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1 Introduction

A CAT(k) space (k is a real number) is a geodesic metric space whose geodesic
triangle is thinner than the corresponding comparison triangle in a model space
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with curvature k. Fixed point theory in CAT(k) spaces was first studied by Kirk
[1, 2]. His works were followed by a series of new works by many authors, mainly
focusing on CAT(0) spaces. Since then, the fixed point theory for single-valued and
multivalued mappings in CAT(0) spaces has been rapidly developed, and many
papers have appeared (see, e.g., [3L 4L 5] [6, [7, 8, @]). It is worth mentioning that
the results in CAT(0) spaces can be applied to any CAT (k) space with k < 0 since
any CAT(k) space is a CAT(w) space for every w > k (see, e.g., [10]). However,
there are only a few research papers that contain fixed point results in the setting
of CAT (k) spaces with x > 0.

In 2011, Sokhuma and Kaewkhao [I1] introduced a modified Ishikawa iterative
process for finding a common fixed point of a pair of single-valued and multi-valued
nonexpansive mappings in Banach spaces. They also proved a strong convergence
theorem for the proposed iterative process in uniformly convex Banach spaces.
Recently, Uddin et al. [12] generalized and improved several results contained in
[11]. They proved convergence theorems of modified Ishikawa iteration process
involving a pair of mappings satisfying the condition (C)) on Banach spaces.

In 2007, Agarwal et al. [13] introduced the S-iteration process for finding
a fixed point of a nearly asymptotically nonexpansive single-valued mapping in
a Banach space. They also showed, theoretically as well as numerically, that
the S-iteration process is faster than the Mann and Ishikawa iteration processes
for contraction operators. Later in 2011, Khan and Abbas [3] have modified S-
iteration process in CAT(0) spaces for finding a fixed point of a nonexpansive
single-valued mapping. Recently, Akkasriworn and Sokhuma [14] defined the mod-
ified S-iteration process for a pair of single-valued and multi-valued nonexpansive
mappings in Banach spaces. However, there is not any result in CAT(k) spaces
concerning the convergence of S-iteration process for a pair of single-valued and
multi-valued mappings.

The purpose of this paper is to study the modified S-iteration process for a pair
of a total asymptotically nonexpansive single-valued mapping and a multi-valued
mapping satisfying the condition (C)) in complete CAT (k) spaces.

2 Preliminaries and some useful lemmas

Throughout this paper we denote by N the set of all positive integers. Let
(X,d) be a metric space. A geodesic path joining z € X to y € X is a map
¢ from a closed interval [0,I] C R to X such that ¢(0) = =z, ¢(I) = y, and
d(e(t1),p(t2)) = |t1 — ta] for all t1,t2 € [0,{]. In particular, ¢ is an isometry
and d(xz,y) = I. The image of ¢ is called a geodesic segment joining = and y.
When it is unique this geodesic segment is denoted by [z,y]. For each z,y € X
and a € (0,1), we denote the point z € [z,y] such that d(x,z) = ad(z,y) by
(1 — a)x & ay. The space (X, d) is said to be a geodesic metric space (D-geodesic
metric space) if every two points of X (every two points of distance smaller than
D) are joined by a geodesic, and X is said to be uniquely geodesic (D-uniquely
geodesic) if there is exactly one geodesic joining x and y for each z,y € X (for
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x,y € X with d(z,y) < D). A nonempty subset K of X is said to be convex if K
includes every geodesic segment joining any two of its points. The set K is said
to be bounded if diam(K) = sup{d(z,y) : z,y € K} < cc.

We now introduce the model spaces M7, for more details on these spaces the
reader is referred to [I0]. Let n € N, we denote the metric space R” endowed with
the usual Euclidean distance by E™. The Euclidean scalar product in R™ is denote
by (:|-), that is,

(I|y) = T1Y + - +Inyn where © = (Ila' .- ,In), Yy = (ylv'- 7yn)

Let S™ denote the n-dimensional sphere defined by S™ = {z = (z1,...,%nt1) €
R (z|z) = 1} with metric dgn(z,y) = arccos(z|y) for x,y € S*. Let E™!
denote the vector space R"*! endowed with the symmetric bilinear form which
associates to vectors © = (21,...,2p41) and y = (y1,...,Ynt+1) the real number
(x|y) defined by

(@ly) = —Tni1Ynt1 + Z!Ezyz
i=1
Let H™ denote the hyperbolic n-space defined by H"* = {x = (z1,...,2p+1) €
E™! : (x]x) = =1, 2,41 > 0} with metric dg» such that coshdgn (z,y) = —(z|y)
for z,y € H™.

Given a real number x, we denote by M, the following metric spaces:
(i) if k = 0, then M is the Euclidean space E™;

ii) if kK > 0, then M is obtained from the spherical space S by multiplyin
K y g
the distance function by the constant ﬁ;

(iii) if k < 0, then M is obtained from the hyperbolic space H" by multiplying
the distance function by the constant ﬁ
A geodesic triangle A(x,y, z) in a geodesic metric space (X, d) consists of three
points z,y,z € X (the vertices of A) and three geodesic segments between each
pair of vertices (the edges of A). A comparison triangle for a geodesic triangle
A(z,y,z) in (X,d) is a triangle A(Z,7,%) in M2 such that d(z,y) = d2(T,7),
d(y,z) = dp2(9,%), and d(z,2) = dpz(%Z,7). If & <0, then such a comparison
triangle always exists M2. If k > 0, then such a triangle exists whenever d(x,y) +
d(y,z)+d(z,x) < 2D,, where D, = =+ A point w € [%,7] is called a comparison
point for w € [z,y] if d(z,w) = dps (T, ).
A geodesic triangle A(x,y,2) in X is said to satisfy the CAT (k) inequality if
for any p,q € A(z,y, z) and for their comparison points p,q € A(T,,Z), one has

Definition 2.1.

(i) If kK < 0, then X is called a CAT(k) space if and only if X is a geodesic
space such that all of its geodesic triangles satisfy the CAT(k) inequality.
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(i1) If k > 0, then X is called a CAT(x) space if and only if X is D,-geodesic and
any geodesic triangle A(z,y, z) in X with d(z,y) + d(y,z) + d(z,x) < 2D,
satisfies the CAT (k) inequality.

Let R € (0,2]. Recall that a geodesic metric space (X, d) is said to be R-convex
(see [15]) if for any three points x,y,z € X and « € [0, 1], we have

d*(z,(1 - a)y®az) < (1 —a)d*(z,y) + ad®(z, 2) — ga(l —a)d*(y,2). (2.1)

It is known that a geodesic metric space (X, d) is a CAT(0) space if and only if
(X,d) is R-convex for R = 2. The following lemma is a consequence of Proposition
3.1 in [I5].

L —¢

Lemma 2.2. Let k > 0 and (X,d) be a CAT(k) space with diam(X) < = for

N
some ¢ € (0,%). Then (X,d) is R-convex for R = (m — 2¢) tan(e).

We now collect some elementary facts about CAT (k) spaces; see [16].
Let {z,} be a bounded sequence in a CAT (k) space X with x > 0. For z € X,
we define a mapping r (-, {z,}) : X — [0,00) by

r(z,{zn}) = limsupd(x, x,).

n—oo

The asymptotic radius r ({zn}) of {x,} is given by
r({zn}) =inf {r(z,{z,}) 12 € X},

and the asymptotic center A ({x,}) of {x,} is the set

A({zn}) ={z € X :r(z,{zn}) =7 ({zn})}.

The asymptotic center A ({z,}) is singleton for a CAT(k) space with diameter
smaller than ﬁ; see [17].

Definition 2.3. A sequence {z,} in a CAT(k) space X is said to A-converge to
x € X if z is the unique asymptotic center of {u,} for every subsequence {u,} of
{z,}. In this case, we write A-lim,,_,~ x, = = and call x the A-limit of {z,}.

Lemma 2.4 ([I7]). Let k > 0 and X be a complete CAT (k) space with diam(X) <
5\/_; for some e € (0,5). Then every bounded sequence in X has a A-convergent

subsequence.

Lemma 2.5 ([I0]). Let x > 0 and X be a complete CAT(k) space with diam(X) <
5 —€

NG for some € € (0,%5). Then, we have

d(1-a)x®ay,z) < (1 —a)d(z,z) + ad(y, 2)

for all z,y,z € X and a € [0,1].
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Lemma 2.6 ([4]). Let k > 0 and X be a complete CAT (k) space with diam(X) <
7\/_; for some ¢ € (0,%). If {xzn} is a sequence in X with A({w,}) = {z} and
{un} is a subsequence of {xn} with A({un}) = {u} and the sequence {d(zn,u)}
converges, then t=u.

The following lemma is a characterization of CAT(0) spaces. It can be applied
to a CAT (k) space with k > 0 as well.

Lemma 2.7 ([5]). Let X be a CAT(0) space, and let x € X. Suppose that {t,}
is a sequence in [a,b] for some a,b € (0,1) and that {x,}, {yn} are sequences in
X such that limsup,,_, . d(2n,z) <7, limsup,,_, . d(yn,z) <r and

lim d((1 —t,)xn ® tuyn,x) =1 for somer > 0.

n— o0
Then lim, o0 d(Tn,Yn) = 0.

Let K be a nonempty subset of a CAT(k) space X, and T : K — K be
a single-valued mapping. The set of all fixed points of T" will be denoted by
FT)={x€e K:z=Tuz}.

Definition 2.8. A single-valued mapping T : K — K is said to be
(i) nonexpansive if d(Tx,Ty) < d(z,y) for all z,y € K;

(ii) asymptotically nonerpansive if there exists a sequence {k,} C [1,00) such
that lim, oo kn, = 1 and d(T"x,T"y) < kpd(z,y) for all z,y € K and
n €N;

(i) generalized asymptotically nonexpansive if there exist two sequences {k},
{sn} C [0,00) such that lim, ook, = lim, 008, = 0 and d(T"x, T"y) <
knd(z,y) + s, for all z,y € K and n € N;

(iv) total asymptotically nonexpansive if there exist two sequences {ky}, {sn} C
[0, 00) with lim,,—,ccky = lim, 008, = 0 and a strictly increasing continu-
ous function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that d(T"z, T"y) <
d(z,y) + kno(d(z,y)) + sp, for all z,y € K and n € N.

Remark 2.9.

(i) The concept of total asymptotically nonexpansive single-valued mappings was
first introduced in Banach spaces by Alber et al. [18].

(ii) If $(N) = A, then a total asymptotically nonexpansive mapping reduces to a
generalized asymptotically nonexpansive mapping. If ¢(A) = X and k, = 0
for all n € N, then a total asymptotically nonexpansive mapping reduces
to an asymptotically nonexpansive mapping. If ¢(A) = XA and k,, = 0 and
Sp, = 0 for all n € N, then a total asymptotically nonexpansive mapping
reduces to a nonerpansive mapping.
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The following two lemmas can be found in [16].

™

Lemma 2.10. Let k > 0 and X be a complete CAT (k) space with diam(X) < %
for some e € (0,5). Let K be a nonempty closed conver subset of X, and let
T : K - K be a continuous and total asymptotically nonexpansive mapping.
Then T has a fived point in K.

™

Lemma 2.11. Let k > 0 and X be a complete CAT (k) space with diam(X) < 5\;;
for some € € (0,5). Let K be a nonempty closed conver subset of X, and let
T : K — K be a uniformly continuous and total asymptotically nonexpansive
mapping. If {x,} is a sequence in K such that lim, . d(2,, Tz,) = 0 and A-

lim,, yo0o T, = p, then p € K and p = Tp.

We shall denote the family of nonempty closed bounded subsets of K by
CB(K), and the family of nonempty compact convex subsets of K by CC(K).
The Pompeiu-Hausdorff distance [19] on CB(K) is defined by

H(A, B) = max {sup dist(x, B), sup dist(y, A)} for A, B € CB(K),
z€A yeb

where dist(z, K) = inf{d(z,y) : y € K} is the distance from a point = to a subset
K. Let S be a multi-valued mapping of K into CB(K). The set of all fixed points
of S will be denoted by F(S) ={x € K : x € Sx}.

Definition 2.12. A multi-valued mapping S : K — CB(K) is said to
(i) be nonexpansive it H(Sxz, Sy) < d(z,y) for all z,y € K

(i) be quasi-nonexpansive if F(S) # () and H(Sz,Sz) < d(z,z) for all x € D
and z € F(S);

(ili) satisfy condition (E,) if there exists p > 1 such that for each z,y € K,
dist(z, Sy) < pdist(x, Sx) + d(z,y). We say that S satisfies condition (E)
whenever S satisfies (E,,) for some p > 1.

(iv) satisfy condition (C) if there exists A € (0,1) such that for each z,y € K,
Mist(z, Sz) < d(z,y) implies H(Sz, Sy) < d(z,y).

Remark 2.13.
(i) If S: K — CB(K) is nonexpansive, then S satisfies the condition (E).
(i) As in the single-valued case, if 0 < A\ < Ay < 1 then the condition (Cy,)
implies the condition (Cy,).
The following lemma is also needed.

Lemma 2.14 ([20]). Let {a,} and {b,} be sequences of nonnegative real numbers
satisfying
Gnt1 < ap + by, for alln € N.

If 307 by < 00, then lim, o ay, exists.
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3 Main results

In this section, we first introduce the modified S-iteration process for a pair of
single-valued and multi-valued mappings in CAT(k) spaces.

Definition 3.1. For K a nonempty convex subset of a CAT (k) space X, T : K —
K a single-valued mapping and S : K — CB(K) a multi-valued mapping, the
iterative sequence {z,} is generated from z; € K, and is defined by

Yn = (1 - O‘n)xn @ anzn, 2n € S:Ena
(3.1)
Tnt1 = (1 = Bn)zn ® BnT™Yn, n € N,

where {ay, } and {3, } are sequences in (0,1). We will call it the modified S-iteration
process.

Before proving the A and strong convergence theorems, we need the following
two lemmas.

T —¢

Lemma 3.2. Let k > 0, X be a complete CAT(x) space with diam(X) < v
for some ¢ € (0,5), and K be a nonempty closed conver subset of X. Let T :
K — K be a uniformly continuous and total asymptotically nonerpansive single-
valued mapping with sequences {ky},{sn} C [0,00) such that > 7 | k, < co and
S0 1 sn < 00, and S : K — CB(K) be a multi-valued mapping satisfying the
condition (Cy). Assume that § := F(T)N F(S) is nonempty and Sp = {p} for all
p €F. For x1 € K, the sequence {x,} generated by BI). Then, lim, o d(xn,p)

exists for allp € §.

Proof. Let p € § and M = diam(K). As, A € (0,1), implies Adist(p, Sp) = 0 <
d(xy,p), owing to the condition (C)), we have H(Sx,,Sp) < d(z,,p). Since T is
total asymptotically nonexpansive, it follows by Lemma that

d(zn, ) = Bn)d(zn,p) + Bud(T"yn, T"p)

= Bn)d(zn, ) + Bn(d(yn, p) + knd(d(yn, p)) + sn)

= Bn)d(zn,p) + Bn(d(yn, p) + knd(M) + sn)

= Bn)d(zn,p) + Bad(Yn, p) + Bn(knd(M) + s5)

= Bn)d(2n,p) + Bn((1 — an)d(Tn,p) + and(2n,p)) + Bn(knd(M) + 55)

= Bn + Bnan)d(zn,p) + Bn(1 — an)d(@n, p) + Bn(knd(M) + sn)

— Bn + Bran)dist(zn, Sp) + Bn(1 — a)d(zp, p) + Bn(knd(M) + sp)

= Bn + Bran)H(Szn, Sp) + Bn(1 — an)d(zn,p) + Bn(knd(M) + sn)
(Tnsp) + Bn(knd(M) + s5).

(VAN VAN VAN VAN VAN

Qo S~~~ o~

IAINA

Since Y%k, < oo and Y .2 s, < oo, it implies by Lemma 214 that
lim;, 00 d(zy, p) exists. O
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Lemma 3.3. Let k > 0, X be a complete CAT (k) space with diam(X) < %\/15

K
for some ¢ € (0,%), and K be a nonempty closed conver subset of X. Let

T : K — K be a uniformly continuous and total asymptotically nonexpansive
single-valued mapping with sequences {ky},{sn} C [0,00) such that y > | ky < 0o
and Y0 sy < 00, and S : K — CB(K) be a multi-valued mapping satis-
fying the condition (Cy). Assume that § = F(T) N F(S) is nonempty and
Sp = {p} for all p € §. For z1 € K, the sequence {x,} generated by (B,
where {an} and {B,} are sequences in [0,1] such that 0 < a < ap,fn < b <
1. Then, we have lim,,_, o dist(x,, Sx,) = 0 and lim, o d(z,, T"x,) = 0 and
lim,, 00 d(x, Txy) = 0.

Proof. Let p € § and M = diam(K). In view of Lemma [3.2] we assume that

nl;rgo d(zy,p) = c. (3.2)
If ¢ = 0, then all the conclusions are trivial. Therefore we will assume that ¢ > 0.
As, A € (0,1), implies Adist(p, Sp) = 0 < d(z,,p), owing to the condition (Cly),
we have H(Sx,,Sp) < d(x,,p). Thus, d(z,,p) = dist(z,,Sp) < H(Sz,,Sp) <
d(xy,p). This implies that

lim sup d(zy, p) < limsup d(x,,p) = c. (3.3)
n—oo n—oo
Consider,
A(T"Yn, p) < d(Yn, p) + knd(d(yn,p)) + sn
< d(Yn,p) + knd(M) + sy,
< (1 - O‘n)d(xnap) + and(znap) + kn(b(M) + Sn

= (1 — an)d(xn,p) + apdist(zn, SP) + knd(M) + s,
(1 - an)d(xnvp) + O‘nH(ana Sp) + knd)(M) + Sn
d(xn,p) + kn(b(M) + Sn-

This implies by lim,,_, o k, = 0 and lim,,—, s, = 0 that

lim sup d(T"yn, p) < limsup d(yy,,p) < limsup d(x,,p) = c. (3.4)
n—oo

n—oo n—00

Since ¢ = limsup,,_, ., d(Tnt+1,p) = limsup, .. d((1 — Bn)zn © BnT ™ Yn,p), it
follows by Lemma 27 that

lim d(z,,T"yn) = 0. (3.5)

n—oo
By the definition of the sequence {x,}, we have
d(xn-i-lup) < (1 - Bn)d(znap) + Bnd(T"ymp)

(1 = Bn)d(xn, p) + Bn(d(yn,p) + knd(d(yn, p)) + sn)
(1 = Bn)d(xn, p) + Bu(d(yn,p) + knd(M) + sn).

IAIA
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This implies that

d($n+17p) - d(iEn,p) S ﬂn(d(ynvp) - d(szp) + knd)(M) + Sn)

Therefore,

+ d(xp, p)

d(anrlvp)b_ d(IEn,p) + d(In,p) < d(anrlap;_ d(il?n,p)

< d(ymp) + kn¢(M) + Sn-

It implies by (B2) and [B.4]) that

¢ = liminf (d(xn-‘rlap)b_ d(fEn,p) + d($n7p)>
n—o0

< liminf(d(yn, p) + knd(M) + s5)
n—0o0

= liminf d(yn, p)
n—r oo

< limsupd(y,,p) < c.

n—oo
Then we have
c= nll)rrgo d(Yn,p) = nll)rrgo d((1 — an)zy B anzn, p). (3.6)

Since d(zn,p) < d(zn,p),

lim sup d(zy, p) < limsupd(x,,p) = c. (3.7)
n—00 n—oo
By [B6), (31), and Lemma [Z7] that
nh_)rr;o d(xp, zn) = 0. (3.8)

Since z, € S, we have dist(xy, Szy) < d(y, z,). This implies by (B.8) that

lim dist(z,, Sz,) = 0.

n—oo

By T is total asymptotically nonexpansive, we have

d(T"xp, 20n) < d(T" 20, T"yn) + d(T"Yn, T1)
< d(xna yn) + kn¢(d($na Yn)) + 8n + d(T" Y, 7p)
< d(Tn,Yn) + knd(M) + sp + d(T"yn, T0)
< and(Ty, zn) + knd(M) + sp + d(T"yn, 2n) + d(2n, 1)
= (14 an)d(@n, zn) + d(T"Yn, 20) + knod(M) + sp,.

Then, by (3.3) and (B.8)), we get
lim d(T"zy, z,) = 0. (3.9)

n—roo
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By the uniform continuity of T', we have

lim d(T" ', Tz,) = 0. (3.10)
n— o0
Consider,
d({En, :En-i-l) 1-—- ﬁn d Tny Rn + Bnd(xnu Tnyn)
1= Bn)d(xn, zn) + Bu(d(@n, T xyn) + d(T" 0, T"yn))

)
) )+
)+ Bu(d(@n, T"2y) +
Ty 2n) + Br(d(@n, T"@n) + (X0, Yn) + knd(M) + $p)
n) + Bu(d(@n, T" %) + Qnd(zn, 2n) + knd(M) + 85,)

(VAN VAN VAR VAN VAN

8
3
N

This implies by (3.8) and (39) that

lim d(xn,zn41) =0. (3.11)

n—oo

By (), (10, and (EII), we have

d(xp, Txy) < d(2p, Tny1) + d( @1, T ayr) + d(T" g, Ty,
+d(T" i, Tay)
<2d(xpn, Tng1) F d@na 1, T" M 2n 1) + kn1 (M) + 5041
+d(T"a,,, Tx,) — 0 as n — oo.

This completes the proof. O

Now, we prove a A-convergence theorem for a pair of a total asymptotically
nonexpansive single-valued mapping and a multi-valued mapping satisfying the
condition (Cy) and (F) in complete CAT(x) spaces.

™

Theorem 3.4. Let k > 0, X be a complete CAT (k) space with diam(X) < 5\/%5
for some ¢ € (0,%), and K be a nonempty closed convex subset of X. Let T :
K — K be a uniformly continuous and total asymptotically nonexpansive single-
valued mapping with sequences {ky},{sn} C [0,00) such that > -, k, < 0o and
Yo Sn <00, and S : K — CC(K) be a multi-valued mapping satisfying the
condition (Cy) and (E). Assume that § := F(T)NF(S) is nonempty and Sp = {p}
for allp € §. For x1 € K, the sequence {x,} generated by B.1), where {ca,} and
{Bn} are sequences in (0,1) such that 0 < a < ay, B < b < 1. Then the sequence

{zn} A-converges to a point in §.

Proof. By Lemma [B2 it implies that {x,} is bounded. Let wa(z,) = JA({un})
where the union is taken over all subsequences {u,} of {z,}. First, we show that
wa(2n) € §. To show this, we let u € wa(zy,). Then there exists a subsequence
{un} of {x,} such that A({u,}) = {u}. By Lemma[24] there exists a subsequence

(T, yn) + knd(d(Tn, Yn)) + 5n)
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{un;} of {u,} such that A-lim; o u,; = v € K. From Lemma B3] we have
lim; ;o0 dist(un,, Stn,) = 0 and lim;_, o d(tn,, Tuy;) = 0. It implies by Lemma
B3 and Lemma 217] that v € F(T). Since Sv is compact, for all j € N, we can
choose ¢,; € Sv such that d(uy,,qn;) = dist(u,,, Sv) and the sequence {gn, } has
a convergent subsequence {qy, } with limg_,o ¢n, = ¢ € Sv. By condition (E),
there exists ;1 > 1 such that

dist(tn,,, Sv) < pdist(tn,, , Stun, ) + d(tin,,,v).
Then we have

d(tny,,q) < d(Uny, qn,) + d(qny,, 9)
= dist(un,, Sv) + d(gn,,q)
< /LdiSt(unk ) Sunk) + d(unk , U) + d(an s Q)'

This implies that

lim sup d(un,, q) < limsup d(un,,v).

k—o00 k—o0

By the uniqueness of asymptotic centers, we have v = ¢ € Sv.
Hence, we obtain v € § and so lim, o d(2,,v) exists. Suppose that u # v.
By the uniqueness of asymptotic centers, we get

lim sup d(un, ,v) < limsup d(uy,,,u)
k—o00 k— o0

< limsup d(up, u)

n—oo

< lim sup d(uy, v)
n—00

n—oo

(
= limsup d(zp, v)
(

= lim sup d(un,,, v).
k—o0

This is a contradiction. Then we have u = v € §. This shows that wa(z,) C §.
To show that {z,} A-converges to a point in §, it is sufficient to show that
wa(zy) consists of exactly one point. Let {u,} be a subsequence of {z,} with
A({un}) = {u} and let A{z,}) = {z}. Since u € wa(x,) C F, it follows that
lim;, 00 d(zy, u) exists. By Lemma[2Z6] v = z. This completes the proof. O

We now get a strong convergence theorem of modified S-iteration for a pair
of a total asymptotically nonexpansive single-valued mapping and a multi-valued
mapping satisfying the condition (C) and (E) in complete CAT(x) spaces.

™

Theorem 3.5. Let £ > 0, X be a complete CAT(k) space with diam(X) < %
for some ¢ € (0,%), and K be a nonempty compact convex subset of X. Let

T : K — K be a uniformly continuous and total asymptotically nonexpansive
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single-valued mapping with sequences {ky},{sn} C [0,00) such that > | k,, < 0o
and Y7 1 s, < 00, and S : K — CB(K) be a multi-valued mapping satisfying
the condition (C)) and (E). Assume that § := F(T) N F(S) is nonempty and
Sp = {p} for allp € §. For x; € K, the sequence {x,} generated by BIl), where
{an} and {B,} are sequences in (0,1) such that 0 < a < ay,Bn < b < 1. Then
the sequence {x,} converges strongly to a point in §.

Proof. By Lemma[B.2] we have {x,} is bounded. Since K is compact, there exists
a subsequence {x,,} of {z,} converges strongly to p in K. By condition (F), there
exists p > 1 such that

dist(p, Sp) < d(p,a,) + dist(zn,, Sp)

(Tny, p) + pdist(2n,, STn,) + d(T4n,, p)

d(‘rnnp) + :u’dISt(‘rﬂq ’ anl)

Then, by Lemma B3] we have p € F(S). Again, by Lemma and the uniform
continuity of T, we have

<d
<d
2

d(Tp,p) < d(Tp,Txy,) + d(Tpn,;, Tn,) + d(Tn,,p) = 0 as n — oco.

That is, p € F(T). Therefore, p € §. By Lemma B2 lim,,_,~ d(x,,p) exists, thus
p is the strong limit of the sequence {x,,} itself. O

Recall that a single-valued mapping T : K — K is said to be semi-compact if
for any bounded sequence {z,} in K such that lim,_, dist(z,,T2,) = 0, there
exists a subsequence {zy,} of {x,} such that {x,,} converges strongly to p € K.
The following theorem, we show that the compactness of K in Theorem can
be dropped if a single-valued mapping 7™ is semi-compact for some m € N.

>—c

Theorem 3.6. Let k > 0, X be a complete CAT (k) space with diam(X) < NG
for some ¢ € (0,%), and K be a nonempty closed convex subset of X. Let T :
K — K be a uniformly continuous and total asymptotically nonexpansive single-
valued mapping with sequences {ky,},{sn} C [0,00) such that Y, k, < oo and
S Sn < 00, and S : K — CB(K) be a multi-valued mapping satisfying the
condition (Cy) and (E). Assume that § := F(T)NF(S) is nonempty and Sp = {p}
for allp € §. For x1 € K, the sequence {x,,} generated by B.I)), where {a,} and
{Bn} are sequences in (0,1) such that 0 < a < ap,Bn < b < 1. If T™ is semi-
compact for some m € N, then the sequence {x,} converges strongly to a point in

5.

Proof. By Lemma B3l we have lim, o d(2,,Tx,) = 0. This follows by the
uniform continuity of T" that

d(xy, T™xy,) < d(2n, T2n) + d(Txn, T?2,) + - -+ d(T™ 2, T™2,) — 0,

as n — o0o. By the semi-compactness of T™, there exist a subsequence {x,,}
of {z,} converges strongly to p in K for some p € K. As in the proof of
Theorem B, we obtain that the sequence {z,} converges strongly to a point
ing§. O
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Recall that a multi-valued mapping S : K — CB(K) is said to be hemi-
compact if for any bounded sequence {z,, } in K such that lim,,_, dist(z,, Sz,) =
0, there exists a subsequence {x,,} of {x,} such that {x,,} converges strongly
to p € K. The following theorem, we show that the compactness of K in
Theorem can be dropped if a multi-valued mapping S is hemi-compact.
Theorem 3.7. Let k > 0, X be a complete CAT (k) space with diam(X) < %
for some ¢ € (0,%), and K be a nonempty closed convex subset of X. Let T :
K — K be a uniformly continuous and total asymptotically nonexpansive single-
valued mapping with sequences {kn},{sp} C [0,00) such that Y .° | k, < oo and
> 18 < 00, and S : K — CB(K) be a multi-valued mapping satisfying the
condition (Cy) and (E). Assume that§ := F(T)NF(S) is nonempty and Sp = {p}
for allp € §. For x1 € K, the sequence {x,} generated by [B.I), where {a,} and
{Bn} are sequences in (0,1) such that 0 < a < ay,Bp, < b < 1. If S is hemi-

compact, then the sequence {x,} converges strongly to a point in §.

Proof. Since S is hemi-compact, there exists a subsequence {z,,} of {z,}
converges strongly to p in K for some p € K. As in the proof of Theorem 3.5, we
obtain that the sequence {x,} converges strongly to a point in §. [l
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