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Let C' be a nonempty, closed and convex subset of a real Hilbert space H with
an inner product (-,-) and a norm || - || respectively. Let {x,} be a sequence in C,
then z,, — = (z, — ) denotes strong (weak) convergence of the sequence {z,}
to . A mapping S : C' — C is said to be L-Lipschitzian if there exists a constant
L > 0 such that

Sz — Sy|| < Lllz —yl|, Vz,yeC.

If 0 < L <1, then S is a contraction and if L = 1, then S is nonexpansive. We
denote the fixed points set of the mapping S by F(S), i.e.,, F(S)={z € C: 2 =
Sz}

Let A: H — 2 be a set-valued mapping. We denote D(A) by domain of A,
that is, D(A) = {x € H : Az # 0}.

Definition 1.1. A set-valued mapping A : D(A) C H — 2% is said to be mono-
tone if for all x,y € D(A) such that

(u—v,z—y) >0 for ue Ax and v € Ay.

Definition 1.2. A monotone operator A : D(A) C H — 2 is said to be maximal

if its graph is mot strictly contained in the graph of any other monotone operator
on H.

Definition 1.3. ([28]) Let A : D(A) C H — 2% be a mazimal monotone. The
resolvent operator of A, denoted by Ji' : H — D(A) which is defined by

T =T+ 24)7

where X is any positive number and also denote A~10 by the set of zeros of A, that
is, A7'0 = {z € D(A) : 0 € Az}.

For the resolvent J5!, A > 0 the following facts are well known (see [25]).
(1) J{! is a single-valued nonexpansive mapping;
(2) F(J) = A10.

In this paper, we consider the following so-called variational inclusion problem:
Find = € H of the sum of two monotone operators A and B such that

0 € Az + Bz, (1.1)

where A : C — H is a single-valued mapping, B : H — 2/ is a set-valued
mapping and 0 is a zero vector in H. The set of solutions of is denoted by
(A+ B)710. It is well known that the problem has wide applications in the
fields of economics, structural analysis, mechanics, optimization problems, signal
processing, image recovery and applied sciences (see, e.g., [I7, [I8] 19} 20, 2T, 22]
23], 24] and the references therein).

Now, we consider two special cases of the problem (L.1J).
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(1) If H = R" then the problem (1.1)) reduces to the generalized equation, which
is introduced by Robinson [1].

(2) If A =0 then the problem (1.1]) reduces to the inclusion problem, which is
introduced by Rockafella [2] [3].

In recent years, many authors have constructed the several iterative methods
for solving variational inclusion in several settings (see, e.g., [4] 5] [15] 26, [33] [8], 9]
10l [T, [12], 34] [14], 15], 16] and the references therein).

In 2011, Manaka and Takahashi [26] introduced modified Mann’s ieration for
solving the problem in a real Hilbert space H as follows:

Tpa1l = QuTp + (1 — an)San (xn — MpAxy), VYn>1, (1.2)

where S is a nonexpansive mapping on C, A : C — H is an a-inverse strongly
monotone mapping, B is a maximal monotone operator on H such that the domain
of B is included in C and JZ = (I + AB)~™! is a resolvent of B for all A > 0.
They proved that the sequence {z,,} defined by converges weakly to point in
F(S)N (A + B)~10 under suitable conditions on the parameters {a,,} and {\,}.

To obtain strong convergence, Zhang et al. [I5] introduced the following it-
erative method base on Halpern’s iteration for finding a common element of the
set of solutions to the problem and the set of fixed points of a nonexpansive
mapping S:

Tpy1 = apx + (1 — an)SJ;i (X — ApAxy,), Yn>1, (1.3)

where A : C — H is an a-inverse strongly monotone mapping, B is a maximal
monotone operator on H such that the domain of B is included in C' and J )]\3 =
(I + AB)~! is a resolvent of B for all A\ > 0. Under some mild conditions, they
proved that the sequence {z,} defined by converges strongly to point in
F(S)N(A+ B)~t0.

Very, recently, Takahashi et al. [33] introduced an iterative method for finding
a common element of the set of solutions to the problem and the set of
fixed points of nonexpansive mappings. They obtained the following convergence
theorem:

Theorem TTT Let C be a closed and convex subset of a real Hilbert space
H. Let A: C — H be an a-inverse strongly monotone mapping and let B be a
maximal monotone operator on H such that the domain of B is included in C.
Let JP = (I + AB)~! be a resolvent of B for all A\ > 0 and S : C — C be a
nonexpansive mapping such that F(S)N(A+ B)7'0 # (. Let z; = x € C and let
{zn} C C be a sequence generated by

Tnt1 = Pntn + (1 — Bn)S(anx + (1 — an)Jﬁ’ (xn, — MAxy)), VYn>1,
where {\,} C (0,2a), {8,} C (0,1) and {a@,} C (0,1) satisfy

0<a< A, <b<l, 0<ec<p,<d<1,



4 P. Sunthrayuth and P. Kumam

o0
nh_}n;o [Ans1 — An] =0, nlgr;o on, =0 and nglan = o0.
Then {x,} converges strongly to a point in F(S)N (4 + B)~10.

Motivated by the above works, we construct iterative methods with perturba-
tions for finding a common element z* € ), where € is the set of common element
of the set of solutions of a variational inclusion problem and the set of fixed
points of a nonexpansive mapping in Hilbert spaces. We prove a strong conver-
gence theorem of the proposed iterative schemes under some certain conditions.
As special cases, we can obtain z* is the minimum-norm common element of €.
Furthermore, we also apply our results to solving the variational inequality and
equilibrium problems. The main results obtained in this paper are improve and
generalize many known recent results in this field.

2 Preliminaries

Definition 2.1. A mapping A : C — H is said to be a-inverse strongly monotone
if there exists a constant o > 0 such that

<A£L’ - Ayw%' - y> > OlHA.’L' - Ay||27 any eC.
Remark 2.1. If A is a-inverse strongly monotone, then A is é-Lipschz'tzian.

Lemma 2.2. ([B0]) Let {z,} and {l,} be bounded sequences in a Banach space
and let {B,} be a sequence in [0,1] with 0 < liminf, . 5, < limsup,,_, . Bn < 1.
Suppose Tpi1 = (1 — Bu)ln + Bnxy for all integers n > 0 and limsup,,, o (||ln+1 —
Il = |#n+1 — znll) < 0. Then, limy, o0 ||l — 24| = 0.

Lemma 2.3. ([27]) Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let A : C — H be an a-inverse strongly monotone operator. Then, we
have

(I = XA)z — (I = XA)yl* < [l = yl* + A\ = 20) || Az — Ay]]?, (2.1)
where A > 0. In particular, if 0 < A < 2« then I — AA is nonexrpansive.

Lemma 2.4. (The Resolvent Identity [31]) For A >0, > 0 and x € H, then

Dr=J, (im + (1 — l;) Jmﬁ).

Lemma 2.5. For each r,s > 0 then

| Jrx — Jex| < |1 - §|||JT.T—$H for all z € H.
r
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Proof. Follows from the resolvent identity, we can conclude the desired result
easily. O

Lemma 2.6. ([I5]) Let A : C — H be a mapping, B be a mazimal monotone
operator in H such that the domain of B is included in C and let J? = (I+AB)~!
be a resolvent operator of B for all A > 0. Then F(JPZ(I — AB)) = (A+ B)~'0.

Lemma 2.7. ([32]) (Demiclosed principle) Let C' be a nonempty, closed and
convex subset of a Hilbert space H and T': C' — C be a nonexpansive mapping.
Then I — T is demiclosed at zero, i.e., x, — x and z,, — Tx,, — 0 implies z = Tx.

Lemma 2.8. ([29]) Assume that {an} is a sequence of nonnegative real numbers
such that

ant1 < (1= m)an + Yndn,
where {v,} is a sequence in (0,1) and {0,} is a sequence in R such that
(i) Yoneon = 00
() imsup,, oo 0p <0 or Y07 [7ndn] < 0.
Then, lim,,_,~ a,, = 0.
Lemma 2.9. Let H be a real Hilbert space. Then, the following inequality holds:
o+ 9l < 12l + 20,2 +9), Vay € H.

3 Main Results

3.1 An implicit iteration scheme

Let C' be a nonempty, closed and convex subset of a real Hilbert space H and let
A : C — H be an a-inverse strongly monotone mapping. Let B be a maximal
monotone operator in H such that the domain of B is included in C and let
JB = (I + AB)~! be a resolvent operator of B for all A > 0. Let S : C — C
be a nonexpansive mapping such that Q := F(S)N (4 + B)7'0 # (. Assume
that X\ is a positive constant such that A\ € [a,b] C (0,2«) and {u:} C H is a
perturbation satisfy lim,_,g+ u; = v’ € H. For each t € (O, 1-— ﬁ), we define a
mapping S; : C — C by

Syx = SJP (tu; + (1 — t)x — NAz), V€ C.
By the nonexpansiveness of S, JZ and by Lemma for all z,y € C, we have
[Sex = Seyll = 1T (bug + (1 = t)e — AAw) = ST (tuy + (1 = t)y — AAy)|

< B (tug + (1 — t)z — MNAz) — JE (tuy + (1 — t)y — AAy)||
A A

= (1-1%) <IHA)x<IHA>yH

< (=dllz—yl,
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which implies that the mapping S; is a contraction. Hence, S; has a unique fixed
point, denoted by z;, which uniquely solves the fixed point equation

Theorem 3.1. Assume that {x;} is defined by (4.6]), then {x;} converges strongly
ast — 0% to a point v* € Q, where x* is the unique solution of the variational
inequality

(W' —x*,2—2") <0, Vze€Q. (3.2)

As a special case, if we take uy = 0, then the sequence {x;} converges strongly to
the minimum-norm common element of §2.

Proof. First, we show that {z;} is bounded. Set z; = Sy;, where y; = Jf(tut +
(1 —t)xy — MAxy). Take p € Q, we observe that

A A

1 «

Since S, J /{3 and I — %A are nonexpansive (see Lemma , we have

‘Jf(tut+(1—t)<1—litA>xt> —Jf(tp—&—(l—t)([—liA

ly: — pl|

< Ht(ut—p)-i-(l—ﬂKl_l)\A)xt_ <I‘115A) ]H
< a0 (1 2o (- 2]
< tlue—pl + (1 =tz - pl.

Then, it follows that

lze —pll = ISy = Spl
< lye =l
< tllue = pll+ (1 = 8)lJx — pl],
which implies that
[ = pll < [lue = pll.
Since lim,_,o+ u; = v/, then there exists a constant K; > 0 such that K; =

sup;sof|luell}. Hence, {z;} is bounded, so are {y;}, {Sz;} and {Axz;}.

Next, we show that lim; ,o+ ||2¢ — Sa¢|| = 0. By the convexity of || -

|? and

)2)
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(3.3), we have

loe = plI* < llye = pII?
A A ’
< H(l—t)[(xt—l_tAxt)—(p—l_tAp)]-i-t(Ut—p)
A A 2 )
< _ __~ _ __~ _
< (1 t)H (xt : tAxt) (p 1tAp) + tl|ue — pll
A 2
= 1-=-t)|(zr—p) — m(Al't_Ap) +tHut_pH2
[ 9 2\ A2 2 2
= (A=t)|llze —pll" = m(AiEt — Ap, ¢y — p) + WHA% = Ap|” | + tlue — pll

2
e

[ 2\
< (1 =t)|llar—pl? - T Az = Apl* + Az — APHQ] + tllug — p|?

g (200 = )4z, Al + el pl?

= (A=t (llwe—pl* +

A
e — pl|* + m(/\ —2(1 - t)a) || Az, — Ap||* + t[|lus — pl|?,

IN

which implies that

A
T (20 = tha = N) [ Az, — Ap|[* < tu, — pl|*.

Since t € (0, 1— ﬁ), we have 2(1 — t)ae — A > 0. Then, we obtain

| Az, — Apl = 0. (3.4)

lim
t—0+
Since J /\B is firmly nonexpansive, we have

lye — pl?
|2 (tuy + (1 — t)zy — NAzy) — J2 (p — AAp)||?
(tug + (1 — t)ay — NAzy — (p — AAp), ys — p)

IN

1
5 | Itue + (1= B)ze = AAzy — (0 = AAP)[* + [lye — pII* — l[tue + (1= )y — A(Aze — Ap) — |,
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which implies that

e — pl|®
< ftwe + (1= e — May — (p— NP2 — [[twg + (1 — )y — Az, — Ap) —
A A 2
A A ? 2 2
< (1-1¢) I—m Ty — I——l_tA p|| +tlue — p||* = [Jtus + (1 — t)xr — M Aze — Ap) — yel|
< (L =tz = plI? + tlue = pl* = [[tur + (1 = t)2, — M(Az, — Ap) — 4 1?
< lwe = pl? + tlue — plI* = ltus + (1= )y — AM(Azy — Ap) — uel|?
< lye = pl? + tllue = plI* = lltw + (1 =ty — M(Azy — Ap) — ye|.

Then, we have
[tus + (1 = )y — N(Aze — Ap) — ye]|* < tl|us — pl|*.

From (3.4]), we obtain that

g%{r lze — el =0,
and hence
lim fly; — Syell = lim_[ly, — ]| = 0. 3.5
M (lye = Syell = lim ly; — @] (3.5)

Moreover, we get that

lze — yell + lye — Syell + [|Sys — S|
2| — yel| + lye — Syl = 0 as t — 0t (3.6)

|2t — Sy |

VANVAN

For z € ©, by Lemmas [2.3] and we obtain that

e (R

(1—1)2 (I— 1)\_tA)xt - (1— 1)\_tA)z i

+ 2t{uy — z, x4 — 2)
< (1 =t)?|ay — 2| 4+ 2t(u — 2,20 — 2) + 2t(uy — ',z — 2)
= (1=2t)||z¢ — 2||* + ||z — 2| + 26w’ — 2,2 — 2) + 2t{uy — v, 24 — 2),

2

IN

e — 2]

IN

which implies that

IN

t
s — 2|2 (W —zymy —2) + (ug — ', 2 — 2) + §||xt —z|)?

IN

t
(W —z,my — 2) + (Hut—u’H _|_2)K27 (3.7)
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where K > 0 is a constant such that Ky = sup,o{|lz: — 2|, |z — 2||*}.

Next, we show that {x;} is relatively norm-compact. Assume that {¢,,} C (0,1)
is a sequence such that ¢, — 07 as n — co. Put x, := z,, Yn := Yt,, M = A,
and u, = uy, . From (3.6), we have

t
lzn —2|1* < (W — 2,2, — 2) + <||un —u|| + ;)Kg (3.8)

Since {x,} is bounded, without loss of generality, we assume that there is a sub-
sequence {z,,} of {x,} such that z,, = 2* € C as i — oco. From (3.6)), we have
lim,, o0 [|2n, — S2y|| = 0. It follows from Lemma [2.7] that 2* € F(S). Further, we
show that z* € (A + B)710. Let v € Bu. Note that

Yn = an (tptn, + (1 — tp)xy — A Axy,).

Then, we have

1
tntn + (1 — tn)Tn — ApAz, € (I + X\ B)y, < )\—(tnun + (1 —tp)zn — AnAzy — yn) € Byy.

Since B is maximal monotone, we have (u,v) € B,

1
<)\(tnun) =+ (1 - tn)xn — MAz, — yn) — U, Yn — U> >0
<= (tpun + (1 —tp)xn — AMAxy — Yn — A0, Yn — u) > 0,

which implies that

1 tn
(Azp +v,yn —u) < 7<xn_ynvyn_u>+7<un_xnvyn_u>
An An
< | Il I+ il |
T ITn — Yn n — U T |Un — Tn n — U
=\, YnllllY A, Y
< (flzn = yull + tn) K, (3.9)

where K3 > 0 is a constant such that K3 = sup, >, {)}(yn —ully | un — 2o |||l yn —

)

Since ||z, — yn|| = 0 and t,, — 0T as n — oo, then from (3.9), we obtain that
(Az* 4v, 2" —u) <0, that is (—Ax*—v,z*—u) > 0, this implies that —Az* € Bz*,
that is 2* € (A + B)~'0. Hence z* € Q := F(S) N (A + B)~10.

Now, replacing z in (3.8) with z*, we have

28
||£L’n — ;(;*HZ < <u/ _ x*7;r;n — ;[;*> + (Hun — U/H + 2)K2 (310)

Since x,, — z*. Then, we get that z,, — z*. This proved the relatively norm
compactness of the net {z;} as t — 0T.
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Now, we show that the solution of (3.2)) is singleton. Assume that &, 2* € Q
are solutions of (3.2]). Then, we have

(W =&, 2" —2) <0
and
(W —x*, & —2*) <0.
Adding up above two inequalities, we have
lz* —&[* < 0.

This implies that £ = z* and the uniqueness is proved. In summary, we have
shown that each cluster point of {x;} equal to z* as t — 0.
Finally, if we take u; = 0 then ({3.2) is reduced to

(—a*,z—2") <0, Vzeq.
It follows that
l2*]? < (z,2%) < ||zl Vze€Q,
that is
|z*]| < |lz]l, Vze€Q.

Therefore, £* is a minimum-norm common element of 2. This completes the proof.
O

3.2 An explicit iteration scheme

Theorem 3.2. Let C be a nonempty, closed and convexr subset of a real Hilbert
space H and let A : C — H be an a-inverse strongly monotone mapping. Let B
be a maximal monotone operator in H such that the domain of B is included in C
and let JB = (I+AB)~! be a resolvent operator of B for allX > 0. Let S : C — C
be a nonexpansive mapping such that Q := F(S)N(A+ B)~10# 0. For an initial
guess x1 € C, define the sequence {x,} by

{ Yn = JL (antn + (1 — an)zy — A\yAy), (3.11)

Tn+l = ﬁnxn + (1 - Bn)synz Vn Z 1a
where {\,} C (0,2a), {oy,} C (0,1), {B,} C (0,1) and {u,} C H is a perturbation
for the n-step iteration, which satisfy the following conditions:

(C1) limy, oo, =0 and Y00 | oy = 00;

(C2) 0<a<p,<b<l1;
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b < 2a;
Then {z,} defined by (3.11)) converges strongly to a point z* € Q, where x* is the

unique solution of the variational inequality (3.2]). As a special case, if we take
un, = 0, then the sequence {x,} converges strongly to the minimum-norm common

element of €.

Proof. First, we show that {x,} is bounded. It is implies from (C4) that {u,}
is bounded sequence. Take p € €2, then there exists a constant M; > 0 such that

My = sup,,>1{/lun — p||}. We observe that
An
Ap)).
an

p=28p=Jy (p—AuAp) = (anp+(1 n)<p1_

Since JZ N Sand I — D A are nonexpansive (see Lemma [2 , we have

1yn = oI

IN

an(un —p) + (1= o) KI 1_% )”(Il—an )]H
<I_ I —nanA> " (I_ 1 jnanA>pH

< Oénllun _pH + (1 - O‘n)Hxn _pH'

IN

an”un pH =+ ( an)

Then, it follows that

[#ne1 =2l = |Bu(zn —p) + (1 = Ba)(Syn — Pl
< 5n||zn _p” + (1 - ﬂn)“syn _pH
S Bonn _pll + (1 - 6n)||yn _pH
< Ballzn —pll + (1= Ba) [anllun —pll + (1 — an) ||z, — 1
= (1= =Buan)zn —pll + (1 = Ba)an|lu, —pl|
< max{|lz, —pl, M1}

By induction, we have
[n = pll < max{[lzy —pll, My}, Vn=>1.

Hence, {z,} is bounded, so are {y,}, {Ax,} and {Sz,}.
Next, we show that lim, e [|Zns1 — 2n|| = 0. Set yn, = JE z,, where z, =
anpun, + (1 — ap)z, — ApAz,. By the nonexpansivity of the mappings J fn and

An An
Jﬁ<anun (1- )(I T A) )—Jﬁ<anp+(1—an)<1—1_a

)l

(3.12)
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||yn+1 - ynH
= ||J)}i,+1zn+l - Jf Znl|
< ||J)\B¢ 1A+l T n+lzn|| + ||J)\n+1 JELZTLH
< Mznga = zall + 19X, 20 — I 20l
= |lant1tnti + (1 — @np1)Tnr1 — Ap1Azn41 — (0nty + (1 — o)y — A\ Azy) || + ||an+1 Jﬁznll

A A
= an+1(un+1 — un) —+ (Oén+1 — Oén)(un - l’n) + (1 — Oén+1) |:(I — 1n+1A> Tp+1 — (I — n A) :|
— Qpt1 1- (79

+(An = Ang1)Azy || + ”J)\n“ Jﬁznn

< O‘n+1(||un+1|| + Hunll) + |0‘n+1 - O‘n|(HunH + ”mn”)
A A
+(1 — any1) ‘(I n+1A>xn+1 - (I - n A)xn
1-— (07705 1- Oy

A1 = AalllAzn || + 1, 20 — T 20l
< (1= ans1) @ — 2 + anJrl(HunJrl” + ||un||) +lan+1 — O‘n|(||un|| + Hxnll) + [Ans1 = Anl[| Az ||

HIIL 2 = I 2l

By Lemma we have
[Ant1 — An|
[ Anp1?n J)izn” < u” Ang1?n — Zn |-
n+1
Then, it follows that

||yn+1 - ynH

S (]- - anJrl)”anrl - xn” + anJrl(HunJrIH + ||un||) + |an+1 - O[n|(||un|| + Hxn”)
Dt — Aol
+An41 — An|[| Az n||+n7“ Ant1? Zn = Zn|

At

A -
< (1= ans)||Tass — 2ol + (an+1 + |ant1 — an| + | Angr1 — Al + |"‘;1"|>M27
n+1

where My = sup,5 { [t | + [ lanll + 20, [ Azall, |72, 20 = 20} Then,

n+1

we have
1SYnt1 — Synll
< Yo+ — yall

IN

A - A
(1 — an+1)||xn+1 - ZEn” + (O(n_i,_l + |Ozn+1 — Ozn| + |>\n+1 - /\n| + |n+1a/n|>M2

From (C1) and (C3), we obtain

limsup (||Synt1 — Synll = [[£ns1 — 2nll) <O.
n—oo
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From Lemma 2.2 we get

nl;rr;o 1SYn, — 2n| = 0. (3.13)
Consequently,
nlggo |1 — @nll = nlgrolo(l = Bn)ISyn — @all = 0. (3.14)

Next, we show that lim,, o ||, — Sz, | = 0. By the convexity of || - ||? and (3.12)),

we have
-

)\ 2
o (B N g

)\ 2
< (1-an (xn— n Axn)—(p— n Ap) T anln — I

— Qy 1—a,

2
= (I—an)||(zn—p)— 177; (Az, — Ap)|| + anllun — pl?
= (=) [len =2 = 2 (A — Ap,wn 1)+ Az — Apl2] + nlln — B
= n i n—DP ]-_an n Py Tpn — P (1—Oln)2 n P n||Un — D
< (1 =an)llen =l = 22 Az, — Apl2 + — 20 Az — Apl2] + allun — p?
! R

— (1-aw |xn—p||2+W(An—2<1—an>a)nAmn—Apn?} Tt — I

IN

Then, it follows from (3.15) that

lznt1 = ol
< Ballen = pllP + (1 = Ba)lSyn — pl®
< Ballen = pllP + (1 = Ba)llyn — »l®
< Ballen = plI* + (1 = Ba) |lzn —pl* +

which implies by (C2) and (C3) that

V(1 —0b)(2a —b")| Az, — Ap|?

INIA

n

1—

An
o =l + 122 (o = 201 = ) ) + = i
n

n

o = 12 + (1= B)anlle = + 21 = )

(3.15)

(An . an>a) Az — Ap|® + ovnllum — I

n —2a)||Amn _ apl2,
(8]

n

20 = plI* = lZns1 — plI> = (1 = Bu)anllen — pl* + (1 = Bn)anllun — pl?
(Hxn _pH - ”xn-‘rl _pH)Hxn—H - an + (1 - /Bn)an[nun —p||2 - ”mn —p||2].
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From (C1) — (C3) and (3.14)), we obtain that

li_)m Az, — Ap|| = 0. (3.16)
On the other hand, by firmly nonexpansivity of J fn, we have

Iyn — plI?
||J/€L(oznun + (1= ap)zy, — \Azy,) — Jﬁ (p— A\ Ap)||2
<anun + (1 - an)xn — Az, — (p - )‘nAp)a Yn — p>

IN

1
5 lantn + (1 — an)zn — AAz, — (p — )‘nAp)HQ + [lyn — p||2

—|lanun + (1 — ap)xy — An(Az,, — Ap) — ynH2 ,

which implies that

lyn — plI?
< lanun + (1= ap)n — AAz, — (p — )\nAp)HQ = lenun + (1 = an)zy — A (Azy — Ap) — ynH2
< anlug *p”Z + (1 = an)|lzn — pH2 — lanun + (1 — an)rn — A (Az, — Ap) — ynH2

Then, it follows that

| Znt1 — plI?
< Ballzn —pl* + (14 B)llyn — pII?
< Bullzn _pH2 + (1 + Bn) | anllun — p||2 + (1 = an)|lzn - p||2 — lantn + (1 — an)rn — A (A, — Ap) — yn“2

(1 - (1 - Bn)an)nxn _p”2 + (1 - ﬁn)an“un _p”2 - (1 - ﬁn)”anun + (1 - an)xn - /\n(Axn - Ap) - yn”Za
which implies by (C2) that
(1 =b)[[anun + (1 = an)zy — Ap(Azy, — Ap) — yn||2

|Zn _pH2 — |lznt1 —p||2 — (1= Bn)an||un _pH2 + (1 = Bn)an||un —p||2
(”xn _pH — [|Tnt1 _p”)Hanrl - an — (1 = Bn)on||un —p||2 + (1 = Bn)an|un _p”Q‘

Then, by (C1), (C2) and (3.13)), we have

IAIA

n11_>1r010 |2 — yn]l = 0. (3.17)
Consequently,
|27 — Szn | |27 — Synll + 1Sy — Szx|

INIA

lzn — Synll + l|yn — zn|| = 0 as n — oo. (3.18)
Next, we show that

limsup{v’ — 2, y, —2*) <0,
n—oo
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where z* is the same as in Theorem Since {y,} is bounded, there exists a
subsequence {yn,} of {y,} such that

limsup(u’ — &%,y — &) = lim (u' ~ &7, yo, — 7).
n—00

By the boundedness of {y, }, without loss of generality, we assume that y,,, — z €
C as i — oco. From and , we also have y, — Sy, — 0. Then from
Lemma we get that z € F(S). Further, by the similar method in the proof of
Theorem we can show that z € Q). Then, we obtain

limsup(v' — z*,y, —2*) = (W' —a2* z—2") <0. (3.19)

n—00

Finally, we show that @, — z*. From (3.12)) and Lemma [2.9, we have

1Sy —2* 17 <y — 27|

H(l —ap) KI - :\"anA>xn - (I - :\”anA>x*} + an(up — %)

A An P
(I— l—oznA>x"_ (I— l—oznA>x

+ 204n<un - f*vyn - 1'*>
< (1_an)2‘|xﬂ_x*||2+2an<un_x*ayn_x*>'

2

IN
=
|
Q

3
o

Then, it follows that

|41 — 272

< Bullan — ¥ + (1 = Ba) | Syn — *[|?

< Ballzn — x*“Z + (1= 8n) (1= an)QHxn - x*HQ + 200 (up — 2%,y — %)

= (/Bn (1 - ﬂn)(l - O‘n)2) ”xn - :5*H2 + 2O‘n( - Bn)<un - x*a Yn — x*>

< (1 - Oln 1 - ﬂn))”zn - 517*”2 + 2an(1 - Bn)<un u s Yn — *> + 20%( - ﬂn)< - ¥, Yn — *>

< (1 —ap(l— ﬂn))Hzn - 517*”2 + 200 (1 = Bo)llun — ' |[lyn — 2| + 20 (1 = B ) (v — 2™,y — 27)
(

1= ) lan — 2*[|* + b,

where v, = an(1 — B,) and 0, = 2||uy — v ||||yn — 2*|| + 2{e’ — z*, y,, — 2*). From
(C1), (C4) and (3.18), it is easily seen that >~ | v, = oo and limsup,,_,, 6, < 0.
Therefore, by Lemma we conclude that z,, — z*. This completes the proof.0

4 Some applications

4.1 Application to variational inequalities

Let H be a real Hilbert space and g : H — (—00, +00] be a proper convex lower
semi-continuous function. Then the subdifferential Jg of g is defined as follows:

Og(x)={ye H:g9(z) > g(x)+{(z —x,y), Vz€ H}, Vx € H.
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From [34], we know that dg is maximal monotone. Let C be a closed and convex
subset of H and let d¢ be the indicator function of C, i.e.,

bo(x) = { e C (4.1)

Since d¢ is a proper lower semicontinuous convex function on H, the subdifferential
0d¢ of §¢ is a maximal monotone operator. So, we can define the resolvent of 9d¢
by

JPCx = (I +\30¢) tz, Vre H.

Lemma 4.1. ([33]) Let C be a nonempty, closed and convez subset of a real Hilbert
space H, Pc be the metric projection from H onto C and Od¢ be the subdifferential
of 6c, where d¢ is as defined in (4.5)) and J)‘?‘SC = (I +7r96c)~t. Then

y= Jfécx@yzpc:c, Vere HyeC.
Using Theorems [3.1] 3:2] and Lemma [£.1] we obtain the following results.

Theorem 4.2. Let C be a nonempty, closed and convezr subset of a real Hilbert
space H and let A : C — H be an a-inverse strongly monotone mapping. Let
S : C — C be a nonexpansive mapping such that Q := F(S)NVI(C, A) # 0. Let X
be a positive constant such that X € [a,b] C (0,2«a) and {u;} C H be a perturbation
satisfy lim,_,g+ u; = u’ € H. For eacht € (0, 1— ﬁ), the net sequence {x;} define

by
Ty = SPC(t’LLt + (1 — t).’L't — )\Axt), (42)

converges strongly to a point x* € Q. As a special case, if we take uy = 0, then the
sequence {x;} converges strongly to the minimum-norm common element of Q.

Theorem 4.3. Let C' be a nonempty, closed and convexr subset of a real Hilbert
space H and let A : C' — H be an a-inverse strongly monotone mapping. Let
S :C — C be a nonexpansive mapping such that Q := F(S)NVI(C, A) # (. For
initial guess x1 € C, then the sequence {x,} define by
yn = Po(anu, + (1 — ap)x, — A\ Azy,), (4.3)
Tn4+1 = ann + (1 - ﬁn)s’yna Vn > 1; '

where {\,} C (0,2a), {an} C (0,1), {B.} C (0,1) and {u,} C H is a perturbation
for the m-step iteration, which satisfy the conditions (C1) — (C4). Then {x,}
defined by converges strongly to a point x* € Q. As a special case, if we take
un, = 0, then the sequence {x,} converges strongly to the minimum-norm common
element of €.
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4.2 Application to equilibrium problems

Let C be a nonempty, closed convex subset of a real Hilbert space H and © :
C xC — R be a bifunction, where R is the set of all real numbers. The equilibrium
problem is to find € C such that

O(x,y) >0, YyeC. (4.4)

The set of solutions of the equilibrium problem is denoted by EP(0O).

In the real world, many problems have reformulations which reduces to find a
solution of the equilibrium problem for instance, optimization and economics
(see, e.g., [35] and [30]).

For solving the equilibrium problem, let us assume that a bifunction © : C' x
C — R satisfies the following conditions:

(A1) O(z,z) =0 for all z € C;
(A2) © is monotone, i.e., O(z,y) + O(y,x) <0 for each z,y € C;
(A3) O is upper-semicontinuous, i.e., for each z,y, z € C,

limsup,_,o+ O(tz + (1 —t)x,y) < O(x,y);

(A4) O(z,-) is convex and weakly lower semicontinuous for each z € C.

Lemma 4.4. ([35]) Let C be a nonempty, closed and convex subset of H and let

O : C x C — R satisfying the conditions (A1) — (A4). Let A > 0 and z € H. Then
there exists z € C' such that

G(Z,y)—i—%(y—z,z—x} >0, VyeC.

Lemma 4.5. ([36]) Assume that © : C x C — R satisfies the conditions (Al) —
(A4). For A >0 and x € H, define a mapping Ty : H — C as follows:

Th(z)={2€C:0(z,y)+3(y—2z2—2) >0, YyeC}, VreH.
Then the following hold:
(1) Ty is single-valued.
(2) T is firmly nonexpansive, i.e., for each x,y € H,
[Tha — Thyl? < (Tha — Thy, x — y).
(3) Fix(Ty) = EP(O).
(4) EP(©) is closed and convex.

We call such T the resolvent of © for A > 0. The following Lemma can be
found in [33].
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Lemma 4.6. ([33]) Let C be a nonempty, closed and convez subset of a real Hilbert
space H. Let © : C x C — R be a bifunction satisfying (A1)-(A4). Let Ao be a
multivalued mapping of H into itself defined by

A@x{ {ze H:O(z,y) > (y—z,2),Vye C}, xeC, (4.5)

0, x ¢ C.

Then, EP(©) = Ag'0 and Ag is a mazimal monotone operator with dom(Ag) C
C. Further, for any x € H and A > 0, the resolvent T of © coincides with the
resolvent of Ag; i.e., The = (I + AAe) 'x.

Using Theorems [3.1] B:2] Lemmas [£.6] and [£.5] we obtain the following results.

Theorem 4.7. Let C' be a nonempty, closed and convex subset of a real Hilbert
space H and let A : C — H be an «a-inverse strongly monotone mapping. Let
O : C x C — R be a bifunction satisfying (A1)-(A4) and let T be the resolvent
of © for X > 0 with A\ € [a,b] C (0,2c). Let S : C — C be a nonexpansive
mapping such that Q := F(S) N EP(©) # 0. Let {w;} C H be a perturbation
satisfy lim;_,o+ uw, = u' € H. For eacht € (0,1— ﬁ), the net sequence {x;} define
by

xp = STh(tur + (1 — t)zy — MAxy). (4.6)

converges strongly to a point x* € Q). As a special case, if we take uy = 0, then the
sequence {x:} converges strongly to the minimum-norm common element of Q.

Theorem 4.8. Let C' be a nonempty, closed and convex subset of a real Hilbert

space H and let A : C — H be an «a-inverse strongly monotone mapping. Let

O : C x C — R be a bifunction satisfying (A1)-(A4) and let T be the resolvent

of © for A > 0. Let S : C — C be a nonexpansive mapping such that Q =

F(S)NEP(®) #0. For an initial guess x1 € C, define the sequence {x,} by

Yn = T, (Qntn + (1 — an)xn — ApAxy), @7)
Tn41 = ann + (1 - ﬁn)syn

where {\,} C (0,20, {on,} C (0,1), {B,} C (0,1) and {u,} C H is a perturbation
for the n-step iteration, which satisfy the conditions (C1)—(C4) Then {x,} defined
by converges strongly to a point x* € Q. As a special case, if we take u, =0,
then the sequence {x,} converges strongly to the minimum-norm common element
of Q.
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