DGR 4P |ul? — p]
< lfen = ol + (32)

IN

where dP = oPd + o PGP + 42 |uP - p|. Since oo 1G(2) < oo and
5 4 < 0o, it follows that 3°°° o d'?) < co. Moreover, we see that

n=1
2 = pll < i TF2 = pll + B 20 — pll + 452 0 — p
<a@ (=P - pll + 1732 — pll = 2 = pll) + B2 ||z — pl|
+ P |uld) - p|
<aPa? = pll + PGP + B Jan — pll + 45 [ulP) - p|
<o (|en —pl +dP) + PGP + B |lzn — pll + 4 [ul® - pl|
< (@ + Bz —pll + P dP + PGP + 4P [u) - p|
< |lwn - pll +dP, (3.3)



Strong Convergence of Multi-step Iterations with Errors for a Family of Finite ... 375

where df) = a%’”dﬁ) + a%B)GSj) + %(LS)Hus{g) — p|. So that >"77 d%g) < oco. By
continuing the above method, there are nonnegative real sequence {d%k)} such
that 07 | df) < 00 and

2 = pll < [l — pll +d, (3-4)

for all k =1,2,..., N and for all n € N. This together with Lemma 2.2 give that
lim,, o ||n — p|| exists. This completes the proof. O

Lemma 3.2 Let X be a uniformly convexr Banach space, C a nonempty closed
bounded convex subset of X. LetTy,Ts,...,Tn be finite mappings of asymptotically
nonezxpansive in the intermediate sense with F = NN, F(T;) # ¢. Put

Gy = sup (T2 =Tyl —llz —yl) VO, ¥n>1,
z,yeC
so that > 7, GY) < 0o for alli € {1,2,...,N}. Let the sequence {x,} be defined
by (1.1) whenever {agf)}, {ﬁy(f)}, {%(f)} satisfy the same assumptions as in Lemma
3.1 for each i € {1,2,...,N} and the additional assumption that 0 < o < ozgf) <

8 < 1 for all n > ng, for some ng € N. Then lim,_. | Tixn — x| = 0 for all
i=1,2,... N.

Proof. For any p € F, it follows from Lemma 3.1 that lim, . ||z, — p|| exists.
Let lim,, o ||zn — p|| = ¢ for some ¢ > 0. We note that

lzV = = pll < |z —pll + 7Y, VR =1
(N—1)

where {d%N_l)} is nonnegative real sequence such that y - dy < oo. It
follows that

lim sup Hx;N_l) —p| <limsup ||z, —p|| = lim |z, —p|| =c,
n— oo n— 00 n—00

from which we have

limsup [ T2V~ = p|| < limsup(|e{¥ D = pl| + GV
n—oo

n
n— o0

= limsup([|z{N " —p[|) < c.

Next, we observe that
N-1 ’YT(LN) N N-1 7£LN) N
175N —p ot s ™ — )| < TR — )+ | L () — )]l
Oy, 2an
Thus we have
(N)

Tn

Ly ) )l < e (3.5)
Qo

limsup ||TRzN"1 — p+

n—oo
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Also,
’Yr(zN) N VT(IN) N
|20 —p+ 25 (™ = p)|| < llzn —pll + IIW(UQ "=,
gives that
%(LN) N
lim sup |z —p + W(U% '-p)ll <e (3.6)

and note that

c=lim 2" = p| = lim [|a{" TRz + 8N, + 4N ulM - p|
N N ’Yr(zN) N
= Jim oM [TReM Y —p+ L (w — p)]
n—oo 20471
(N) LA (N)
. N N-—1 %(LN) N
= lim [Tl )—p+72 7 (Ul —p)]
Qp

(N)
_ ) _ In _
+ (1= )[wn p+2ﬂ(m(un p)lIl-

n

This together with (3.5), (3.6) and Lemma 2.1, give

N-1 ’Yv(zN) ’Yv(zN) N
nhfolo | TRa® Y — 2, + (m - 277(;\/))(“% ) —p)| =0.
Since limy,_, s H(;:(NN)) . 2;’(‘;;) )(uSLN) —p)|| =0, it follows that
lim ||TRzN"Y —z,| = 0.

Moreover, for each n > 1, we note that
20 = pll < llzn — TN 1) + TRz = pl|
< wn = TNV + 21 = pll + GV Y.

Since limy, o0 ||Zn — TNxSINfl) | =0=1lim, G%N*l)7 we obtain that

c= lim ||z, —p| <liminf |2V~ — p|| < limsup |2V~ —p|| < e
n—0o0 n—oo n—oo

This implies that
lim_ [l — || = c.
n—oo

On the other hand, we note that

272 = pl| < ||z = pll +dN 2, Vn> 1,
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where {d%Nfz)} is a nonnegative real sequence such that > -, a7 < . So
that
limsup [|z{¥ =2 — p|| < limsup ||z, — p| = ¢,
n—oo n—oo
and hence

limsup |75 _,2(¥ =2 — p|| < limsup(|e{¥ 2 - p|| + GV 2) <.

n—oo

Next, we observe that

(N-1)
_ 7 _ _
7512 =+ Dy 0 = ) < 1754l =
Qi
(N-1)
n o (N-1)
ey ) -l
Thus, we have
7(Nfl)
. —_ n —_
hin—ilip TR _ N2 —p+ W(uﬁfv D _p)| <e (3.7)
Also,
,y(N—l) ,Y(N—l)
_ n -1 _ n -1
[#n —p + 25D (ur, P < llzn —pll + ”2@(3\“1) (ur, pll,
gives that
7(N*l)
limsup ||z, —p + ﬁ(ug\[—l) —-p)l <e, (3.8)
n— oo 26n
and note that
c= Tim o) —pf = lim o DTR 12tV + BV Da, — p
(N—-1)
= lim DT 2N —p+ m(ug\]ﬂ) —p)]
Qn
N-1 7£LN71) N-1
V(N_l)
= nh—>ngo a1 (TR 2N —p+ m(ugfl) —p)]
(077
,y(N—l)
+ (1= afN )en —p+ ﬁ(ug\hl) = p)lll-
20,
This together with (3.7), (3.8) and Lemma 2.1, give
’Y(N_l) ’V(N_l)
lim || TR _ 2" — 2 + (— - )WY —p)| =0
n-soo V1 20N -1 2@(11\[—1)
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Since
’Y(N_l) ,y(N—l) (N-1)
. n _n N-1) _ _
Jim 20D 5D ) (uy, p)|| =0,
it follows that
lim | TR N2 — g, || = 0.
Similarly, as in the proof above we can show that
lim [|T% N — | = lim | Tz — 2
n—oo n—oo
= lim [[T72) — 2
= lim |12, — x| = 0.

For any i € {2,3,..., N}, we note that
T @ — @nll < | TPwn — T2l ||+ T2 — 2|
<y =2l V) + GY + |17l — |
< Ve = TPz =V) + G+ 4w ™Y - |

+ |72l — || — 0, as n — oo (3.9)
and
zn41 = zall < @GV Tnal ™ — @l + 45 [l — 2]l — 0 (3.10)

as n — 00. Since

[Tizn — anll < [|2ns1 — @all + 2041 — Tz'n+117n+1||

+ |‘TZTL+1$"+1 - jln+1xn|| + HTinJrlzn - Eajn”a

it follows from (3.9), (3.10) and uniformly continuity of 7; that

lim |32, — 2] =0, forall i=1,2,...,N. (3.11)
This completes the proof. O

Theorem 3.3 Let X be a uniformly convex Banach space, C a nonempty closed
bounded convex subset of X. LetTy,Ts, ..., Tn be finite mappings of asymptotically
nonezxpansive in the intermediate sense with F = NN F(T;) # ¢ and satisfying
condition (B). Put

Gl = sup (IT'w = Tyl = lle =yl V0, Vn 21,
x,y
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so that 0, GY) < oco. Let the sequence {xn} be defined by (1.1) whenever
{ozgf)}, {@(f)}, {'yy(f)} satisfy the same assumptions as in Lemma 8.1 and the addi-
tional assumption that 0 < a < ol < B <1 foreach i€ {1,2,3,...,N} for all

n > ng, for some ng € N. Then {x,} converges strongly to a common fized point
m F.

Proof. It follows from Lemma 3.2 that

lim ||z, — Tiz,|| =0, forall i=1,2,...,N.

Now by the condition (B), there exists f : [0,00) — [0,00) is nondecreasing
function such that

x| Tiwn — [} = f(d(n, F)).

Then limy,_,o f(d(2n, F')) = 0. Since f is nondecreasing function and f(0) = 0,
we have

lim d(x,, F)=0. (3.12)

n—oo

We next show that {x,} is a cauchy sequence. Let ¢ > 0. By (3.4), we obtain
lans1 = pll < llon —pll +di7, Vp€F, ¥neN.
Thus, we note that
N
#ntm =Pl < [@nsimry = pll+dS4,, ) VpEF.
By (3.12) and Y7, d) < oo, there exists N; € N such that

€
97

< S )
d(avn,F)<3 and nz::ldn <3

for all n > Nj. Let n > Ni. Then there exists p; € F' such that ||z, —pi|| < 5.
Hence for each m € N, we have

| m = @all < lansm = pill + 20 = 1
N
< Nns oy = pall + llon = pall + 45T, )
N
< llan = pull + llzn — pll + Z71dS 7,

<EL E_ ¢
-+-+-=e€
3 3 3

Thus, we have {z,} is a cauchy sequence. Since X is complete, it follows that
{z,} is converges, that is x, — p as n — oo for some p € X. We now show that
p€ F. Forie {1,2,..., N}, we have

ITip = pll < Tip = Tizn || + | Twn — @l + [l2n — pll,
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it follows from Lemma 3.2 and uniform continuous of T; that
|Tip —pll =0 as n — oco.

Thus p is common fixed point in F'. This completes the proof. 0

Theorem 3.4 Let X be a uniformly convex Banach space, C a nonempty closed
bounded convex subset of X. LetT1,T5s,...,Tn be finite mappings of asymptotically
nonezpansive in the intermediate sense with F = NN, F(T;) # ¢ and one of
mappings in {T; :i=1,2,...,N} is semi — compact. Put

GO = sup (IT"e =Tyl — |z —yl) VO, Vn =1,
z,yeC

so that 7 GY) < co. Let the sequence {zn} be defined by (1.1) whenever
{agf)}7 {ﬁ,(f)}, {77(11)} satisfy the same assumptions as in Lemma 3.1 for each i €
{1,2,3,...,N} and the additional assumption that 0 < o < aﬁf) < B <1 for all

n > ng, for some ng € N. Then {x,} converges strongly to a common fixed point
m F.

Proof. Suppose that T;, is semi — compact for some 59 = 1,2,..., N. By Lemma
3.1, we have lim, .o ||z, — Ti,2,|| = 0. So there exists a subsequence {z,,}
of {z,} such that z,, — p € C as j — oo. Now Lemma 3.2 guarantees that
limj oo ||2n, —Tixp,|| = 0foralll =1,2,...,N. These imply ||p—Tip|| = 0 for all
1=1,2,...,N. This implies that p € F. By Lemma 3.1 lim,,_, ||, — p|| exists
and then limy, oo |2, — p|| = limy, oo [|2n; — p|| = 0. This completes the proof. (]

IfTy =T, =---=Tx =T, then we obtain the following result.

Theorem 3.5 Let X be a uniformly convex Banach space, C a nonempty closed
bounded convex subset of X. LetT : C'— C' be a mappings of completely contin-
uous asymptotically nonerpansive in the intermediate sense. Put

Gn = sup ([T"z =T "y|| — |z —yl) VO, Vn =1,
z,yeC
so that >.0" | G, < oo. Let the sequence {x,} be defined by (1.2) whenever
{as)}, {6,@}, {7,@} satisfy the same assumptions as in Lemma 3.1 for each i €
{1,2,..., N} and the additional assumption that 0 < o < a%Nfl), a,(IN) <pB<1 for
all n > ng, for some ng € N. Then {x%k)} converges strongly to a fized point of T.
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