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1 Introduction

The concept of bitopological space was introduced by J. C. Kelly [4]. On
the other hand K. Chandrasekhara Rao and N. Palaniappan [1] introduced the
concepts of regular generalized star closed sets and regular generalized star open
sets in a topological space.

In this paper, we introduce the concepts of 7175 - regular generalized star
closed sets (1172 — rg* closed sets) and 717 - regular generalized star open sets
(172 — rg* open sets) and study their basic properties in bitopological spaces.

2 Preliminaries

Let (X, 7,72) or simply X denote a bitopological space. The intersection
(resp. union) of all 7; - semi closed sets containing A (resp. 7; - semi open sets
contained in A) is called the 7; - semi closure (resp. 7; - semi interior) of A, de-
noted by 7; - scl(A) {resp. 7; - sint(A)}. For any subset A C X, 7; - int(A) and
7; - cl(A) denote the interior and closure of a set A with respect to the topology
7; respectively. The closure and interior of B relative to A with respect to the
topology 7; are written as 7; - cl4(B) and 7; - int 4 (B) respectively. For any subset
ACX, 7 -rint(A) and 7; - rcl(A) denote the regular interior and regular closure
of a set A with respect to the topology 7; respectively. The regular closure and
regular interior of B relative to A with respect to the topology 7; are written as
7; - rcla(B) and 7; - rint 4 (B) respectively. The set of all 7 - regular closed sets
in X is denoted by 75 - R.C (X, 71, 72). The set of all 717 - regular open sets in X
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is denoted by 7172 - R.O (X, 71, 72). A€ denotes the complement of A in X unless
explicitly stated.

We shall require the following known definitions :

Definition 2.1 ([3], [5], [2]) A set A of a bitopological space (X, 71, 72) is called

(a) 7172 - semi open if there exists a 71 - open set U such that U C A C 7 -
cl(U).

(b) T172 - semi closed if X — A is 7179 - semi open.

Equivalently, a set A of a bitopological space (X, 71, 72) is called 7173 - semi closed
if there exists a 71 - closed set F' such that 75 - int(F) C A C F.

(¢) 7172 - reqular closed if 11- cl[To- int(A)] =A.
(d) 7172 - regular open if 71~ int[To- cl(A4)] =A.

(e) T2 - regular generalized closed (1172 — rg closed) in X if 7 - cl(A) C U
whenever A C U and U is 7175 - regular open in X.

(f) 7172 - regular generalized open (T179 — rg open) in X if F C 7o- int(A)
whenever F' C A and F' is 7,75 - regular closed in X.

3 7172 - Regular Generalized Star Closed Sets

Definition 3.1 A subset A of a bitopological space (X, 71, 72)is called 7175 - Teg-
ular generalized star closed (T179 —rg* closed) in X if and only if 75 - rcl(A) C U
whenever A C U and U is 7175 - regular open in X.

Example 3.2 Let X = {a,b,c},n = {¢, X, {a}},» = {¢, X, {a},{b,c}}. Then
all subsets in P(X) are 7172 — rg* closed sets in (X, 71, 72).

Theorem 3.3 Let A be a subset of a bitopological space (X, 11,72). If A is 1172 -
rg* closed then o - rcl (A) — A does not contain non empty 1172 - reqular closed
sets.

Proof. Suppose that A is 7175 — rg* closed. Let F' be a 7175 - regular closed set
such that F' C 7, - rcl(A) — A. We shall show that F' = ¢. Since F' C 75 - rcl(4) — A,
we have F' C [ro —rcl(A)] N AC. Consequently FF C A9 and F C 7 - rcl(A). Since
F C A®, we have A C FC. Since F is 775 - regular closed set, we have FC is
7172 - regular open. Since A is 7175 — rg* closed, we have 75 - rcl(A) C FC. Thus,
C [rp — rel(A)]¢ = X — [rp — rcl(A)]. Hence F C ¢. But ¢ C F. Therefore,

FC|
F=6. O
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Theorem 3.4

(a) Suppose that a subset A is 7179 — g closed and it is T2 - semi open. i.e)
A C 1 -clmy - int(A)]. Then A is 7oy - regular closed in X if and only if
Ty -cl[ry - int(A)] — A is Ti72 - regular closed in X.

(b) Let a subset A be a 7179 —rg* closed set. Then A is 1o - closed in X if and
only if 7o - cl(A) — A is Ty - regular closed in X.

Proof. (a) Suppose that A is 7971 - regular closed in X. Then A = 7 - cl[r -
int(A)]. Consequently 75 - cl[r; - int(A)] — A = ¢. Therefore, 75 - cl[r; - int(4)]— A
is 7179 - regular closed in X.

Conversely, suppose that 75 - cl[r; - int(A)] — A is 7172 - regular closed in X.
We shall show that A is o7 - regular closed in X. Obviously, 71 - int (4) C A.
Consequently 75 - cl[r; - int(A)] C 75 - cl(A). Hence 75 - cl[ry - int(A)] — A C 7
- cl(A) — A. Since A is 772 — rg closed in X, we have 75 - cl(4) — A does not
contain non empty 7172 - regular closed set. Hence 75 - ¢l [11 - int(4)] — A = ¢.
Therefore, 75 - ¢l [r; - int(A)] C A. Since A is 7172 - semi open, we have A C 75 -
cl[r1 - int(A)]. Hence 75 - cl [11 - int(A)] = A. Therefore, A is 7571 - regular closed.

(b) Suppose that A is 7172 — rg* closed. Let A be 15 - closed. We shall show
that 79 - ¢l (A) — A is 7175 - regular closed in X. Since A is 5 - closed, we have 7
- cl(A) = A. Consequently, 72 - cl(A) — A = ¢. Therefore, 75 - cl(4) — A is 772 -
regular closed in X.

Conversely, suppose that 7 - cl(A) — A is 7172 - regular closed in X. We
shall show that A is 72 - closed. Since 75 - cl(A) C 7 - rcl(A), we have 75 -
cl(A) — A C 15 - rcl(A) — A for any subset A of X. Since A is 1175 — rg* closed, we
have 75 - cl(A) — A = ¢. Hence 75 - cl(A) = A. Consequently, A is 72 - closed. O

Remark 3.5 The semi openess on A can not be removed from Theorem 3.4 (a)
in general as can be seen from the following example.

Example 3.6 Let X = {a,b,c},71 = {¢,X,{a},{a,b}}, 2 = {6, X, {b},{b,c}}.
Then A = {a,c} is 1172 - rg closed but not 7172 - semi open in X. Also 72 - ¢l [11
- int (A)] — A = ¢ is 7172 - regular closed. But A is not o7 - regular closed set
in X.

Theorem 3.7 If A and B are Ty — rg* closed sets then AU B is 1172 — rg*
closed.

Proof. Suppose that A and B are 7370 — rg* closed sets. We shall show that
AUB is 1y — rg* closed. Let AUB C U and U is 1y72 - regular open. Since
AUB C U, we have A C U and B C U. Since A C U and U is 7,79 - regular
open, we have 79 - rcl(A) C U. {since A is 779 — rg* closed}. Since B C U and
U is 1172 - regular open, we have 75 - rcl(B) C U. {since B is 7172 — rg* closed}.
Therefore, {m - rcl(A)} U {m - rcl(B)} C U UU. Since [13 - rcl(A)] U [z - rcl(B)]
= 79 - rcl(A U B), we have 75 - rcl(AU B) C U. Hence AU B is 7172 — rg* closed.
O
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Remark 3.8 The intersection of two 7175 — rg* closed sets is not a 7175 — rg*
closed set in general as can be seen from the following example.

Example 3.9 In Example 3.6, A = {a,b}, B = {a,c} are 1175 — rg* closed sets,
but AN B = {a} is not 772 — rg* closed set in X.

Lemma 3.10 Let A be a 71 - open set in (X,71,72) and let U be 112 - regular
open in A. Then U = ANW for some 11715 - reqular open set W in X.

Proof. Let A be a 71 - open set in (X, 71, 72) and let U be 7172 - regular open in
A. We shall show that U = ANW for some 775 - regular open set W in X. Since
U is 1172 - regular open in A, we have

U=m — intA[TQ — CIA(U)]
=7 —inta[ANT1 —cl(U)]
=An{n —int[ANnm —cl(U)]}
=An{n —int(A) N[ — int{re — cl(U)}]}
=ANn{AnN[rn —int{re — cl(U)}]},since A is 71 - open
=ANAN[m —int{r — cl(U)}]
=AN[n —int{r — cl(VU)}]
=ANW.

where W = [y — int{7, — cl(U)}]. Then U = ANW for some 717 - regular open
set W in X. O

Lemma 3.11 z € 75 - rcl (A) if and only if UN A # ¢ for every Ty7o - regular
open set U containing x.

Proof. Suppose that x € 75 - rcl (A). We shall show that UN A # ¢ for every 7172
- regular open set U containing x. Suppose that there exists a 775 - regular open
set U containing x such that U N A = ¢. Then A C U® and U is 7,7 - regular
closed set. Since A C U 7y - rcl (A) C 75 - rel (UY). Since x € 73 - el (A), we
have € 7 - rcl (UY). Since U is 717 - regular closed set, we have x € UC.
Hence x ¢ U, which is a contradiction that « € U. Therefore, U N A # ¢. Hence
U N A # ¢. for every 7175 - regular open set U containing x.

Conversely, suppose that U N A # ¢. for every 7175 - regular open set U
containing x. We shall show that « € 75 - rcl (A). Suppose that = ¢ 72 - rcl (A).
Then there exists a 7175 - regular open set U containing = such that U N A = ¢.
This is a contradiction to U N A # ¢. Hence = € 75 - rcl (A). O

Lemma 3.12 If A is 7175 - open and U is TyTo - regular open in X then U N A
18 T\ T2 - reqular open in A.

Proof. Let A be 175 - open and U is 7172 - regular open in X. We shall show
that U N A is 779 - regular open in A.
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Now,
71 —intg[me —cla(UNA) =m —int[rs —cla(UNA)NA
on— mt[Tg —cs(UNA)NAINA
= int[r, —cl(UNA)|NA
D7 —intfre —cl(U)N AN A
=7 — lnt[Tz —c(U)]Nnm —int(A)N A
=7 —int[rp —cl(U)]NANA
= UﬁA
since U = 71 — int[re — cl(U)]. Hence UN A C 71 - int 4] - cla (U N A)]. Now,
UnA= 1nt[72 —cl(U)] N1 —int(A)
= int[ra — cl(U) N A4)]
D7 —intfrg —c(UNA)N A]{ since UN A C A}
= int[re — cla (U N A)]
o lnt[Tg —cla(UNA)JNA

=71 —inta[re — cl(U N A)]

Hence 71 - inta[7e - cla(U N A)] CU N A. Therefore, 71 - inta[re - cla(UNA)] =
U N A. Hence U N A is 7175 - regular open in A. O

Lemma 3.13 If A is 7712 - open in (X, 11, 72), then 1o - rcly(B) C ANTs - rcl(B)
for any subset B of A.

Proof. Let A be 775 - open in (X, 71, 72). We shall show that 75 - rcl4 (B) C ANTy
- rcl(B) for any subset B of A. Let B C A and & € 7 - rcly(B). Since 75 -
rcla(B) C A, we have x € A. Let U be a 775 - regular open in X such that
x € U. Then by Lemma 3.12, we have AN U is 172 - regular open in A such that
x € UNA. Since x € 13 - rcla(B), we have (UN A) N B # ¢ {by Lemma 3.11}.
Hence U N B # ¢. {since B C A}. Therefore, U N B # ¢ for every 1175 - regular
open in U of X containing x. Hence x € 7 - rcl(B). Therefore x € ANy - rcl(B).
Consequently, 72 - rcl4(B) € ANy - rcl(B) for any subset B of A. O

Lemma 3.14 If A is 1172 - open in (X, 71, 72), then ANTy - 1cl(B) C 19 - rcla(B)
for any subset B of A.

Proof. Let A be 7173 - open in (X, 71, 72). We shall show that ANT, - rcl(B) C o
- rcl4(B) for any subset B of A. Let BC A and x € ANTy - rcl(B). Then z € A
and x € 75 - rcl(B). Let U be a 7179 - regular open subset of A such that x € U.
Then by Lemma 3.10, there exists a 772 - regular open subset W of X such that
U= ANW. Since z € U, we have x € AN W. Hence, z € A and x € W. Since
x € T - rcl(B) and W is 117 - regular open subset in X, we have W N B # ¢.
Now, UNB = (ANW)NB=WnN(ANB) =WNB# ¢. { since BC A}. Hence
U N B # ¢ for any 7179 - regular open subset U of A such that x € U. Therefore,
x € g - rcla(B). Hence ANy - rcl(B) C 72 - rcla(B) for any subset B of A. O
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Theorem 3.15 Let B C A where A is 717 - regqular open, 7271 - regular open
and 1,79 — rg* closed. Then B is 7170 — rg* closed relative to A if and only if B
is T1To — rg* closed in X.

Proof. Let B C A where A is 775 - regular open, 757 - regular open and 7175 —rg*
closed. Suppose that B is 772 — rg* closed relative to A. We shall show that B
is 1179 — rg* closed in X. Let B C U and U is 7172 - regular open in X. Since A
is 7172 - regular open and 771 - regular open in X, we have A is 772 - open in
X. Since U is 179 - regular open in X, we have ANU is 1173 - regular open in A
{by Lemma 3.12}. Since B C U and B C A, we have B = BN B C U N A. Hence
B CUNAand ANU is 172 - regular open in A. Since B is 7172 — rg* closed
relative to A, we have

o —rcla(B) CANU (3.1)

Since A C A and A is 7173 - regular open in X, we have
T2 —rcl(A) C A (3.2)

, since A is 772 —rg* closed in X. Since B C A, we have 75 - rcl(B) C 73 - rcl(A4).
Hence 75 - rcl(B) C A {by (3.2)}. Therefore,

o —rcl(B) N A =15 — rc(B). (3.3)

Since A is 7172 - open in X, we have 72 - rcl (B) N A = 75 - rcla(B) {by Lemma
3.13, Lemma 3.14}. Therefore, 75- rcl(B) = 75 - rcl4(B). Hence 7 - rel(B) € ANU
{by (3.5)}. Therefore, B is 1172 — rg* closed in X.

Conversely, suppose that B is 7i75 — rg* closed in X. We shall show that B
is 9 — rg* closed relative to A. Let B C U and U is 772 - regular open in A.
Since A is 7173 - regular open and 7571 - regular open in X, we have A is 717 -
open in X. Since A is 7; - open in X and U is 7y 7» - regular open in A, we have
U= ANW for some 773 - regular open set W in X {By Lemma 3.10}. Since
A'is 7179 - open in X and W is 179 - regular open in X, we have U = ANW
is 7175 - regular open set in X {by Lemma 3.12}. Hence B C U and U is 7172 -
regular open set in X. Since B is 7172 — rg* closed in X, we have 15 - rcl(B) C U.
Therefore 75 - rel(B)N A C ANU. Since U C A, we have

o —rcl(B)NACU. (3.4)
Since A is 7172 - open in X, we have 72 - rcl(B) N A = 79 - rcla(B) { by Lemma

3.13, Lemma 3.14}. Hence 15 - rcl4(B) C U {by (4)}. Therefore B is 7175 — rg*
closed relative to A. O

Theorem 3.16 Let A and B be subsets such that A C B C 19 - rcl(A). If A is
T1T9 — 1g* closed, then B is 119 — rg* closed.

Proof. Let A and B be subsets such that A C B C 75 - rcl(A4). Suppose that A
is 7179 — rg* closed. We shall show that B is 775 — r¢g* closed. Let B C U and
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U is 1172 - regular open in X. Since A C B and B C U, we have A C U. Hence
A CU and U is 1y 7» - regular open in X. Since A is 7175 — rg* closed, we have

79 —rcl(A) C U. (3.5)

Since B C 79 - rcl(A), we have 1 - rcl (B) C 7 - rcl [rp - rcl (A)] = 72 - rcl
(A) CU { by (3.5)}. Hence 3 - rcl (B) C U. Therefore, B is 1172 — rg* closed. O

Theorem 3.17 Suppose that 1179 - R.O (X,71,72) C 70 - R.C (X, 71,72). Then
every subset of X is 1170 — rg* closed.

Proof. Suppose that 7172 - R.O (X,71,72) C 72 - R.C (X, 71, 72). Let A be a
subset of X. We shall show that A is 7175 — rg* closed. Let A C U and U is 772
- regular open in X. Since 7172 - R.O (X, 71,72) C 75 - R.C (X, 71,72), we have U
is 1o - regular closed in X. Then 75 - rcl (U) = U. Since A C U, we have 75 - rcl
(A) C 15 - rel (U) = U. Therefore, 75 - rcl (A) C U. Hence A is 1179 — rg* closed.
O

4 T172 - Regular Generalized Star Open Sets

Definition 4.1 A subset A of a bitopological space (X,71,72) is called 77 -
reqular generalized star open (T172 —rg* open) in X if and only if its complement
is 7179 - reqular generalized star closed (1179 — rg* closed) in X.

Example 4.2 Let X = {a,b,c}, 1 = {6, X, {a}}, 2 = {6, X, {a},{b,c}}. Then
all subsets in P(X) are 775 — rg* open sets in (X, 1y, 72).

Theorem 4.3 A subset A of a bitopological space (X, T1,T2) is 172 — rg* open if
and only if F C 79 - rint (A) whenever F C A and F is 1172 - regular closed in
X.

Proof. Suppose that A is 7179 — rg* open. We shall show that F' C 75 - rint (A)
whenever F' C A and F' is 7175 - regular closed in X. Let A C F and F is 7175 -
regular closed in X. Then A® C F¢ and F¢ is 1;7 - regular open in X. Since A
is 7179 — rg* open, we have A€ is T — rg* closed. Hence 15 - rcl (AC) C FC.
Consequently, [r; - rint (4)]¢ C FC. Therefore F' C 7 - rint (A).

Conversely, suppose that F' C 75 - rint (A) whenever F' C A and F is 7172 -
regular closed in X. We shall show that A is 7,75 — r¢g* open. Let A C U and
U is 1172 - regular open in X. Then UC C A and U€ is 779 - regular closed in
X. By our assumption, we have UY C 7 - rint (A). Hence [r, - rint (A)]¢ C U.
Therefore 7 - rcl (AC) C U. Consequently A€ is 7175 — rg* closed. Hence A is
T1T9 — rg* open. O

Theorem 4.4 Let A and B be subsets such that 7o - rint (A) C B C A. If A is
T1T0 — 1rg* open, then B is Ty — rg* open.
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Proof. Suppose that A and B are subsets such that 7o - rint (A) C B C A. Let
A be 1175 — rg* open. We shall show that B is 7175 —rg* open. Let F' C B and F'
is 7172 - regular closed in X. Since F' C B and B C A, we have F' C A. Therefore,
F C 7y - rint (A) {Since A is 772 — rg* open}. Since 7 - rint (A) C B, we have
T - rint |12 - rint (A)] C 7 - rint (B)

= 79 - rint (A) C 75 - rint (B).

= F C 7y - rint (B).

= B is 1y7o — rg* open. O

Theorem 4.5 If a subset A is 1170 —1rg* closed, then 1o - rcl (A)— A is 1y70 —1g*
open.

Proof. Suppose that A is 775 — rg* closed. We shall show that 75 - rcl (A) — A
is 7179 — rg* open. Let F C 75 - rcl (A) — A and F is 7179 - regular closed . Since
Ais 1179 — rg* closed, we have 75 - rcl (A) — A does not contain nonempty 773 -
regular closed {by Theorem 3.3}

= F =¢.

=¢Cm-rcl (A)— A

= 79 - rint (¢) C 7 - rint [15 - rcl (A) — 4]

= ¢ C 7o - rint [z - rcl (A) — A]

= F C 1y - rint [1g - rcl (A) — A]

= 19 - rcl (A) — A is e — rg* open. O
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