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1 Introduction

Let X be a normed space over a scalar field K, let I be an open interval, and
let ag,ai,...,a,—1 be fixed elements of K. Consider the differential equation

Y (1) 4+ an 1y V@) + - ary () +aoy(t) +g(t) =0,  Viel, (1.1)

where the continuous function g : I — X is given and the n times continuously
differentiable function y : I — X is unknown. As usual, equation () is said
to be Hyers-Ulam stable if for any n times continuously differentiable function
3 : I — X satisfying the inequality

||zj(n)(t) + anilg("—l)(t) +tary () +aoy(t) + g(t)] <, vtel,
for some constant € > 0, there is a solution yo : I — X of equation (IT]) such that
ly(t) —yo(t)|| < K(e), Vtel,

where K(e) is a function of ¢ satisfying lim._,o K(¢) = 0. For more detailed
definition of the Hyers-Ulam stability, we may refer to [T}, [2] 3] 4} [l [6] [7, []].

Applications of Hyers-Ulam stability to certain types of ordinary differential
equations were firstly investigated by Alsina and Ger [9]. They proved that if
a differentiable function f : I — R is a solution of the differential inequality
ly'(t) — y(t)] < e for all t € I, then there exists a solution fo : I — R of the
differential equation y'(t) = y(¢) such that |f(¢) — fo(t)| < 3e. Using the methods
given in [9], Miura [I0], Miura et al. [I1I], Miura et al. [12] and Takahasi et al.
[13] proved that the differential equation y'(t) = Ay(¢) is Hyers-Ulam stable. In
2004, Jung [14] proved a similar result for the differential equation ¢(¢)y’(t) = y(t).
Further results for the nonhomogeneous linear differential equation of first order
in the form of

Y +p(t)y +q(t) = 0.

have been investigated by Miura, Takahasi and Jung [I5] [16 17, I8]. In 2006,
using matrix method, Jung [19] proved the Hyers-Ulam stability of first order
linear differential equations with constant coefficients in the form of

T'(t) = AT () + b (1), (1.2)

where
yi(t) ann a2 ccc aip bi(t)
7t = y2'(f) A= azi azx - Qg | ?(t) _ ba(t)
yn.(f) a;zl a;z2 e a7'7,n bn.(t)

By adopting the idea of [19], Jung et al. [20] proved the Hyers-Ulam stability of
Euler differential equations of first order in the form of

£9() = AT (6) + b (). (1.3)
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In this paper we generally consider generalized Euler differential equations of
first order with variable coefficients in the form of

7)) = AT ) + b (1), (1.4)

where
Y1 (1) anr(t) awz(t) -+ ain(t) bi(t)
Y(t) = ygz(t) . A = aglz(t) m;(t) a%j(t) . Bt = bz;(t)
yn.(t) an{(t) ané(t) . am;(t) bn.(t)
At) = (ajk(t))nxn and aji(t) : RT — C™ are continuous and uniformly

bounded functions for all j, k = 1, ..., n. Following the idea of [20] 21] we prove the
Hyers-Ulam stability of equation (I4]). Furthermore, our results can be applied
to equation (L3]) so that the related results by Jung et al. [20] are generalized.

2 Main Results

Throughout this paper, let (C", ||-||) be a complex normed space and let C"*"
be a vector space consisting of all (n x n) complex matrices. Define the vector

norm || - || as || || = max{|z1],|z2|,-- - ,|za|} for all @ € C™. Then it is easy to
see that (C",]| - ||) is a Banach space and the matrix norm being subject to the
vector norm || - || can be obtained as

n
I41= s 1471 = max Yol YA = (o € ©
= T k=1

Definition 2.1 (cf. [22]). Let A(t) be a piecewise continuous n X n matrix valued
function defined on an interval J = (—o0,00). The linear differential equation

Y1) = A (t) (2.1)

is said to have an exponential dichotomy on J if there are projections p(t), for all
t € J, and positive constants K1, Ks, a1, as such that

Y)Y (s)P(s) = PO)Y ()Y '(s), Vt,s€J, (2.2)
1Y (&)Y~ H(s)P(s)|| < Kie %) Wt se J, t>s, (2.3)

and
Y)Y L (s)(I — P(s))]| < Koe @G Vi.seJ, t<s. (2.4)

Here Y (t) is any fundamental matrix for equation (21I). Note that K;, Ks are
called constants and a7, a9 exponents associated with the dichotomy.
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Now, we give our main result as follows:

Theorem 2.1. Suppose that the linear differential equation 3’ (7) A(GT)7(T)
has an exponential dichotomy on J with projections p(s), constants K 1, K2 and ezx-
ponents o, . If 7(t) : Rt — C" is a continuously differentiable vector function
satisfying the differential inequality

167 (8) — AOT () — D (@) <e, (2.5)

for all t € RY, for some ¢ > 0, where ?(t) : RT — C" is a continuous vector
function, A(t) = (ajr(t))nxn, ajk() RT — C™ are continuous and uniformly
bounded functions, then there exists a unique solution yo( ) : RT — C™ of (I4)
and a positive constant L such that

17 (6) = B(@) < Le, (2.6)
for all t € RY, where L = K a7 + Kody !

Before providing the proof of this theorem, we first present the following
Lemma (for a proof see [21]).

Lemma 2.2 (cf. [2I]). Suppose that the linear differential equation (211) has an
exponential dichotomy on J with projections P(t), constants K1, Ko and exponents
o1, ag. If?(t) : R — C" is a continuously differentiable vector function satisfying
the differential inequality

17'() - AWT ) - b 1)) <, (2.7)

%
for all t € R and for some ¢ > 0, where b (t) : R — C" is a continuous vector
function, A(t) = (ajr(t))nxn, ajk(t) R — C" are continuous and uniformly
bounded functions, then there exists a unique solution yo( ) : R — C™ of the linear

%
differential equation 3’ (t) = A(t)Y (t)+ b (t) and a positive constant L such that
17 (1) = 3O < Le, (2:8)
where L = Klafl + Kgoz;l

Proof. (Proof of the Theorem [Z.1)). Let t = e” and 7 : R — C™ be given by
Z(r) = Y (e7). Then

and
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From the assumption (2.1)), we obtain

IZ7(r) = A(e")Z (1) = b (el <,

for all 7 € R and for some € > 0.
By the assumption of the Lemma and this theorem, there exists a differ-
ential vector function zj(t) : R — C” such that

Z'(r) = A2 () + b (e7),
and
| Z(r) — Z(r)|| < Le, VreR.

Then the function y4(t) = z4(Int) satisfies

—>/ 1 d2—0> 1 Int\5> Int
yo'(t) = ———(Int) ==[A(e™")zi(Int) + b (e™")]
t dr t
1 —
= -lA®Ynt) + b (1)),
i.e.,
%
1o’ (t) = A)FG(t) + b (1)
with
17 () = W@ =17 (nt) — Z(Int)| < Le
for all t € RT. This completes the proof of the Theorem. O

To give a corollary of Theorem 2.1l we need the following Lemmas and [Z.4]
which were proved in [21]:

Lemma 2.3 (cf. [2I]). Suppose that A € C**™ is a nonsingular matriz whose
eigenvalues have nonzero real parts. Then the homogeneous differential equation

Y'(t) = AY (t) has an exponential dichotomy on, J.

Proof. This Lemma was proved in [21], however we prove it again for completeness
and convenience. Assume that A has d distinct eigenvalues A, with algebraic
multiplicity n,, and geometric multiplicity m,,, where p € {1,2,--- ,d} and denote
by Re(A,) their real part. Choose a nonsingular matrix N € C™*™ such that
J = N"'AN, where J is the Jordan form matrix of the form

Jin e 10 -0
o 0 A 1 - 0

J: JHV 3 Jlu.v— : : )
(0] 0 0 O 1

Jam, 0 0 0 ... X
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and the Jordan block J,, is an v x v matrix for each p € {1,2,--- ,d} and v €
{1,2,---,m,}, and >, v =n, for any p € {1,2,--- ,d}.

Note that e = I+ A+ ’;‘—!2 4+ ATT + .-+, where I denotes the unite matrix
in C™*™. Then the fundamental matrix solution X (¢) for the differential equation
Y'(t) = AW (t) can be expressed in the form

X(t) = et = NeltN~L, (2.9)
If we set
Ji1t 2 v—1
e t t
1ot b o
o 0 1 ¢ ﬁ
eJt — eJuvt . eduvt = dut
10) 00 0 - t
eldmput 00 0 - 1

Choose a diagonal matrix P = diag(Piy, -, P, - ,Pdm#), where the
Jordan block P, is an v X v zero matrix or unite matrix corresponding

with Re()\,) < 0 or Re(A,) > 0 for for each p € {1,2,--- ,d} and v €
{1727"' 7m,u}-
Let Q := NPN~!, then
QX(t)X_l(s) = QNeJ(t—S)N—l:NPN—lNeJ(t—s)N—l
— Ne/t=9pN-1 = N/t N-INpN-T

= X)X '(5)Q, Vts€, (2.10)
and for all ¢ > s, it follows that
XX H()Ql = [N’ INTINPNTY|
= N/ PN

< NNl 2P

my, i
_ s t—

< INIINTY| max eM(™¥ max =9 (2.11)
Re(X,)<0 Re(A)<0 < 7!

For a sufficiently small nonnegative number ¢, we know that

is bounded for all ¢ > s. Let A\~ := maxge(x,)<0{Au} + 0, then by @2.I1)),

we have

XX QI < INIINTHMel =N, ¢ > s, (2.12)



Stability of Generalized Euler Differential Equations of First Order... 771

Similarly for all £ < s and § > 0, we have

X)X s)(T=Q)| = [Ne!INTHI = NPNT|
|Ne?t=)(1 — P)N7Y|
< INJINTH MaeA (2.13)
where
My = €790 max % (s — 1) and AT = max {\,} -6
2 Re(An)>0 i—0 i! o Re(Au)>0 K

Thus, by (Z10), @I1), @I2) and @I3), we know that 3’(t) = AY(t)

has an exponential dichotomy on .J with projections P(t) = Q, constants
K1 = ||N||||[N~Y||My, Ko = | N||||[N~|| M2 and exponents a; = —A~, ay =
AT. This completes the proof of the Lemma. O

Lemma 2.4 (cf. [2I]). Suppose that A € C"*™ is a nonsingular matriz whose
eigenvalues have nonzero real parts. If 7(t) :R — C™ is a continuously differen-
tiable vector function satisfying the diﬁerential inequality

I7'(t) =AY (1) = b (1)l <, (2.14)

forallt € R, for some e > 0, where b (t) : R — C™ is a continuous vector function,
then there exists a unique solution 4 (t) : R — C™ of (I.2) and a positive constant
M such that

17 () = w6 (D) < Me, (2.15)
for allt € R.

Corollary 2.5. Suppose that A € C"*™ is a nonsingular matriz whose eigenvalues
have nonzero real parts. If ?(t) : RT — C" is a continuously differentiable vector
function satisfying the differential mequality

£ (t) — AY (1) Ol <e, (2.16)

for all t € RY, for some ¢ > 0, where b (t) : Rt — C" is a continuous vector
function, then there exists a unique solution y3(t) : Rt — C" of (L3) and a

positive constant M such that
1Y (1) - g0 < Me, (2.17)
for allt € RT.

Proof. The proof of Corollary is similar to the proof of Theorem 2.1l and by
Lemmas 23] and [24] the differential equation (L3]) has the Hyers-Ulam stability

with M = || N|| |N~1|(32 + 4%2). This completes the proof of the corollary. O



772 Thai J. Math. 13 (2015)/ Z. Wang and Th. M. Rassias

3 Some Examples

Example 3.1. Consider a system of generalized Euler differential equations of
first order with variable coefficients in the following form

17 = AT () + b (1), (3.1)

where
() = ( 28 ) A= ( T L costnt ) o= ( 228 )

By Theorem 2.1}, putting ¢t = €7, we obtain

~ _( 2+cosT 4
A(e)_< 0 —2—|—cos7')'
Following some computation, we have
e27’+sin7’ 6727'+sin7' _ e27’+sin7’
Y(T) = < 0 e—2‘r+sin‘r > )

and

_ e2(‘r—s)+sin T—sins e—2(‘r—s)+sin T—sins __ e?(T—s)—i—sin T—sins
Y(T)Y 1(8) = ( 0 672(Tfs)+sin7'7$ins

. 0 1 .
Choosing P(7) = 0 1 ) Wecan verify that

0 e—2(‘r—s)+sin‘r—sins
0 e—2(‘r—s)+sin‘r—sins )

1Y (1Y~ Hs) (I — P(s))|| < 222079 7 <s.

Thus the differential equation 7/’(7) = A(e”) ¥/ () has an exponential dichotomy
on J with K; = e, Ky = 2¢%,a;' = a,' = 2. By Theorem B equation (3.1])
satisfies the Hyers-Ulam stability with L = Kya; " + Ko, ' = Se?

Example 3.2. Consider a system of Euler differential equations of first order in
the following form

F7 () = AT () + b (D), (3.2)
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where
yl(t) -3 —4 2 N bl(t)
TO= wo |, A= -3 = 3|, To=| b
y3(t) -7 =10 6 bg(t)

Since the matrix A has three eigenvalues —1, 1, and —2, there exist nonsingular
matrices

1 0 2 -1 -4 2 -1 0 0
N=(o11]}|, N'=[ -1 -1 1], J= 0o 1 0 |,
1 2 3 1 2 -1 0 0 -2

such that J = N"1AN. According to Corollary 25l equation ([B.2) satisfies the
Hyers-Ulam stability with || N][[[N =1 (A2 4 22) = g4,
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