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1 Introduction

Let E be a real Banach space with its dual E*, and let C be a nonempty,
closed and convex subset of E. In 1994, Alber [I] introduced the generalized pro-
jections o : E* — C and Il : F — C from Hilbert spaces to uniformly convex
and uniformly smooth Banach spaces and studied their properties in detail. In [2],
Alber presented some applications of the generalized projections to approximately
solving variational inequalities and Von Neumann intersection problem in Banach
space. In addition, Li [3] extended the generalized projections from uniformly
convex and uniformly smooth Banach spaces to reflexive Banach spaces, and es-
tablished a Mann type iterative scheme for finding the approximate solutions for
the classical variational inequality problem in compact subset of Banach spaces.

Recently, Wu and Huang [4] introduced a new generalized f-projection oper-
ator in Banach space. They extended the definition of the generalized projection
operators introduced by Abler [I] and proved some properties of the generalized
f-projection operator. Wu and Huang [5] continued their study and presented
some properties of the generalized f-projection operator. They showed an in-
teresting relation between the generalized f-projection operator and the resolvent
operator for the subdifferential of a proper, convex and lower semicontinuous func-
tional in reflexive and smooth Banach spaces. They also proved that the gener-
alized f-projection operator is maximal monotone. By employing the properties
of the generalized f-projection operator, Wu and Huang [6] established some new
existence theorems for the generalized set-valued variational inequality and the
generalized set-valued quasi-variational inequality in reflexive and smooth Banach
spaces, respectively.

Very recently, Fan et al. [7] presented some basic results for the generalized
f-projection operator, and discussed the existence of solutions and approximation
of the solutions for generalized variational inequalities in noncompact subsets of
Banach spaces by using iterative schemes.

Let E be a smooth Banach space and let E* be the dual of E. The function
¢: E x E — R is defined by

oy, x) = llyl* — 2 (y, J) + ||z (1.1)

for all z,y € E, which was studied by Alber [2], Kamimura and Takahashi [8], and
Reich [9], where J is the normalized duality mapping from E to 2Z" defined by

J@) ={re B s (o ) = lel* = 1717}, (1.2)

where (-, ) denotes the duality paring. It is well known that if F is smooth, then
J is single valued and if E is strictly convex, then J is injective (one-to-one).

In 2005, Matsushita and Takahashi [10] applied (1) to define the mapping
T : C — C called the relatively nonexpansive mapping where C' is a nonempty
closed convex subset of a uniformly convex and uniformly smooth Banach space E
and they proposed the following projection algorithm based on the ideas of Nakajo
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and Takahashi [11] to find a fixed point of T

xp € C chosen arbitrarily,

Yo = J 1 (anJx, + (1 — ) JTxy),

C’n« = {Z € O : Qb(z,yn) S ¢(Z,$n)},
Qn=1{2€C:{xy—2z,Jxg— Ja,) >0},

Tn+1 = HCann xo,

where {a,,} C [0,1] which satisfies some appropriate conditions and Il¢, g, is the
generalized projection from E onto C, N Q.

In 2007, Takahashi et al. [I2] studied a strong convergence theorem for a
family of nonexpansive mappings in Hilbert spaces as follows: g € H, C; = C
and z; = P, 2o, and let

Yn = Qplp + (1 - an)Tnxna
Crnt1={2€Cn: |lyn — 2l < [lon — 2|},
Tpt1 = Pcn+1$0, n €N,

where 0 < a, < a < 1 for all n € N and {T,} is a sequence of nonexpansive map-

pings of C into itself such that [ F (T3,) # 0. They proved that if {7} satisfies

n=1
some appropriate conditions, then {z,} converges strongly to Pn=  r(z,)%o-

In 2010, Zhou and Gao [13] introduced the definition of a quasi-strict pseudo
contraction related to the function ¢ and proposed a projection algorithm for
finding a fixed point of a closed and quasi-strict pseudo contraction in more general
framework than uniformly smooth and uniformly convex Banach spaces as follows:

xo € F, chosen arbitrarily,
C,=C,
z1 = e, (20),
Oz, Tay) (1.3)
On = n
+1 z € C, < 2
1—-k

(xn — 2z, Jxy, — JTxy)

LTn+1 = ch+1 («To),

where k € [0,1) and Il¢, ., is the generalized projection from E onto Cp .

In 2012, K. Ungchittrakool [I4] provided some examples of quasi-strict pseudo-
contractions related to the function ¢ in framework of smooth and strictly convex
Banach space. He obtained some strong convergence results in Banach spaces.

In 2013, Saewan et al. [I5] introduced and studied the modified Mann type it-
erative algorithm for some mappings which related to asymptotically nonexpansive
mappings by using hybrid generalized f-projection method. Saewan and Kumam
[16] also provided and studied the new hybrid Ishikawa iteration process by the
generalized f-projection operator for finding a common element of the fixed point
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set for two countable families of weak relatively nonexpansive mappings and the
set of solutions of the system of generalized Ky Fan inequalities in a uniformly
convex and uniformly smooth Banach space. Some relevant papers, please see
([I5]-[30]) for more details.

Recently, Li et al. [3I] studied the following hybrid iterative scheme for a
relatively nonexpansive mapping by using the generalized f-projection operator in
Banach spaces as follows:

xg € C, Cy =C,

yn = J 1 (anJxn, + (1 — ) JTxy),

Cry1 ={weCp:G(w,Jyn) < G(w,Jz,)},
Tpt1 = HénH:vO, n > 1.

Under some appropriate assumptions, they obtained strong convergence theorems
in Banach spaces.

Motivated and inspired by the work mentioned above, in this paper, we in-
troduce a mapping called G-quasi-strict pseudo-contractions in the framework of
smooth Banach spaces and also provide an inequality related to such a mappings.
The inequality was taken to create an iterative shrinking projection method for
finding fixed point problems of closed and G-quasi-strict pseudo-contractions. Its
results hold in reflexive, strictly convex and smooth Banach spaces with the prop-
erty (K). The results of this paper improve and extend the corresponding results
of Zhou and Gao [H. Zhou, E. Gao, An iterative method of fixed points for closed
and quasi-strict pseudo-contractions in Banach spaces, J. Appl. Math. Comput.
33 (2010) 227-237.] as well as other related results.

2 Preliminaries

In this paper, we denote by E and E* a real Banach space and the dual
space of E, respectively. Let C be a nonempty closed convex subset of E. We
denote by J the normalized duality mapping from E to 2F" defined by (@2). Let
S(E) :={xz € E : ||z|| = 1} be the unit sphere of E. Then a Banach space F is
said to be strictly convez ||“5¥|| < 1 for all z,y € S(E) and = # y. It is also said
to be uniformly convex if lim,,_,oc |Zn — yn|| = 0 for any two sequences {z,}, {yn}
in S(E) such that lim, . || 2222 || = 1. The Banach space E is said to be smooth
provided

i 12 tyll = Nl
im ——————

t—0 t (2'1)

exists for each x,y € S(F). In this case, the norm of E is said to be Gdteauz
differentiable. The norm of F is said to be Fréchet differentiable if for each z €
S(E), the limit (21 is attained uniformly for y € S(E). The norm of F is said to
be uniformly Fréchet differentiable (and F is said to be uniformly smooth) if the
limit (21) is attained uniformly for z,y € S(E). For a sequence {z,} in F, we



An Iterative Generalized f-Projection Method ... 597

denote strong convergence of {z,} to z € E by z,, — z and weak convergence of
{zp} to z € E by z,, — .
A Banach space F is said to have the property (K) (or Kadec-Klee property)
if for any sequence and {x,} C E, if z,, — x and ||z, | — ||z, then |z, —z| — 0.
We also know the following properties (see [32]-[34] for details):

1. if E is smooth(< E* is strictly convex), then J is single-valued;

2. if E is strictly convex(< E* is smooth), then J is one-to-one (i.e., J(z) N
J(y) =0 for all x # y);

3. if F is reflexive(< E* is reflexive), then J is surjective;

4. if E* is smooth and reflexive; then J~1 : E* — 2F is single-valued and demi-
continuous(i.e. if {z}} C E* such that 2} — z*, then J~1(a}) — J~1(2*));

5. If E is a reflexive, smooth and strictly convex Banach space, J* : E* — E
is the duality mapping of E*, then J~! = J* JJ* = I}, J*J = Ip;

6. F is uniformly smooth if and only if £* is uniformly convex;
7. if F is uniformly convex, then

e it is strictly convex;

e it is reflexive;

e satisfy the property (K);
8. if E is a Hilbert space, then J is the identity operator.

It is obvious from the definition of function ¢ that

Iyl = Nz)* < ¢z, y) < (lyll + ll«)®

and
o(z,y) = ¢(x,2) + ¢(2,y) + 2(x — 2, Jz — Jy)

for all z,y € E. Next we recall the concept of the generalized f-projection oper-
ator, together with its properties. Let G : C' x E* — R U {+o0} be a functional
defined as follows:

G(& 0) = lIE]” = 2(¢, ) + lI” + 20f (€), (2.2)

where £ € C,p € E* p is a positive number and f : C — R U {+o0} is proper,
convex and lower semicontinuous. It is obvious from the definition of function GG
that

Gz, Jy) = G(x,Jz) + Gz, Jy) + 2{x — z,Jz — Jy) — 2pf(z) (2.3)

for all z,y,z € C.
From the definitions of G and f, it is easy to see the following properties:

1. G(&, ) is convex and continuous with respect to ¢ when ¢ is fixed;
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2. G(&, ) is convex and lower semicontinuous with respect to ¢ when ¢ is
fixed.

Definition 2.1 ([]). Let E be a real Banach space with its dual E*. Let C be

a nonempty, closed and convex subset of E. We say that Wé((p) :E* = 2% s a

generalized f-projection operator if
wécp = {u e C:Gu,p) = gigéG({,cp)} , VYpeFE".

For the generalized f-projector operator, Wu and Huang [4] proved the following
basic properties.

Lemma 2.2 ([]). Let E be a real reflexive Banach space with its dual E* and C
is a nonempty closed convex subset of E. The following statements hold:

1. wé(g@) is a nonempty closed conver subset of C for all p € E*

2. if E is smooth, then for all p € E*,x € 7TC( ) if and only if
(@ —y, o= Jx) +pf(y) —pf(x) 20, VyeC;

3. if E is strictly convex and f : C — R U 400 is positive homogeneous (i.e.,
f@tx) = tf(z) for all t > 0 such that tx € C where x € C), then 7TC is a
single valued mapping.

Recently, Fan et al. [3] showed that the condition f is positive homogeneous
of 3) in Lemma [Z2] can be removed.

Lemma 2.3 ([3]). Let E be a real reflexive Banach space with its dual E* and C
is a nonempty closed convex subset of E. If E is strictly convez, then Wé is single

valued.

Recall that the operator J is a single valued mapping when F is a smooth
Banach space. There exists a unique element ¢ € E* such that ¢ = Jz for each
x € E. This substitution for (2.2) gives

G(€, Jx) = [IE]1 = 2(€, Ja) + ||l2]|* + 2pf (€). (2.4)

Now we consider the second generalized f-projection operator (24 in a Banach
space.

Definition 2.4. Let E be a real smooth Banach space and C be a nonempty, closed
and convex subset of E. We say that H : E — 2% is a generalized f-projection
operator if

Héx = {u €C:Gu,Jz) = gingG(f,Jx)}, Vo € E.
ce
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In order to obtain our results, the following lemmas are crucial to us.

Lemma 2.5 (Takahashi [35]). Let {a,} be a sequence of real numbers. Then,

lim a, = 0 if and only if for any subsequence {an,} of {an}, there exists a sub-
n—oo

sequence {amj} of {an,} such that lim An;, = 0.
j—00

Lemma 2.6 ([36]). Let E be a real Banach space and f : E — R U {400} be a
lower semicontinuous convex functional. Then there exist x* € E*and o € R such
that

flx) > (z,2*)+a, VreE.

Lemma 2.7 ([8]). Let E be a uniformly convex and smooth Banach space and
let {yn},{zn} be two sequences of E. If ¢(yn,zn) — 0 and either {y,} or {z,} is
bounded, then y, — z, — 0.

Lemma 2.8 ([31]). Let E be a real reflexive and smooth Banach space and let C
be a nonempty closed convex subset of E. The following statements hold:

1. Hé:z: is a nonempty closed convex subset of C for all x € E;

2. foradlxe E,Z € Héx if and only if

(@ —y, Jo—JE) +pf(y) —pf(2) 20, VyeC; (2.5)

3. If E is strictly convex , then Héx 18 a single valued mapping.

Lemma 2.9 ([31]). Let E be real reflexive and smooth a Banach space, let C' be
a nonempty closed convex subset of FE, and let x € F,% € Héx. Then

oy, )+ Gz, Jr) < Gy, Jz), VyeC. (2.6)

Definition 2.10. A mapping T : C — C is said to be G-quasi-strict pseudo-
contraction if F(T) # (0 and for p € F(T), then there exists k € [0,1) such that

G(p, JTz) < G(p, Jx) + k(G(z, JTx) — 2pf(p)), ¥V zeC. (2.7)
It is obvious from above definition that (2.7) equivalent to

¢(p, Tx) < ¢(p,z) + ro(x, Tz) + 26p(f () — f(p)), Vo € C and p € F(T).

Definition 2.11. A mapping T : C — C is said to be closed if for any sequence
{zn} C C with x,, = z, and Tz, — y, then Tx = y.

Before providing some examples of this mapping, let us consider the following
remark.

Remark 2.12. Let a be any real number be such that « € (—oo, —1]U[1,2). Then
2_
(1fa)§1+2 € [0,1).
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Proof Since o < —1 or a > 1, it is easy to obtain that a? — 1 > 0. Notice that

(1—a)?+2>2. Then Ofiﬁ >0 for any o € (—o0, —1] U [1,2). It remains to

T2+ < 1. It can be found that if a < 2(a < —1), then

shows that (13‘2)
0<22—0a)=1+(1-2a)+2. (2.8)
Adding to both sides of ([2.8) with %, we obtain
A?<l+(1-2a+a?)+2=1+(1-a)®+2.

a?—1

By a simple calculation, we find that ooy 2

< 1. This completes the proof.

Example 2.13. Let E be a smooth Banach space, o € (—oo,—1] U [1,2) and
T, : E — E be a mapping defined by Tox = ax for all x € E. Then, T, is
G-quasi-strict pseudo-contraction.

Proof It is easy to see that F(T) = {x € E: Tz = 2} = {0}. By Remark [2.12]

we can find x € [0, 1) such that Ufiﬁ < k. Moreover, it is found that

¢ (0,Tz) = 0> = 2(0, J (az)) + [laz||* = o?||2]|* = (1 + o — 1) ||=||”

_ (1_0‘)2+2 o — 212
(o (022 )

_<1+<1—a>2 (-1 L, (-)) >||x||2

1-a)+2 (1-a)l+2
< (1 +(1—a)’k+ 25) |2)* = (1+ (1 - 20+ a?) & + 2) >
= Jlall® + & (llo)* — 2alz]]* + a2[l2]]*) + 25
= 6(0,2)+ r (ll2]]* = 2@, J () + laal)”) + 26(1) (Jl2l]* — 10]*)
= 6(0,2)+ r (ll2]* = 2 (@, J (Tw)) + | Tall”) + 26(1) (Jl2l]* - 0]
= 6(0,) + 6 (2, Ta) + 26(1) (|l ~ 0]

for all x € E, where p = 1 and f = || - ||?. Furthermore, if {z,} C E such that
r, — x, then we have Ty, = ax, — ax. Notice that T,z = ax. This means
that T, is closed and quasi-strict G-pseudo contraction. This completes the proof.

Lemma 2.14. Let E be a Banach space and ) # C C E be a closed conver set,
a €R and
K={veC:a<g)},

where g is upper semicontinuous and concave functional. Then the set K is closed
and convez.
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Proof  Firstly, we wish to show that K is closed. Let {z,} C K be such that
2y, — @ € C. Thus we have a < g(z,) for all n € N and then ¢ < limsup g(x,) <

n—oo
g(x). Therefore, x € K and hence K is closed. For the convexity of K, we notice

that for all z,y € K and t € [0,1], we have tx + (1 — t)y € C, g(x) > a, g(y) > a,
and then the concavity of g allows

g(tr + (1 —t)y) > tg(x) + (1 —t)g(y) > ta+ (1 —t)a = a.

This shows that K is convex.

3 Main Results

In this section, some available properties of G-quasi-strict pseudo-contractions
are used to prove that the set of fixed points is closed and convex. An iterative
shrinking generalized f-projection method is provided in order to find a fixed point
of G-quasi-strict pseudo-contractions.

Lemma 3.1. Let C be a nonempty closed convex subset of a smooth Banach space
E andT : C — C be a G-quasi-strict pseudo-contraction. Then the fized point set
F(T) of T is closed and convet.

Proof  Firstly, we wish to show that F'(T) is closed. Let {p,} be a sequence in
F(T) such that p, — p € C as n — co. From the definition of T', we have

G (pn, JTp) < G(pn, Jp) + k(G(p, JTp) — 2pf (pn))-

By using (23]), we obtain

G(pn, Jp) + G(p, JTp) + 2(p,, — p, Jp — JTp) — 2pf(p)
< G(pn, Jp) + £(G(p, JTp) — 2pf(pn))-

By simple calculation, we have

(1—r)G(p, JTp) < 2(p — pn, Jp — JTp) + 2pf (p) — 26pf (Pn).-

Next, it becomes

(1= r)p(p, Tp) + (1 = k)2pf(p) < 2(p — pn, Jp — JTp) + 2pf (p) — 26pf (pn)-
And hence

2Kp

o(p,Tp) < -

(p = pn,Jp— JTp) + (f(p) = f(pn))- (3.1)

11—k
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Take lim sup,,_, ., on the both sides of (BI), so we have
¢(p, Tp) = limsup ¢(p, Tp)
n—00

= lirrisup (%@ — pn, Jp — JTp) + 121 (f(p) — f(pn)))
< o limsup(p — poJp — JTp) + 1o limsup(/(p) — S (p)
< fi’; (ligs;p f(p) + lirgsogp(—f (pn)))
2K
= = (f(p) —timinf f(p,)) <0.

This means that p = T'p.
We next show that F'(T') is convex. For arbitrary pi,pe € F(T) and ¢ € (0,1),
we let py = tp1 + (1 — t)pa. By the definition of T, we have

G(p1, JTpt) < G(p1, Jpt) + £(G(pe, JTpe) — 2pf (p1)) (32)
and
G(p2, JTpr) < G(p2, Jpi) + w(G(pe, JTpe) = 2pf (p2))- (3.3)
By (Z3)) it is easy to see that (8:2) and (B3)) are equivalent to
2 2
00 Tpr) < 7= (pe = pr. Tpe = JTpo) + T2 (F(p) = F(pr)) (3.4)
and
2 2Kp
o(pe, T'pt) < m@t —p2,Jpe — JTpy) + m(f(pt) — f(p2)), (3.5)

respectively. Multiply into both sides of [B:4) and B3) with ¢ and (1 —¢), respec-
tively. And then adding two equations together with the property of convexity of
f, we have

2 2Kp
$(pe, Tpe) < 7——Ape = pe, Ipe = ITpe) + 7 (f(pe) = tf (pr) = (1 =) f(p2)) < 0.
Hence Tp; = p;. This completes the proof.

Theorem 3.2. Let E be a reflexive, strictly convex and smooth Banach space
such that E and E* have the property (K). Assume that C is a nonempty closed
conver subset of E, T : C — C is closed and G-quasi-strict pseudo-contraction

and f: E — RU {400} is a proper, convex and lower semicontinuous mapping.
Define a sequence {x,,} of C as follows:

xg € C,

C,=0C,

1 =107, (20),
Chi1=42€Cy

Tpy1 = H£n+1(:170), n >0,

(xn, Trn) < 12 (20 — 2, Jxn — JT ) + 222 (f(20) — f(Z))} ,
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where k € [0,1). Then {x,} converges strongly to H};(T) (20)-
Proof  We split the proof into seven steps.

Step 1. Show that F(T) is closed and convex.

Since T is a G-quasi-strict pseudo-contraction, F(T) # (. It follows from
Lemma [B.1] that F'(T) is closed and convex. Therefore, HQ(T) (x0) is well defined
for every z¢ € E.

Step 2. Show that C,, is closed and convex for all n > 1.
For k = 1,C1 = C is closed and convex. Assume that C} is closed and convex
for some k € N. For z € Ciy1, we have that

2
d(xg, Tay) < : (xp — 2z, Jay, — JTxy)
— KR

2Kp

+ (f(zr) = f(2))-

1-k
Define gy (1) :== 72 (zp — (), Jox — JTay) + IQ_L'Z (f(xk) — f (). It is not hard
to see that the linearity of (z — (-), Jor — JTxy) together with the upper semi-
continuity and concavity of — f(+) allow gx to be upper semicontinuous and concave.
By applying Lemma 214 Cj1 is closed and convex. By mathematical induction,
we obtain that C,, is convex for all n € N.

Step 3. Show that F(T') C C, for all n > 1.
It is obvious that F'(T) C C = Cy. Suppose that F(T) C Cj for some k € N.
For any p’ € F(T), one has p’ € Cj. By using the definition of T', we have

G, JTx) < G, Jok) + 6(G(zk, JTzr) — 2pf(p)).

Using (2.3]) and by a simple calculation, we obtain

2
d(zr, Tay) < T K<Ik —p, Jap — JTxy)
2Kp

1—«x

(f(x) = £(0));

which implies that p’ € Cik41. This implies that F(T) Cc C, for all n > 1.
Therefore, F(T) C (2, Cn # 0 := D.

Step 4. Show that {z,} is bounded and the limit of G(z, Jxo) exists.
By the properties of f together with Lemma [2.6] we see that there exists
z* € E* and «a € R such that

fly) > (y,z*) +a, Vye€eE.
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It follows that
G(an, Jao) = ||lzn]l* = 2(wn, Jz0) + 20]1* + 2pf ()
> ||&nll® = 2(zn, Jzo) + [|zol|?
+ 2p(xp, ) + 2pa
= ||lznll* = 2(zn, Jro — pr*) + ||z0]|® + 2p0
> [lzall? = 2l Jwo = pa* [zl + llzoll* + 2pa
= (lznll = |20 — pa*[])?
+lzol* = |20 — pz*||* + 2par. (3.6)
Since z,, = Hén (x0), it follows from (B4) that
G(u, Jxg) > G(zp, Jxo)
> (lzall = 20 — pa*])?
+ llzoll® = [[Jzo — pa*||* + 2pa

for each uw € F(T). This implies that {x, } is bounded and so is {G(xy,, Jxo)}. By
the fact that z,+1 € Cp41 C C,, and [2.6) of Lemma 2.9] we obtain

¢(xn+17 xn) + G(:Ena JxO) S G(xn—i-lu J:EO)

Since ¢(Tpi1,2n) > 0, {G(xy, Jzo)} is nondecreasing. Therefore, the limit of
{G(zn, Jxo)} exists.

Step 5. Show that x,, — p as n — oo, where p = Hé:z:o.
Let {zn,} C {zn}. From the boundedness of {wy,} there exists {zn, } C

{zn, } such that Ty, — p. Write £ := 2, , it is easy to see that p € C;j where
Cj := Ch,, - Note that

G(zj, Jwo) = inf G(&, Jxo) < G(p, Jxo). 3.7)
£eC;y
On the other hand, since #; — p, the weakly lower semicontinuity of | - [|? and f
yields
¢(p, xo) < liminf ¢(z, xo), (3.8)
J—o0
and
7o) < limin £(7). (3.9)
Jj—o0

By B3) and B3], we obtain
G(p, Jxo) = ¢(p, o) + 20f ()
< liminf ¢(&;, zo) + 2pliminf f(z;)
Jj—o0 Jj—o0
< it (9(;, 20) + 29(5,)

= liminf G(&;, Jxo). (3.10)

j—o0
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By connecting (3.7) and (310), we have
G(p, Jxo) < liminf G(z;, Jxo) < limsup G(z;, Jxo)
J—o0

Jj—o0

< G(p7 J.Io),

and then
lim G(z;, Jzo) = G(p, Jxo).

J—o0

Next, we consider

lim sup (2, xo) = limsup(G(&;, Jxo) — 2pf(£;))

j—o0 Jj—o0
< G(p, Jxo) — 2pliminf f(7)
j—o0
< G(p, Jxo) — 2pf(p) = 0(p, o). (3.11)

Combine (B.8)) and (BI1]), we obtain

(P, wo) < liminf ¢(;, wo) < limsup ¢(, z0) < é(p, z0),

Vimde

and then
lim ¢(£;,z0) = ¢(p, x0).

j—o0

Note that f(z;) = 2—1P(G(9Ej, Jxo) — ¢(Z;,20)). Then, we have

Jim f(@) = 5= lim (G(F. Jau) - 6(.20)
- % (G(p, o) — B(p, 70))
= % 20/ () = /().

The virtue of Lemma implies that
Jim f(z) = f(p).
Notice that z; = Hfé Zo, by using Lemma we obtain
5

¢(p,Z;) < G(p, Jwo) — G(Z;, Jxo). (3.12)
Taking j — oo in (B12), we obtain

lim ¢(p, ;) =0.
]—)OO
By virtue of Lemma[Z7] it follows that ©; — p as j — oco. This implies by Lemma
that x,, — p as n — oo. It follows from z,, = Hénxo and (21) of Lemma 2§
that
(@n —y, Jwo = Jan) + pf(y) — pflan) 20, Vy€ Cn.
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In particular, because we know that D = ﬂzo:l C, C C, for all n > 0 so we have
(xn =y, J2o — Jan) + pf(y) — pf(xa) 20, VyeD. (3.13)
Taking n — oo on (B.I3) to get
(p—y,Jwo = Jp) +pf(y) —pf(p) 20, VyeD. (3.14)
By applying ([Z3) of Lemma [Z8 to ([B.14) we obtain p = Héxo.

Step 6. Show that p € F(T).
Firstly, we wish to prove that {Tz,} is bounded. Indeed, take ¢ € F(T) C
Ch+1, we have

B, Ton) € T = T =TT} + e (F () — £(a))
ie.,
2 2
Jeall2=2(n, T2 T2 < T ln=all (|2 )+ ()= ()

It follows that

1T |* <

e — allleall - llzal? + (

2Kp
1—-k

len — gl + 2||xn||) T

11—k 1—k

(f (zn) — f(q)-

Since {||z||} and {f(x,)} are bounded, we obtain that {||Tz,| } is bounded. From
Tp41 € Cpy1, one has

Oz, Try) < 1 ! 2<;vn—;vn+1,J:En—JTan—LQp(f(;vn)—f(an)). (3.15)

— K 1—x

By step 5, we obtain that z,1 — 2, = 0 and lim,, o f(z,) = f(p). Taking limit
on the both sides of [B.IH]), we obtain that ¢(a,,Tx,) — 0 as n — oo. Noting
that 0 < (||zn]| — |T2nl)? < ¢(zn, Txy). Hence ||Tx,|| — ||p|| and consequently
[J(Txpn)|| — ||Jp|l. This implies that {||J(Tx,)| } is bounded. Since E is reflexive,
E* is also reflexive. So we can assume that

J(Tx,) = fo € E*.

On the other hand, in view of the reflexivity of E, one has J(E) = E*, which
means that for fo € E*, there exists x € E, such that Jx = fo. It follows that

¢(rp, Txn) = ||33n||2 — 2(wp, JTxy) + ||T$n||2
= ||33n||2 = 2(xn, JTxp) + ||J(Txn)||2,
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taking lim inf,,_ ., on the both sides of equality above, we have
0 11 = 2(p, fo) + Il foll?
= |Ipll* = 2{p, Ja) + || Jz|?
¢(p, ).
We have ¢(p, ) = 0 and consequently p = x, which implies that fo = Jp. Hence
J(Tx,) — Jp € E.

Y

Since ||J(T'zy)|| — || Jp|| and E* has the property (K), we have
1J(Tn) = Jp|l = 0.
Noting that J~!: E* — E is demi-continuous, we have
Tx, —~pe€eE.
Since ||Txn|| — |lp|| and E has the property (K), we obtain that Tz, — p as

n — oo. From z, — p and the closeness property of T', we have p € F(T).

Step 7. Show that p = H;.(T),To.
It follows from steps 5 and 6 that

G (p,xo) =G (H'ZIO,IO) = gggG(f,Io)

S G (HQ(T):EQ,:L'Q)
< G (p7 'IO) )

which implies that G (HQ(T)./EQ,:EQ> = G (p,x0). It follows from the uniqueness,
we can conclude that p = Hlf[,(T):vo. This completes the proof.

If f(z) = ||z||* for all z € E, then G(&, Jz) = ¢(&, ) + 2p||€||* and Héx =
H'g”zx. By Theorem [B:2, we obtain the following corollary.

Corollary 3.3. Let E be a reflexive, strictly convex and smooth Banach space such
that E and E* have the property (K). Assume that C is a nonempty closed convex
subset of E, T : C — C is closed and G-quasi-strict pseudo-contraction(where

fC)=1-11?). Define a sequence {x,} of C as follows:
x90€C, C1 =C,
xy =TI, (x0),
¢(xn7TIn)
Cn+1: ZGOn S 1_H<xn_Z,an_JT$n> ,

2Kp
+ 1 (lzal® = 121

— K

12
Tpa1 = HMH(:EO), n >0,
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where K € [0,1). Then {x,} converges strongly to HL',QP;) (x0)-
If f(z) = 0 for all € E, then G(¢,Jz) = ¢(¢,x) and I,z = Moz, By
Theorem B.2] we obtain the following corollary.

Corollary 3.4 (Zhou and Gao [13]). Let E be a reflexive, strictly convex and
smooth Banach space such that E and E* have the property (K). Assume that
C is a nonempty closed convex subset of E. Let T : C — C be a closed and
quasi-strict pseudo-contraction. Define a sequence {x,} as in (L3). Then {z,}
converges strongly to po = I pr)xo.
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