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1 Introduction

In 1967, Bregman [I0] discovered an effective technique for using of the so-called Bregman distance
function Dy (-) in the process of designing and analyzing feasibility and optimization algorithms. This
opened a growing area of research in which Bregman’s technique was applied in various ways in order to
design and analyze not only iterative algorithms for solving feasibility and optimization problems, but also
algorithms for solving variational inequalities, for approximating equilibria, for computing fixed point of
nonlinear mapping.

On the framework of a reflexive Banach space E, let C' be a nonempty, closed and convex subset of F.
A mapping T : C — C' is said to be nonexpansive if

[Tz — Tyl <[lz—yll
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for all z,y € C. We denote by F(T') the set of fixed points of T

Let C be a nonempty, closed and convex subset of int(dom f) and T : C — C be a mapping. We said
that a point p in C' is an asymptotic fized point of T if C' contains a sequence {z,} which converges weakly
to p such that the strong lim, oo (x, — Tz,) = 0. The set of asymptotically fixed points of T is denoted by
ﬁ(T) The mapping T is said to be closed if x,, — = and Tz, — y implies Tz = y.

Definition 1.1. [T0] Let f : E — (—o00, +0] be a convex and Gateauz differentiable function. The function
Dy : dom fx int(dom f) — [0,400) defined by

Dy(y,z) = f(y) — f(x) = (Vf(z),y — x)
is called Bregman distance with respect to f.

By the definition, we know the following properties: the three point identity, for any x € dom f and
Y,z € int (dom f),
Dy(,y) + Dys(y,z) — Dy(w,2) = (Vf(z) = Vf(y),z —y);
the four point identity, for any y,w € dom f and z, z € int(dom f),
Dy(y,x) = Df(y,2z) — Dy(w,x) + Dy(w, z) = (V[f(2) = Vf(z),y —w).

Next, we will recall the necessary notation of the nonlinear mapping related to Bregman distance as
shown in the following:

(1) T is called Bregman quasi-nonexpansive [0] if F(T) # () and
D¢(p,Txz) < Dy(p,z),Vz € C,p € F(T).

(2) T is called Bregman strongly nonexpansive (BSNE for short) (see [6]) with respect to a nonempty
F(T) if
Ds(p,Tx) < Dy(p, x)

forall p € F(T) and x € C, and if whenever {z,,} C C is bounded, p € F(T) and lim,_, 4« (Dy¢(p,xpn)—
Dy(p,Txy,)) =0, it follows that lim, 1o Dy (T, x,) = 0.

(3) T is called Bregman relatively nonezpansive if F(T) = F(T) and
D¢(p,Tz) < Df(p,x),Vo € C,p € F(T).
(4) T is called Bregman firmly nonexpansive (BFNE for short) if
(Vi(Tz) =V [(Ty), Te = Ty) <(V[(x) = Vf(y), Te - Ty),Va,y € C,
or, equivalently
D¢(Txz,Ty) + D¢(Ty,Tx) + Dy(Tx,z) + Di(Ty,y) < D¢(Tx,y) + Ds(Ty,z),Va,y € C.

(5) T is called Bregman asymptotically quasi-nonexpansive it there exists a sequence {k,} C [1,00) satis-
fying lim, .~ k, = 1 such that for every n > 1,

D¢(p,T"z) < kpnDys(p, ),V € C,p € F(T). (1.1)
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(6) T is said to be Bregman totally asymptotically quasi-nonexpasive, if F(T) # () and there exist non-
negative real sequences {v,}, {un} with vy, , — 0 (as n — 00) and a strictly increasing continuous
function ¢ : R™ — R* with ¢(0) = 0 such that

Di(p,T"z) < Dy(p,x) + v, {(Ds(p, ) + pin,Vn > 1,Vx € C,p € F(T).

Remark 1.2. According to the definitions, it is obvious that
(1) each Bregman relatively nonexpansive mapping is Bregman quasi-nonexpansive mapping;

(2) each Bregman asymptotically nquasi-onexpansive mapping is Bregman totally asymptotically quasi-
nonezrpansive mapping, but the converse may be not true. If taking, ((t) = t,t > 0,v, = kn — 1 and
tn =0, then (1.1) can be rewritten as

D¢(p, T"z) < Df(p,x) + vo((Ds(p,x)) + ptn,Vn > 1,Vz € C,p € F(T).

Let C be a nonempty subset of Banach space E. The mapping T : C' — C' is said to be uniformly
asymptotically reqular on C' if
lim (sup ||[T" 'z — T™2||) = 0.
n—=00 xeC
Let E* be the dual space of F, the norm and the dual pair between E* and F are denoted by || - || and
(-, ), respectively. Let f: E — RU {400} be a proper convex and lower semicontinuous function. Denote
the domain of f by dom f, that is, dom f = {& € E : f(z) < +oc0}. The Fenchel conjugate of f is the
function f*: E* — (—o00,400] defined by

fr(€) =sup{(¢,2) — f(z) : 2 € E}.
Let H : C' x C — R be a bifunction, the equilibrium problem for H, denoted by EP(H), is to find u € C
such that
H(u,y) >0, VyeC. (1.2)

In 2008, Takahashi and Zembayashi [12] introduced the following shrinking projection method of closed
relatively nonexpansive mappings as follow:

ro=x€C, Cy=C,
Un = J HanJ(xn) + (1 — an)JS(2n)),
un € C such that H(u,,y) + %(y — Uy, JUup, — Jyn) >0, Vy e C, (1.3)

Cn+1 = {Z S Cn : ¢(Z7un) < d)(zaxn)}v
Tn+l1 = HC’n+1x7

for every n € NU{0}, where J is the duality mapping on F, {a,,} C [0,1] satisfies lim inf,,_, o, a,(1—ay) >0
and {r,} C [a,00) for some a > 0. Then, they shows the proof which guarantee that their defined sequence
{xn} converges strongly to Ilp(s)ngp(m)e-

In 2010, Reich and Sabach [6] presented the following algorithm for Bregman strongly nonexpansive
mapping T; in reflexive Banach space E, the sequence {z,} generated by

xo € F,

V=Tt |

Ci = {2 € B: Dy(e,h) < Dy(esn + b},
Cp:=nN, Ct,

Qn={z2€FE:{z—x,,Vf(xg) — Vf(zxy)) <0},
Tpt1 = pmjéann (x9),n=0,1,2,...,
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and
xo € F,
Ci=E,i=1,2,...
Y = Tilvn + ). | _
7ZL+1 = {Z € C; : Df(Z,y:L) S Df(Z,fEn +e’;z,)}7
Chy1 = mg\ilc;+lv
Tpt1 = projénﬂ (x9),n=0,1,2,...,

N

) ?

where proj }; is Bregman projection with respect to f from E onto a closed and convex subset K of E. They

prove that {z,} converges strongly to a common fixed point of {T;}5°;.
Recently, Chen et al. [5] devoted to investigate the shrinking projection method for finding common
element of solutions to the equilibrium problem and fixed point problems in Banach spaces,

Yn = Vf*(aan(wo) + (1 - an)vf(zn))7

Uy, = Res}v[(yn),

Cl={2€ Cro1NQni1: Df(z,un) < anDyf(z,20) + (1 — an)Dys(z, )},
Qn = {Z S Cn—l N Qn—l : <Vf($0) - Vf(l'n), z— $n> S O}a

Tpt1 = projénﬂQn (z0),VYn > 0.

(1.6)

They show that the sequence {x,} converges storngly to the point projgp(m)nrr)o-
Moreover, in 2011, Cholamjiak et al. [7] presented their results on the convergence investigation of the
following scheme in the framework of a real reflexive Banach space:

r1 €F,

CieFE

Yn = Resf\chNResig,lANil ...I%esf\C}LA1 (@, + €n), (1.7)
C7L+1 = {Z eCy: Df(zayn) < Df(Z,:En + en)v

Tpil = projénJrl(xl),Vn > 1.

Their proof can claim that the above defined sequence {z,} converges strongly to a point Pfé(xl).
In this paper, motivated and inspired by Reich and Sabach [6], Chen et al. [5] and Witthayarat et al.
[1], we introduce the new algorithm defined by:

x1 =u € C chosen arbitrarily,

Yn = VI (anVf(u) + (1 —ay = Ba)V(xn) + BV I(S"(2n)),

Uy = Res}f{N Res{qzw1 . .Resj;,2 Res}}l (T"yn), (1.8)
Crni1 ={2€Cyh: Dy(z,up) < Dy(z,20) + &0},

Tpy1 = Projo, T, Vn > 1,

where T',S be two closed Bregman totally asymptotically quasi-nonexpansive mappings. Under appropriate
difference conditions, we will prove that the sequence {x, } generated by algorithms (1.8]) converges strongly
to the point projlu, @ = F(T) N F(S) N (NN_, EP(Hy)).
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2 Preliminaries

Let E be a real Banach space. For any = € int(dom f), the right-hand derivative of f at z in the direction
y € E is defined by

/ .
yy) =1
fay) = Jim =
L . : : . fl+ty) — flx) . :
The function f is called Gateauz differentiable at x if lim,_,o+ exists for all y € E. In this

case, f'(x,y) coincides with the value of the gradient (Vf) of f at x. Fﬁlrthermore, if f is Gateaux differen-
tiable for any x € int(dom f), we can said that f is Gateauz differentiable. f is called Fréchet differentiable
at x if this limit is attained uniformly for ||y|| = 1. Moreover, f is uniformly Fréchet differentiable on a
subset C' of E if the limit is attained uniformly for z € C' and |jy|| = 1.

Let E be a reflexive Banach space. The Legendre function f : E — (—o00,+0o0] is defined in [§]). The
function f is Legendre function if and only if it satisfies the following conditions:

(L1) The interior of the domain of f denoted by int(dom f), is nonempty, f* is Gateaux differentiable on
int(dom f) and dom f = int(dom f);

(L2) The interior of the domain f* denote by int(dom f*), is nonempty, f* is Gateaux differentiable on
int(dom f*) and dom f* = int(dom f*).

Since E is reflexive, we know that (9f)~' = 0f* (see [9]). This, by (L1) and (L2), implies
Vf=(Vf)™', ranVf =domVf* = int(domf*)

and
ranV f* = domV f = int(domf).

By [8], the condition (L1) and (L2) also yield that the functions f and f* are strictly convex on their
respective domains. From now on we assume that the function f : E — (—o0o, +00] is Legendre.

Definition 2.1. [I0)] Let f : E — (—00, +00] be a conver and Gateaux differentiable function. The Bregman
projection of x € int(dom f) onto the nonempty, closed and convexr subset C C dom f is the necessarily
unique vector projé (x) € C satisfying

Dy(projl(x),x) = inf{ Dy (y,z) : y € C}.
Remark 2.2. [5]

1) If E is a Hilbert space and f(y) = %||z||* for all x € E, then the Bregman projection projf x) 1S
2 c
reduced to the metric projection of x onto C;

(2) If C is a smooth Banach space and f(y) = 3||z||? for all v € E, then the Bregman projection projé(sc)

is reduced to the generalized projection Il (x), which is defined by

¢(H0(x)a I) = miny€C¢(y7 l‘),
where ¢(y, x) = ||lyl|> — 2(y, J(x)) + ||z||?, J is the normalized duality mapping from E — 2F".

Let f: E — (—o00,+00] be a convex and Gateaux differentiable function. The function f is called:
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(1) totally convex at x € int(dom f) if its modulus of total convexity at x, that is, the function vy :
int(dom f)x[0,+00) — [0, +00) defined by

vi(z,t) :==inf{Dy(y,z) : y € domf, ||y — z| = t},
is positive whenever ¢t > 0;
(2) totally convez if it is totally convex at every point = € int(dom f);
(3) totally convex on bounded sets if v;(B,t) is positive for any nonempty bounded subset B is the function
vy @ int(dom f)x[0,+00) — [0, +00) defined by

vi(B,t) == inf{vs(z,t) : x € BNdomf}.

Definition 2.3. [3,[6] The function f : E — (00, +00) is called:
(1) cofinite if dom f* = E*;
(2) coercive if limyjz— 400 (f (@)/[2]]) = +o00;
(3) sequentially consistent if for any two sequence {x,,} and {yn} in E such that {x,} is bounded,

im Dg(yn,zn) = 0= lim [y, —z,|| = 0.
n— oo

n—oo
Lemma 2.4. [6] If f : E — (00, +00) is Fréchet differentiable totally convex, then f is cofinite.

Lemma 2.5. [J] Let f: E — (—o0,+00] be a convex function whose domain contains at least two points.
Then, the following statements hold:

(1) f is sequence consistent if and only if it is totally convex on bounded sets,

(2) If f is lower semicontinuous, then f is sequentially consistent if and only if it is uniformly convexr on
bounded sets,

(3) If f is uniformly strictly convexr on bounded sets, then it is sequentially consistent and the converse
implication holds when f is lower semicontinuous, Fréchet differentiable on its domain, and the Fréchet
derivative V f is uniformly continuous on bounded sets.

Lemma 2.6. [T]] If f : E — R is uniformly Fréchet differentiable and bounded on bounded subset of E,
then V f is uniformly continuous on bounded subsets of E from the strong topology of E to the strong topology
of E*.

Lemma 2.7. [3] The function f is totally convex on bounded sets if and only if it is sequentially consistent.

Lemma 2.8. [6] Let f: E — R be a Gateauz differentiable and totally convex function. If xg € E and the
sequence {Dy(xy, o) }ne, is bounded, then the sequence {x,}52; is also bounded.

Lemma 2.9. [J] Suppose that f is Gateaux differentiable and totally convex on int(dom f). Let x € int
dom f and C be a nonempty, closed and vonvex subset of int(dom f). If & € C, then the following conditions
are equivalent:

(1) The vector & is the Bregman projection of x onto C with respect to f;
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(2) The vector & is the unique solution of the variational inequality:
(Vf(z) =Vf(z),z-y) 20, VyeC;
(8) The vector & is the unique solution of the inequality:
Dy(y,2) + Dg(z,2) < Dg(y, x), VyeC.

Lemma 2.10. [T1] Let E be a real reflexive Banach space and C be a nonempty, closed and convez subset
of E and f : X — (—o00,400] be a Legendre function which is total convexr on bounded subsets of E. Let
T:C — C be a closed and Bregman totally quasi-asymptotically nonexpansive mapping with nonnegative
real sequences {vn}, {in} and a strictly increasing continuous functions ¢ : Rt — R such that vy, p, — 0
(as n — oc0) and ¢(0) = 0, then the fixed point set F(T) of T is a closed and convex subset of C.

For solving the equilibrium problem, let us assume that the bifunction H : C x C' — R is convex and
lower semi-continuous satisfies the following conditions:

(Al) H(z,z) =0 for all z € C;
(A2) f is monotone, i.e., H(z,y) + H(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C,
limsup H(tz 4+ (1 — t)z,y) < H(z,y);

t—0

(A4) for each z € C, H(x,-) is convex and lower semi-continuous.

Lemma 2.11. [T]] Let C be a closed and convex subset of E. Let H be a bifunction from C x C' — R
satisfying (A1) — (A4), let f : E — (—o00,+00) be a coercive and Gatrauz differentiable function and x € E,
then there exists z € C such that

H(z,y) +(Vf(z) =Vf(z),y—2) =0, Vel (2.1)

Define the operator Res{l 1 E — 2% as follows:

Rest(z) = {z € C: H(z,y) + (Vf(2) = Vf(zx),y—2) >0, VyeC}, (2.2)
for all x € E. Then, the followings hold:
(1) Res{{ is single-valued;
(2) Res{{ is BENE operator;
(3) F(Resl,) = EP(H);
(4) EP(H) is closed and convex;

(5) Dy(p, Resfo) + Df(ReS};x,x) < Dy(p,x), Vp € F(Resg), x e E.
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3 Main Results

Theorem 3.1. Let E be a real reflexive Banach space and C be a nonempty closed convexr subset of F,
f: E — R be a coercive Legengre function which is bounded, uniformly Fréchet differentiable and totally
conver on bounded subset of E and V f* be bounded on bounded subsets of E* and T,S : C — C, be
two closed Bregman totally asymptotically quasi-nonexpansive mappings with sequence {v,},{tin}, Un, tin —
0(as n — o) and let there be a strictly increasing continuous function ¢ : RY — RT with ((0) = 0. Let
H : C x C — R satisfying conditions (A1) — (A4). Assume that each T,S are uniformly asymptotically
regular and Q = F(T) N S(T) N (NY_, EP(Hy)) is nonempty and bounded. Define a sequence {x,} in C by
the following algorithm.:

1 =u € C chosen arbitrarily,

Yn = VI (@ Vf(u) + (1 —an = Bn)V(zn) + BV F(S™(20)),

Up = ResfHN Resf;,N_1 . .ResfH2 Res{q1 (T"yy), (3.1)
Cni1 ={2 € Cp: Ds(z,up) < Dy(z,2,) + &n

Tpyl = projénﬂu, Vn > 1,

where {ay, },{Bn} C (0,1), limsup,, .o ap =0, > 7 @y = 00 and &, = 2ln, In = vy sup,cq C(Dy(p, xn)) +
tn. Then, the sequence {x,} converges strongly to progQu, where projlu is the Bregman projection of C
into Q).

Proof. Firstly, we show that C,, is closed and convex for all n > 1. Note that

Dy(z,up) < Dy(z,25) + &

f(2) = flun) = (Vf(un), 2 —un) < f(z) = f(@n) = (Vf(zn), 2 — 20n) + &n
that is
(Vi(@n),z = 2n) = (Vf(un),z = un) < flun) — f(zn) + &n.

It clearly shows that C,, is closed and convex for all n > 1.
Next, we show that Q C C,, for all n > 1. For any given p € Q := F(T) N S(T) N (NY_, EP(H})) and

let G)f Res{{ ResH .ReszzResfh, j=1,2...,N and @g = I. We note that u,, = @vaT”yn. From
, we have
Di(psyn) = D0,V (anVf(u) + (1 —an—Bp)Vf(zn)) + BV f(S(zn)))

Bn)
Olan(pau)+(1*O‘n 5n)Df(paxn)+6an(p7S( ))
aan(p, u) + (1 — Opn — )Df(p, xn) + ﬁn(Df(pv xn) + UnC(Df(pa xn)) + Un)
aan(P7 u) + (1 — Qp — n)Df(p7 xn) + ﬁan(pa wn) + Up Sup C(Df(p7 xn)) +

IAN A IA

Olan(p, u) + (1 — Qp — ﬂn)Df(pv xn) + 6an(p7 mn)) + ln
= Olan(p’u) +(1 _an)Df(paxn) +ln, (3.2)
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where I, = vy, sup,cq ((Df(p, on)) + fin. From (3.1), (3.2) and Lemma we note that

Dy(p,un) = Ds(p,OKT"yn)
< Dy(p, T"yn)
< Df(pa yn) + UnC(Df(pv yn)) + tn
< Ds(p,yn) + vn sup C(Dy(p,yn)) + tin
= Ds(p,yn) +1n
< anDs(p,u) + (1 =) Ds(p, xn) + Ly + In

Oanf(p, u) + (1 - O‘n)Df(p’ Tp) + &ns (3'3)

where &, = 2l,,. Hence, we have

Thus, we have p € C,, for all n > 1. That is, p € C,, for all n > 1. This implies that Q € C,, for all n > 1
and also {z,} is well define.
From x,41 = projénu, by Lemma (3), we have

Di(zpt1,u) = Df(projénu, u) < Dy(p,u) — Df(p,projénu) < Dy(p,u) (3.5)

for all p € 2. Then, the sequence {D(x,,u)} is also bounded. Thus by Lemma the sequence {z,} is
bounded.
Since x, = projénu and xp41 = projénﬂu € Cpy1 C Cp, we have

Dy (2n,u) < Df(xpi1,u),Vn € N. (3.6)

Therefore, {Dy(xy,u)} is nondecreasing. Hence the limit of {Dy(z,,u)} exists.
By the construction of C),, one has that C,, C C, and z,, = proj(];mu € C, for any positive integer
m > n. It follows that

Df(xmaxn) = Df(wmaprojénu)

IN

Df(xma U) - Df(projénu, u)
= Dy(xm,u) — Dyi(zp,u). (3.7)

Letting m,n — oo in (3.7), we get Dy (2m,zn) — 0. It yields from Lemma that ||zm, — z,|| — 0 as
m,n — oo. It means that {z,} is a Cauchy sequence. Without loss of generality, we can assume that

T, > p €C, as n— oo. (3.8)
From (3.7, taking m = n + 1, we have
lim D¢(zpq1,2n) =0. (3.9)

n—oo

By Lemma [2.7] we get

nlbn;o |Znt1 — znll = 0. (3.10)
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Since x,41 = projgnu € C}, and by the definition of C,,, we have
Df(l'n—&-la Un) S Df(xn+la Llcn) + gn

From (3.9, we obtain

lim Dy(zpt1,un) = 0. (3.11)
n—oo

By Lemma [2.7] again
nh_}rglo |€nt1 — unl = 0. (3.12)

Taking into account ||z, — un|| < |25 — Tnt1ll + |Tnt1 — unl|, we see that

lim ||@, — u,| = 0. (3.13)

n— oo

This means that the sequence {u,} is bounded. As f is uniformly Fréchet differentiable on bounded subsets
of F, and by Lemma V f is norm-to-norm uniformly continuous on bounded subsets of E, that

nlg]go IV f(un) — Vf(z,)| =0. (3.14)
Because of f is uniformly Fréchet differentiable, it is also uniformly continuous, we have
lim || f(un) = f(zn)[| = 0. (3.15)
n—oo

From (3.1) and Lemma we have

Dy(@n,yn) < Dy(p*syn) — Dy(p", 20)
Df(p*7 Vf*(Oéan(U) + (1 — Qp — Bn)vf(xn) + Ban(Sn(LEn))) - Df(p*, xn)
< anDy(p",u) + (1 — an = Bn)Dp(p", an) + BuDy(p*, S(an)) — Dy (™, 2n)
< aan(p*vu) + (1 — Qp — /Bn)Df(p*vxn)

+ﬁn(Df(p*’ xn) + ’UTLC(Df(p*axn)) + /Jn) - Df(p*; xn)
an(Df(p*,u) - Df(p*,xn)) + ﬁn(an(Df(p*a Ty) + fn))-

Since vy, ft, — 0, we get

Di(@n,yn) — 0. (3.16)
By Lemma [2.7] show that
nll_}n;lo |zn — ynl = 0. (3.17)

Moreover, we have

Jim [V (zn) =V f(yn)ll = 0. (3.18)
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By Lemma we obtain

Dy (tn, T"x,,) Dy (05 T"y, — T"x,)
Df(pv T"z,) — Df(pv @{VTnyn>

Df(p, xn) + UnC(Df(pa xn)) + Hn — Df(pa un)

IAIA

(3.19)

By definition of the Bregman distance, we have

Di(p,xn) = Dy(p,un) = [f(p) = f(@n) = (Vf(zn),p —zn)] = [f(P) = f(un) = (Vf(un),p — un)]
= f(un) = f(@n) + (Vf(un),p = up) = (Vf(an),p— zp)
= fun) = f(@n) + (Vf(un), zn — un) + (Vf(un) = Vf(zn),p— 20),

for any p € F. Since every sequence {uy} is bounded, {V f(u,)} is also bounded. From (3.13)), (3.14]) and
(3.15)), we obtain

nh—{r;o[Df(p’ zn) — Dy¢(p,un)] = 0. (3.20)
From (3.19)), we have
lim [Dy(up, T"xy)] = 0. (3.21)
n— oo
By Lemma show that,
nh_}rrgo [lwn, — T || = 0, (3.22)
and hence
Tl [V f(un) — VF(T"2,)] = 0. (3.23)

Taking into account ||z, — T"xy || < ||zn — wn|| + ||tn — T"@y||, we obtain
nh_}rrgo |z — T"xy,|| = 0. (3.24)
Note that | T"z,, — p*|| < |T"@n — zn| + ||z, — p*[|. It follows from (3.8) and (3.24)), we have
nh—>Holo |T"x, —p*|| =0, (3.25)
Further, we have
1Ty — p[| < 1T g — T || + | T2 — p*.
From and T is uniformly asymptotically regular, we obtain that

lim | 7" 2, —p*|| — 0.

n—oo
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This implies TT™y,, — p* as n — oo. From the closedness of T', we have p* € F(T).
Further, we consider

IVf(zn) = Vi)l = [IVf(@n) = VAV (anVf(u) + (1 —an = Ba)VI(xn) + BV (S™ (zn))]ll
IVf(zn) —anVf(u) = (1 —an — Ba) V(@) — BaVF(S" ()]
= |len(Vf(zn) = V() + Ba(Vf(zn) = VI(S"(zn)))]-

From (3.18), we have

T llan (V) = V() + u(9 £ () = V(S @) = 0 (320)
and hence
T [V f () — VA(S™ (@) = 0. (3.27)

Since V f* is uniformly continuous on bounded subset of E* and thus
lxn — S™(2n)]]| = 0, as n — oco. (3.28)
Note that ||S™x, — p*|| < ||S™@n — Tnl| + ||zn — p*||, we have

lim ||S"x, —p*|| = 0, as n — oc. (3.29)

n— oo
In a similar way, one has p* € F(S). Thus p* € F(T) N F(S).
Next, we prove that p* € N\N_, EP(H}). By u, = ©4T"y,, we have
] NT"Yn)
D, ResHNG)fV 1T%yn)

Dy(p,un) = Dy(p,
Dy
Dy(p,©% _,T"yn)
(
(2,

IN

Dy (p, ResHN 1@{\, T yn)
Dy

IA

T"yn) < ... < Dy(p, T"yn). (3.30)
Since p € EP(Hy) that

Dy (ONT" Y, OF 1 T"y)

Dy(Resly O% 1 T"yn, ©5_1T"yn)
Dy (p,©% _1T"yn) — Dy (p, O%T"yn)
Dy(p, T"yn) — Dy (p, un)
f(p yn) + UnC(Df(pv yn)) + pn — Df(p, Un)
D¢ (p,yn) + vn sup C(D#(p,yn)) + pn — Dy (p,un)

VAN VAN VAN VA

an(Df(p7 u) - Df(p7 xn)) + Df(pa mn) - Df(pa un) +&n

IN A
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From (3.13)), (3.14)), (3.15) and (3.20), we have

lim D;(O4T"y,, 0% _T"y,) = lim Dj(u,, O _ T y,) = 0.
n—oo n— oo

By Lemma show that
Jim |0 Ty, — O, T"ya| = limn [|u, — OX_,T"yu] = 0.

Since f is uniformly Fréchet differentiable, we have

Jim [VF(ORT yn) = VH(OK Ly T"yn)ll = lim [V (un) = V(O T"yn)|| = 0.

Again, since p € EP(Hy_1) = F(Res}; ), by Lemma and (3.30) that

Df(@{\/—lTnyn’ @{V—zTnyn)

Dy ResHN 1@{\, IT"yp, O)

(
Dy (p,©% 5T yn) = Dy (p, O% 1 T"yn)
f(p ™ yn) Df(p7 un)

(p ) Df(p, un) +€n

Thus lim,, Df(@{\,_lT”yn, @{V_QT"yn) = 0. By Lemma again

INIAIA

Jim [0 T yn — 4 5T yull =0,
and
Tim [[VF(OL_,T"ya) = VAOL_T )| = 0.
Similarly, we also have
lim [O3 Ty — O3 T"yal = ... = lim [|O]T"y, — Ty, =0.
Therefore, we can conclude

lim |©/T"y, — O] T y,| =0,i=1,2,...,N.
n— 00

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

Note that H@{VT”yn — Ty, |l < ||@{VT”yn - ®{V71T"yn|| + ...+ |efTry, — Ty, |. 1t follows from (3.37),

we have
lim (|04 Ty, — Tyl = lim fun — Ty = 0.
and
Jim [[Vf(un) = VF(T"yn)|| = 0.
By Lemma |2.11] we get
Hi(un,y) +(Vf(un) = V(T yn),y — un) >0,y € C.

(3.38)

(3.39)



166 P. Bunpatcharacharoen

From (A2), we obtain

(Vf(un) = VI(T"Yn),y — un) —Hy.(un, y)

Hi(y,un),Vy € C. (3.40)

ARV

Taking limit as n — oo in (3.40)) together with conditions (A4) and (3.39)), we have
Hy(y,p") <0,Vy € C.

For any y € C and 0 <t < 1, let y; = ty + (1 — t)p*. Note that y,p € C, that is we can claim that y; € C
and Hy(y:,p*) < 0.
From (A1),
0 < Hy(ye, ye) < tHi(ye, y) + (1 — ) He(ye, p*) < tHi(ye, y).

Thus7 Hk(yta y) Z 0.
Letting ¢ — 0, therefore from (A3), we obtain lim sup,_,, Hx (ty+(1—t)p*,y) < Hr(p*,y). That is Hi(p*,y) >
0, for all y € C, which implies that p* € EP(Hy),k = 1,2,...,N.. Thus, p* € N}_, EP(H}). Hence, we
have p* € Q.

Finally, we now prove that p* = proj{zu. Since Q) C C), for all n > 1, by Lemma that

(Vf(u) =V f(xn),zn —p) >0,Yp € Q. (3.41)

Taking the limit as n — oo in (3.41)), we have

(Vf(u) = Vf(p*),p" —p) >0,Vp €, (3.42)
and hence p* = proj{zu, by Lemma This completes the proof. a

Corollary 3.2. Let E be a real reflexive Banach space and C be a nonempty closed conver subset of E,
f: E — R be a coercive Legengre function which is bounded, uniformly Fréchet differentiable and totally
convex on bounded subset of E and V f* be bounded on bounded subsets of E* and T,S : C — C be two closed
Bregman asymptotically quasi-nonexpansive mappings. Let H : C' x C' — R satisfying conditions (A1) — (A4)
and Q = F(T) N S(T) N (NY_,EP(H})) is nonempty and bounded. Define a sequence {x,} in C by the
following algorithm:

1 =u € C chosen arbitrarily,

Un = V(@Y F() + (1~ iy — Bu)V F(n) + BuV F(S (),

Uy = ResfHN Res};N_l . ResfH2 Resle (Tyn), (3.43)
Cri1={2€Cy: D¢(z,un) < Dy(z,2,)},

Tpyl = proj];nﬂu, Vn > 1,

where {a,} C (0,1), limsup,,_, ., an, < 1. Then, the defined sequence {x,} converges strongly to projlu,
where projlu is the Bregman projection of C into .

Corollary 3.3. Let E be a real reflexive Banach space and C be a monempty closed convexr subset of E,
f: E — R be a coercive Legengre function which is bounded, uniformly Fréchet differentiable and totally
conver on bounded subset of E and Vf* be bounded on bounded subsets of E* and T,S : C — C be
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two closed Bregman totally asymptotically quasi-nonexpansive mappings with sequence {v,},{tn}, Un, tin —
0(asn — oo) and let there be a strictly increasing continuous function ¢ : RY — RY with ((0) = 0. Let
H : C x C — R satisfying conditions (A1) — (A4). Assume that each T,S are uniformly asymptotically
reqular and Q = F(T) N S(T) N EP(H) is nonempty and bounded. Define a sequence {x,} in C by the
following algorithm.:

x1 =u € C chosen arbitrarily,

Yn = VI (anVf(u) + (1= an = Ba)Vf(zn) + BV (S (20))),

Uy = ResZ(T"yn), (3.44)
Chy1 = {Z €Cy: Df(z,un) < Df(z7xn) "‘fn}a

T+l = proanHu, Vn > 1,

where {an}, {Bn} C (0,1), limsup,, o, an < 1, & = 21y, and 1, = v, sup,eq ((Dy(p, Tn)) + pin. Then, the
defined sequence {x,} converges strongly to projlu, where projlu is the Bregman projection of C' into 2.
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