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1 Introduction

Let E be an infinite compact subset of the complex plane C such that C\ E
is simply connected. There exists a unique exterior conformal mapping ® from
C\ E onto C\ {w : |w| < 1} satisfying ®(c0) = oo and ®'(c0) > 0. We assume
that E is such that the inverse function ¥ = ®~! can be extended continuously to
C\ {w : |w| < 1}. Note that the closure of a bounded Jordan region and a finite
interval satisfy the above conditions. In this whole paper, E is as described above.
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Let 4 be a finite positive Borel measure with infinite support supp(u) contained
in E. We write € M(E) and define the associated inner product,

(9, M)y = /g(C)Wdu(C% g.h € La(p).

Let
pn(2) i =kpz"+ -+, Kp,>0, n=0,1,2,...,

be the orthonormal polynomial of degree n with respect to p having positive
leading coefficient; that is, (pn,Pm)y = On,m. Denote by H(E) the space of all
functions holomorphic in some neighborhood of F.

Definition 1.1. Let F' € H(E), p € M(E), and a pair of nonnegative integers
(n,m) be given. A rational function [n/m]} = P¥_/Qk  is called an (n,m)

(linear) Padé-orthogonal approzimant of F with respect to p if P, and Qf
are polynomials satisfying

deg(P),,) <n, deg(Qh ) <m, Q) #0,

QW F =Py, pj),=0, forj=0,1,2...,n+m.
Since @4, ,,, # 0, we normalize it to have leading coefficient equal to 1.

These rational functions always exist because finding an ordered pair of (P# s
I m) is the same as solving a system of n + m + 1 linear equations with n +
m + 2 unknowns. But in general they may not be unique (see [2, Example 1.2]).
Moreover, it is not difficult to see that if E = {z € C: |z| < 1} and du = df/2x
on the unit circle {z € C: |z| = 1}, then the linear Padé-orthogonal approximants
are exactly the classical Padé approximants (see the G. Frobenius definition [3]
for the definition of the classical Padé approximants). Note that linear Padé-
orthogonal approximants have been called by several names such as linear Padé
approximants of orthogonal expansions [4], a-Padé approximants [IL[5], Fourier-
Padé approximants [6H8], and orthogonal Padé approximants [9[I0]. Furthermore,
we would like to emphasize that there is another construction called nonlinear
Padé approximants of orthogonal expansions (see e.g. [I1]) which is intimately
connected with linear Padé-orthogonal approximants. However, since we restrict
our consideration to the linear case, we will omit the word “linear” when we refer
to linear Padé-orthogonal approximants.

Almost all results in the subject of Padé-orthogonal approximation have been
mainly concentrated on the case when the measure p is supported on a finite inter-
val (see e.g. [TIELOLTOIT2HI]). S.P. Suetin [I] was the first to prove the convergence
of row sequences of Padé-orthogonal approximants for a general class of measures
supported on [—1, 1] for which the corresponding sequence of orthonormal polyno-
mials has ratio asymptotic behavior. Moreover, he also proved an inverse result [5]
for row sequences of Padé-orthogonal approximants with respect to a measure sup-
ported on [—1, 1] under the assumption that the denominators of the approximants
converge with geometric rate to a certain polynomial of degree m. For measures
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satisfying Szegd’s condition, V.I. Buslaev [9[T0] obtained inverse type results with-
out the requirement that the denominators converge geometrically. Some problems
on the convergence of diagonal sequences of Padé-orthogonal approximants with
respect to a measure supported on [—1, 1] were considered in [T2HI5]. Some papers
which consider measures p supported on the unit circle are [6H8,[16]. N. Bosuwan,
G. Lépez Lagomasino, and E.B. Saff [2] and N. Bosuwan and G. Lépez Lago-
masino [I7] gave direct and inverse results for row sequences of Padé-orthogonal
approximants corresponding to measures supported on a general compact F as
described above. The results in [2[I7] generalized the results in [I1[5,9,10]. The
object of this paper is to investigate a convergence behavior of Padé-orthogonal
approximants [n/m]% with respect to a measure supported on a general compact
set as n — oo and m — oo, particularly as m := m,, — oo, with m,, = o(n) as
n — 00, and n — co. The sequences like these were called nondiagonal sequences
by D.S. Lubinsky and A. Sidi in [I4], Section 4.]. S.P. Suetin [I, Theorem 3] was
the first to prove the convergence in capacity of nondiagonal sequences of Padé-
orthogonal approximants with respect to a measure supported on [—1, 1]. Later,
D.S. Lubinsky and A. Sidi [I4] Theorem 4.1] also considered a convergence in
capacity of nondiagonal sequences of Padé-orthogonal approximants with respect
to a measure supported on [—1,1] but in a very different way, for example, the
condition on a measure y, the condition of the approximated function, and a re-
gion of convergence. Our main result in this paper generalizes the result of S.P.
Suetin [T, Theorem 3].

An outline of this paper is as follows. In the section 2, we introduce some
notation and auxiliary lemmas. The statement of the main result and its proof
are in the section 3.

2 Notation and auxiliary lemmas

First of all, we introduce some needed notation. For any p > 1, we denote by
T, :={z€C:|®(2)| =p}, and D,:=FEU{z € C:|®(2)| < p},

a level curve of index p and a canonical domain of index p, respectively. We
denote by po(F) the index p > 1 of the largest canonical domain D, to which F'
can be extended as a holomorphic function, and by p,,(F) the index p of the largest
canonical domain D, to which F' can be extended as a meromorphic function with
at most m poles (counting multiplicities). Basically, the notation p,,(F) is just
the generalization of the radius of m-meromorphy of F'. Moreover, we denote by

Doty = U Dpir)
m=0

the maximal canonical domain in which F' can be continued to a meromorphic
function.
Let pn € M(FE) be such that

lim |pa (2)]"" = |®(2)], (2.1)

n—oo
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uniformly inside C \ E. Such measures are called regular (see e.g. [18]). Here and
in what follows, the phrase “uniformly inside a domain” means “uniformly on each
compact subset of the domain”. The Fourier coefficient of F' with respect to p, is
given by

Fuim (Fp)u = [ FGpaloidn(a) (2.2)

As for Taylor series (see, for example, [I8, Theorem 6.6.1]), it is easy to show that

po(F) = (T |1, 7)

Additionally, the series Y~ | F},pn(2) converges to F(z) uniformly inside D, (p
and diverges pointwise for all z € C\ D, (r). Therefore, if ([2.I]) holds, then

o0

hm(DF(2) = Pla(z) = Y (QhnF, pi)upi(z)
k=n+m-+1

for all 2 € D,y(ry and Pf,, = EZ:(J(Qﬁ)mF, Pk)u Pr is uniquely determined by
n
n,m:-
In this paper, we restrict ourselves to a class of measures R(E) C M(E). We
write 4 € R(F) when the corresponding sequence of orthonormal polynomials has

ratio asymptotics; that is,

lim Pn(?) = 1
n—oo ppi1(z)  P(2)

(2.3)

uniformly inside C\ E. Tt is not difficult to see that if 4 € R(E), then y is regular.
The second type functions s,, defined by

sale)i= [ 2auc), = €T\ supp(o)

are very useful our proof. The following lemma (see [2, Lemma 3.1]) is the asymp-
totic relation between the orthogonal polynomials p,, and the second type functions
Sn-

Lemma 2.1. If p € R(E), then

lim pp(2)su(2) = ‘i’((;)’

uniformly inside C\ E. Consequently, for any compact set K C C\ E, there erists
ng (no depends on K ) such that s,(z) # 0 for all z € K and n > nyg.

Finally, we state a lemma due to A.A. Gonchar which is quite useful in the
theory of rational approximation. We recall a definition of the logarithmic capacity
of a compact set K :

cap(K) := e "),
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where

~v(K) := inf {//1og ﬁdu(z)du(t} >0, supp(p) CK, wuK)= 1} .
Moreover, the logarithmic capacity can be extended to a noncompact set G by

cap(G) = sup{cap(K) : K C G, K is compact}.

Let W and W,,, n € N, be functions defined on an open region 2. We say that
the sequence {W,, }nen converges to W in capacity inside Q, if for any € > 0 and
for any compact subset K of (2,

liﬂm cap({z € K : [W,(z) = W(z)| > €}) =0.
The following is a part of Lemma 1 in [19] or in Section §2., subsection 2, part
b in [20] proved by A.A. Gonchar.

Lemma 2.2. Suppose that the sequence of functions {W,}nen converges to the
function W in capacity inside an open region §2. If the functions W, are mero-
morphic and have no more than m < co poles in €, then the limit function W is
also meromorphic in  and has at most m poles in ). Hence, in particular, if W
has a pole of order v at the point a € Q, then at least v poles of W, tend to a as
n — oo.

3 Main result

The following theorem is our main result. This result extends Suetin’s result
in [1l Theorem 3] from the interval [—1, 1] to a general compact set E as described
above.

Theorem 3.1. Let F' € H(E) and p € R(E). Denote by D, _(r) the marimal
canonical domain in which F can be continued to a meromorphic function. Then
every sequence [n/my]k with m, — 0o, m, = o(n) as n — oo converges in capac-
ity to Finside D, (ry. Moreover, if ' has a pole of order v at a point a € D,__(F),
then at least v poles of [n/my) tend to a as n — oo according to their multiplic-
ities.

Proof of Theorem [31l. From p € R(E), it follows that

lim Pn(2) = !
n—oo ppii(z)  @(2)V

1=0,1,2,..., (3.1)

uniformly inside C \ E. By (Bd) and Lemma 211 for any [ = 0,1,2, ..., we have

o 210 2 pen@sen(z) | 1 /06 1
wB ) R () pa@)anz) B F()/8E) SR
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uniformly inside C \ E. Furthermore, by using the equalities (3.I)) and (3.2), we
have

Tim[pa (=)™ = |9(2)), (33)
and

lim |s,(z)|Y/" = L, (3.4)

oo [@(2)]

uniformly inside C\ E, respectively.

Let K be a compact subset of D, () and ¢ := max{|®(z)| : z € K}. Denote
by d the number of poles of F in D,. Let Ai, g, ..., Aq be the poles of F in D,
and wg(z) = H;l:l(z — Aj). By the way that we take m,, — oo and n — o0,
without loss of generality, we assume that d < m,, < n. From the definition of
Padé-orthogonal approximants and the condition (33]), we have

fn (B F(2) =Pl ()= Y akapi(2), 2 € Dy, (3.5)
k=n+m,+1
where
Af.n = <Qﬁ,mnFapk>,u7 k2071527"'7
and

arn=0, k=n+1,n+2,....,n+m,.

Applying Cauchy’s integral formula and Fubini’s theorem, we obtain, for k =
0,1,2,...,

arkn = (@ m, s Pr)p /2m/ Qn Qhim, DVF(E) ) dtpi,(z)du(z)

= o / QL (DF(1) / ]Zk_( Z) / QL o (F(B)si(t)dt, (3.6)

where 1 < p1 < po(F). Let {a1,a,...,a,} be the set of the distinct poles of I’
in D, and dj be the multiplicity of ay so that

d
:H(z— : (z — ag) d", d:idk.
j=1 k=1

Multiplying the equation B3] by wq and expanding

i SQ

o0

> apnwapk(=waQl ,, F —wiPl, € H(D,))
k=n+mu+1
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in terms of the Fourier series corresponding to the orthonormal system {Pv}20,
we obtain that for z € D,

WD) Qi (DF(2) = wa() Pl ()= D anawa(2)pe(2) = D buapu(2),
k=n+mn,+1 v=0
(3.7)
where
by = Z i (WdDks Pv)p, v =0,1,2,.... (3.8)
k=n+m,+1
First of all, we will estimate |ag | in terms of |7y, | where
1
Thn = Gy Qﬁ,mn ) F(t)sk(t)dt, pa—1(F) < p2 <pa(F), k=0,1,2,....
Loy
(3.9)

Notice that the only difference between the integral in (9] and the last integral in
(3:6) is the domains of the integrals. The greater number p of ', will allow to have
a better bound on |sg|. For each k& > 0, the function Q ,, F'sx is meromorphic
on Dy, \ D,y = {z € C: p1 < |®(2)] < po} and has poles at aq,az,...,a,
with multiplicities at most di, ds, ..., d, respectively. Applying Cauchy’s residue
theorem to the function @, ,, F'sg, we have

1 1
o= | @, (OF@)sk(t)dt — o— hma, (D) F (£)s1:(8)di
211 Tpy e 21 Ty e

v
= res(Q . F'sk, aj), (3.10)
j=1

for k > 0. Recall that the limit formula for the residue of Q% = F's; at a; is

1
lim ((z —a;)%

12 ) —
I‘GS(QmmnFSk, aJ) - (d] — 1)' z—r oy n,My

(2)F(2)sp(2)) 4. (3.11)
By the Leibniz formula and the fact that for n sufficiently large, s,(z) # 0 for
z € C\ FE (see Lemma [2T]), we can transform the expression under the limit sign
as follows

o () (@D
(z—ay) z,mn<z>F<z>sk<z>><df-1>=((z—andf b () F(2)s(2) ))

Sn(z)

) dz_%l (%) = @t s (22 "

To avoid long expressions, let us introduce the following notation:

. 1 -1\ . o .
B, p) ?=m< » )zlggj((z—aj)d’ foma (2)F (2)30(2) @710,
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forj=1,2,...,yandp=0,1,2,...,d; — 1 (notice that the 8, (j,p) do not depend
on k), so we can rewrite the equality (BI0) as

5 dj—1 (p)
Qon = Thn = ) Zﬂnjp( > (aj) ] mn=mo and k=0,12,....
7j=1 p=0

(3.12)
Since ag,, =0, for k=n+1,n+2,...,n+my, it follows from [BI2) and d < m,,
that

dj

v % ()
ZZ ]p( ) () =Tk, k=n+1,n+2,....,n+d. (3.13)

We will view this as a system of d equations with d unknowns 8, (j,p). If we can
show that

(%) (aj) (S;‘:l)l () - (Szzl)(dj_l) (aj)
Snt2 smia) PPN CEay
A, = (s—) (e5) ( o ) (aj) ( ™ ) | (aj) 0. (314)

(52 (329) @) (5" e

(this expression represents the determinant of order d in which the indicated groups
of columns are successively written out for 7 = 1,2,...,v), then we can express
Bn(4,p) in terms of (sy /s, )P (aj) and Tg , for k = n+1,n+2,...,n+d. However,
since

J=1,2,...,v

R(aj)  Raj) - R D(ay)

R*(aj) (R (ay) -+ (R*)%7D(qy
e < ) >:< ) | (R?) | (ay)

R'(a;) (R%)(a;) - (RS D(ay)|,_,,

! 1 1 \%4%
= (d;j — ! i (di—1)/2 d(a - =

11 H H “ L s ww)) |

j=1 = 1<i<i<y
where R(z) = 1/<I>(z) and n!l = 0!112!---n! (use, for example, [21, Theorem 1] to
verify the last equality), for sufficiently large n, |A,| # 0. In fact, for sufficiently
large n, |A,| > ¢1 > 0 where the number ¢; does not depend on n (from now on,
we will denote some constants that do not depend on n by ¢z, c3,cq,... and we
will consider only n large enough so that |A,| > ¢; > 0).

Applying Cramer’s rule to ([I3]), we have

An(j 1<

n
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where A, (j,p) is the determinant obtained from A,, replacing the column with

index ¢ = (Y)=) di) + p+ 1 (where we define dy := 0) with the column

[Tn—i-l,n Tn4+2m " Tn-i—d,n]T

and C,(s, q) is the (s, q)*™® cofactor of A, (j, p). Substituting 3, (4, p) in the formula
BI2) with the expression in (BIH), we obtain

dj—1 d (p)
1 " Sk
Ao = Thon — ™ E E E Tn+s,nCn (8, q) (s_> (o), k>n+m,+1.
p=0 s=1

=1 "
(3.16)
Let § > 0 be sufficiently small so that po(F) — 2§ > 1 and € > 0 be sufficiently
small so that for all j =1,2,3,...,7,

{zeC:lz—qj|=c} C{z € C:|®(2)| > po(F) — 6}

and

<§_i>(p) (@)= % /zaj_s %(z)(ik(_ziyj)pﬂdzv (3.17)

where k = 0,1,2,..., and p = 0,1,2,...,d; — 1. Using (8.2) and (BI7), we can
easily check that for p = 0,1,2,...,d; — 1,7 = 1,2,...,v,and k = n+1,n +

2,...,n+d,
(p)
Sk
‘(Sn) (a])

for all n > ny, and for p=10,1,2,...,d; —1,j=1,2,...,v,and k > n+m, + 1,

< e, (3.18)

(p)
Sk C3
ok )< — B 3.19
(2) @) < e (3:19)
for all n > ng. The equation ([BI8) implies that
1Cn(s,q)| < (d—Ded P =¢y, s,q=1,2,....d, (3.20)

for n > nz. Combining the estimates (BI8), (319), B20), and |A,| > ¢1 > 0, we
see from (B.I6]) that

d
desey 1
Ak,n S Tkn + — Tn+s,n
okl < il + S s D e
c d
S |Tk,n| + —5 |Tn+s,n|7 k 2 n+my, + 17
() -2 2

(3.21)

for n > ngy.
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Secondly, we will give an estimate of |b,,| (see the equality (B.8) for the
definition of b,,,) in terms of |7%,|. By the Cauchy-Schwarz inequality and the
orthonormality of p,, we have

|<dek7 pl/>;,b|2 S <wdpk7 wdpk>ﬂ<pl/7 pu>u S IzneaE)'(|Wd(2)|2 = Cg¢, k7]/ = 07 17 27 ceee
(3.22)
By B21), (322), and the fact that
- 1

s 1
2 e E =B S 2 o (F) — 20

k=n+m,+1

we obtain, for n sufficiently large and for all v > 0,

o0

oo
|bV7n| < Z |ak,n||<wdpka pu>u| <Vecs Z |ak,n|

k=n+m,+1 k=n+m,+1

o 0 1 d
<V ( T midre 3 3

k=n+m,+1 k=n+m,+1 s=1

< ¢ Z Tk, - (3.23)

k=n-+1

Finally, we will show that
lim cap{z € K : |F(z) — [n/my]x| > e} =0.
n—oo

Choose § > 0 so small that

oc+46
p2—90

p2 = pd(F) —0 > pdfl(F), po(F) — 26 > 1, and < 1. (324)

By the triangle inequality, we can rewrite (8.7) in the following form

n+mn [e%e]

|wa(2) QU 1, (2)F (2)=wa(2) Pl (<Y bumllpe(2)+ Y [buallpu(2)].
v=0 v=n+m,+1
(3.25)
Define

Yoo bnllpy (2)] 2 ventmat1 [Py (2)]
|wa(2)Qn.m., ()] wa(2)@n.m, (2)

and let Q% (2) := [, (2 — An,j). Therefore, the relation ([3.25) implies

j=1

Al(z) = and A%(z):=

< A, (2) + A3 (2),
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for all 2 € Dy == Dy \ (U2 o{ .15 A2y - - -5 Amwn } U {1, A2y s Aa)).
Let us bound A}, (z) from above. We will first estimate |73, /Q% . (2)| for z € D,
and for k > n + 1. By definition of 7y ,,

—_— = — OF(t) ————~dt, k> 1. 2
ﬁvmn (Z) 2mi /F Sk( ) ( ) g;mn (Z)d ’ =" * (3 6)

Then, we shall approximate the factors multiplying F(¢) in the integral sign sep-
arately. For n sufficiently large,

Cg

lspt)| < ———, k>n+1.
(p2 — O)*
Define
Z,mn,pg (t) = H (t - An,j)-
An,i €Dy,
It is easy to see that
t—¢ ‘
S Cy,
z2=¢

for all t € T,,,2 € Dy, and ¢ € C\ D,, (note that the last inequality of (3:24)
implies that ps > o). Then,

I " -
#((?) s g:;}j((?) = |Q¢§7:;O)p2(z)|’ z€D,, tel,. (327)
By (320), we obtain
Tk.n cmn R
’Qﬁ,:n(z) = |Qﬁﬁmmp2(l;)|(p2 5 2€Dy, k>n+1, n>ns,
which implies
‘ ubu," < ciy” . z€Dy, n>ng. (3.28)
Qhma (2)| ~ [QRimn.pa (2)] (p2 — O)"

Applying (3.3) and the maximum modulus principle, we have
Ip,(2)| < c13(0 +90)Y, z€D,, v>0. (3.29)
Using ([B:28) and (3:29), we obtain the estimate:

n+m
1 " Noynllpy(2)] . c1sclsr (n 4+ my, 4+ 1) (o + §)V T R
Al(z) = ) < 12 , 2€D,.
e e TR DT 5] M v o o B3 P

We choose 6 > 0 such that (o +9)/(p2 — ) < 8 < 1. Since m,, = o(n) as n — oo,
for n sufficiently large, thus, we have
0149”' ~

A,lz(z) < ] z € Dg. (3.30)
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Next, let us approximate A?(z). Since deg(wgP¥,, ) < n+d < n+my, by a
computation similar to (3.8]), we obtain

bl/,n - <wdQZ,mnF - WdP#)mna pU>H = <wdQ¢LL,mnF7 pV>H

- L wa(t)QY .. (t)F(t)s,(t)dt, v>n+m,+1. (3.31)

- 271 T,Mn
Loy

As before, from B4 and F31]), we have

LA < s’ 2€D,, v>n+m,+1
|wa(2)Qn,mn (2)] ™ [wa(2)Qn.ma,p (2)|(p2 = 6)7 T o
(3.32)
for n > ny. Then, using 329) and B32)), for n sufficiently large, we obtain, for
z € ﬁg, footnotesize

o0 o0

o= 3 el S el (o + )"

O RN 5 o ] 2 PRV 5 o 03] [ P

‘16" o (o+09)
S @l 2= (m=op

v=n+m,+1

g 2 (o +0) i (U+6>n
< 16 < 17 _
S I 2 (07— 0F = )@ iz 0

Therefore, for n sufficiently large,

2 6189n
SRS o p—es (3.33)

Combining (330) and (B33)), we have, for n sufficiently large,

Py (2) c190™ -
F(z) — =—— , z2€D,. 3.34
’ G = G| = @ ommn @] (3.34)

Let T0(2) := wa(2)@4h 1. p(2). Then, Ty,(2) is a monic polynomial of degree at

most 2m,,. Let € > 0. Clearly,
2 6}
6199n

C {z €D, : ’wd(z)Qﬁ7mn)p2(z)‘ < - } =: E,.

en=12€D,: F(Z)_lfin(z)

The capacity function is monotonic and has the well-known property,

cap{z €C: 2" +an12" ' +.. . +ag <p"}=p, p>0.
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Hence, we find that for n sufficiently large

1 1/ deg Ty, 1 1/2my, Cl/2mn gn/2mn
cape, < cap B, < (—6199") < <—0199n) <
€ €

el/2m,

This means that

cap{z € K : |F(z) — [n/my)r| > e} < cap{z € D, : |F(z) — [n/mp)m| > e}

=cape, — 0,

as n — oo. This proves that [n/my]} converges in capacity to F inside D,_ (), as
n — oo. In addition, by Lemma [2.2] we get that each pole of F'in D, (p) attracts
at least as many poles of [n/m,| as the order of that pole. O
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