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Abstract : In this paper, we introduce a new m-step iterative process for finite
family of k—strictly pseudononspreading multivalued mappings in R-trees. We
obtain a strong convergence theorem of m-step iterative method to a common
fixed point of a finite family of those multivalued mappings in R-trees. Our results
extend many known recent results in the literature. We close this work with the
first examples of k—strictly pseudononspreading multivalued mappings in R-trees.
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1 Introduction

Fixed point theory for single-valued mappings in R-trees was first studied by
Kirk [I]. He proved that every continuous single-valued mappings defined on a
geodesically bounded complete R-tree always has a fixed point. His works are
followed by a series of new works by many authors(see, e.g., [2]-[6]). It is worth
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mentioning that fixed point theorems in R-trees can be applied to graph theory,
biology and computer science (see e.g., [7]-[10]).

In 2009, Shahzad and Zegeye [I1] proved strong convergence theorems of the
Ishikawa iteration for quasi-nonexpansive multivalued mappings satisfying the end-
point condition in Banach spaces. Later in 2010, Puttasontiphot [12] obtained
similar results in complete CAT(0) spaces. In 2012, Samanmit and Panyanak [13]
introduced a condition on mappings in R-trees which is weaker than the endpoint
condition, is called the gate condition. They proved strong convergence theorems
of a modified Ishikawa iteration for quasi-nonexpansive multivalued mappings sat-
isfying such condition.

In 2011, Osilike and Isiogugu [14] introduced a new class of single-valued k-
strictly pseudononspreading mappings in Hilbert space as follows: A mapping
T : E — E is called k-strictly pseudononspreading if

1Tz —Ty|* < |z = ylI* + kllz = Tz — (y = Ty)||* + 2(z — Tz, y — Ty)
for all x,y € E. In a Hilbert space, the aboved inequality is equivalent to

(2= W) Tz = Tyl* < ko —yl* + 0 = k)lly = T2l* + (1 = k)| - Ty|*
+ Kl — Ta|* + klly — Tyl|?

for all x,y € E. They proved weak and strong convergence theorems for those
class of mappings in Hilbert spaces.

Recently, Phuengrattana[I5] introduced a new class of multivalued k-strictly
pseudononspreading mappings in R-trees. He proved strong convergence theo-
rems of a new two-step iterative process for two k-strictly pseudononspreading
multivalued mappings having the gate condition.

In this paper, motivate by the above results, we introduce a new m-step it-
erative process for finite k-strictly pseudononspreading multivalued mappings in
R-trees. We also obtain the strong convergence theorem for approximating a com-
mon fixed point of those multivalued mappings in R-trees by assuming the gate
condition. Finally, we close this work with the first example for class of k-strictly
pseudononspreading multivalued mappings in R-trees.

2 Preliminaries

Let (X,d) be a metric space. A geodesic path joining z € X to y € X is
a map c from a closed interval [0,I] C R to X such that ¢(0) = z,c(l) = y,
and d(c(t),c(t")) = [t — t/| for all ¢, ¢’ € [0,]]. In particular, c is an isometry and
d(x,y) = I. The image of ¢ is called a geodesic segment joining x and y. When it
is unique this geodesic is denoted by [x,y]. For z,y € X and « € [0, 1], we denote
the point z € [z,y] such that d(x, z) = ad(z,y) by (1 —a)z® ay. The space (X, d)
is said to be a geodesic space if every two points of X are joined by a geodesic,
and X is said to be uniquely geodesic if there is exactly one geodesic joining x
and y for each z,y € X. A subset E of X is said to be conver if E includes every
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geodesic segment joining any two of its points. If z € X and F C X, then the
distance from x to F is defined by

d(z, F) = inf{d(z,y) : y € E}.

The set FE is called proximinal if for each x € X, there exists an element y € E
such that d(z,y) = d(z, E), and E is said to be gated if for any point « ¢ E there
is a unique point y, such that for any z € E,

d(z, 2) = d(z,ys) + d(Yz, 2)-

Clearly gated sets in a complete geodesic space are always closed and convex. The
point y, is called the gate of x in E. It is easy to see that y, is also the unique
nearest point of z in E. We shall denote by CB(E) the family of nonempty closed
bounded subsets of E, by CC(F) the family of nonempty closed convex subsets of
E and by KC(F) the family of nonempty compact convex subsets of E. Let H (-, ")
be the Hausdorff distance on CB(E), i.e.,

H(A, B) = max {sup d(a, B),sup d(b, A)} , A,BeCB(E).
acA beB

Let T : E — CB(E) be a multivalued mapping. For each = € E, we let
Pry(z) ={ue Tz :d(z,u) =d(z,Tz)}.

In the case of Pr,(x) is a singleton we will assume, without loss of generality, that
Pr,(x) is a point in E. A point 2 € E is called a fized point of T if x € Tz. A point
x € E is called an endpoint of T if z is a fixed point of T and T'(z) = {z}[16]. We
shall denote by F(T) the set of all fixed points of T and by E(T) the set of all
endpoints of T. We see that for each mapping T, E(T) C F(T) and the converse
is not true in general. A mapping T is said to satisfies the endpoint condition if
E(T)=F(T).

An R—tree is a special case of a CAT(0) space. For a thorough discussion of
these spaces and their applications, see [17]. We now collect some basic properties
of R—trees.

Lemma 2.1. Let X be a complete R—tree and E be a nonempty subset of X. Then
the following statements hold:

(i) [I8] page 1048] the gate subsets of X are precisely its closed and conver subsets;
(i) [I7, page 176] if E is closed and convez, then for each x € X, there exists a
unique point Pg(z) € E such that

d(z, Pg(z)) =d(z, E).

That is, every nonempty closed convexr subset of a complete R—tree is proximinal.
(iil) [I7, page 176] if E is closed convex and x' belong to [z, Pg(x)], then Pg(z') =
Pp(z);
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(iv) [6l Lemma 3.1] if A and B are bounded closed convex subsets of X, then for
any u € X,

(v) [M9, Lemma 2.5] if z,y,z € X and « € [0, 1], then
(1 -a)z®ay,2) < (1 —a)d*(z,2) + ad®(y,2) — a(l — a)d*(z,y);

(vi) [I9, Lemma 2.3] if x,y,z € X, then d(z,2) + d(z,y) = d(x,y) if and only if
z € [z,y].

We state the following conditions in R-trees:

A multivalued mapping T : E — CB(FE) is said to satisfy condition (I) if there
exists a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0
for all r > 0 such that d(x,Tz) > f(d(z, F(T))) for all z € E.

A finite family of multivalued mappings {T;}7, of E into CB(E) is said to
satisfy condition(m) if there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) = 0 and f(r) > 0 for all » > 0 such that d(z, T;x) > f(d(x,F)) for some
i€{1,2,..,m} and for all z € E, where F = (.-, F(T}).

The following proposition is also needed.

Proposition 2.2 ([20]). Let (X,d) be a complete metric space and F be a nonempty
closed subset of X. Let {x,} be a sequence in X such that d(xni1,p) < d(xn,Dp)
for allp € F and n € N. Then {xz,} converges strongly to some point in F if and
only if lim,, o d(zp, F') = 0.

3 Main Results

Definition 3.1. Let F be a nonempty subset of a complete R-tree X. A multi-
valued mapping T : E — CB(FE) is called

(i) nonspreading if
2H*(Tz, Ty) < d*(y, Tw) + d*(z, Ty)
for all z,y € E.

(ii) k-strictly pseudononspreading if there exists k € [0,1) such that

(2 — kYH?(Tz, Ty) < kd*(z,y) + (1 — k) d*(y, Tx) + (1 — k) d*(z, Ty)
+kd? (2, Tz) + kd*(y, Ty)

for all z,y € E.
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It is easy to see that every nonspreading multivalued mapping is O-strictly
pseudononspreading. Moreover, if T' is k-strictly pseudononspreading with F(T) #
(0, then for all x € E and p € F(T') we have

H*(Te, Tp) < d(z,p) + k d*(2, Tx).

Thus 7" may not be quasi-nonexpansive. It is easy to show that if T is a k-strictly
pseudononspreading multivalued mapping with F(T) # (), then F(T) is closed.

The following result can be found in [I5].

Lemma 3.1. Let E be a nonempty closed convexr subset of a complete R-tree
X. Assume that T : E — KC(E) is a k-strictly pseudononspreading multivalued
mapping. If {xn} is a sequence in E such that v, — x and d(xn,Tx,) — 0 as
n — oo, then x € Tx.

Now, we are ready to prove the main theorem.

Theorem 3.2. Let E be a nonempty closed convex subset of a complete R-tree X.
Let Th : E — KC(FE) be a k-strictly pseudononspreading multivalued mapping and
T5,T5, ... T, : E — KC(E) be k-strictly pseudononspreading and L-Lipschitzian
multivalued mappings with F = (.-, F(T;) # 0. Suppose that Ty, T>, ..., Ty, satisfy
the gate condition. Let uyi,uso, ..., Uy be keys of T1,Tos, ..., Ty, respectively. For
x1 € E, the sequence {x,} generated by

y D =alM a1 - o)z, foralneN,
(1)

where zy, ' is the gate of uy in Tix,, and
YD =a@:2 a1 - @)y for alln e N,

(2)

where zy, ' is the gate of us in T2y7(11)

, and

y7(lmfl) _ aglmfl)zr(:n*l) @ (1 - aglmfl))y(mfm for alln € N,

n

where z,(lmfl) is the gate of Upy—1 in Tm_ly,(lmﬁ), and
Tnyr = o™z @ (1 — ™)y (M= for alin e N,
where 2™ is the gate of up, in Tmyflm_l). Let {agf)} be sequences in [0, 1] such

that 0 <a<al <b<1-k for each i € {1,2,...,m}. If one of the following is
satisfied:

(i) {T;}™, satisfies condition(m),

(i) one member of the family {T;}™, is hemicompact,
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then {x,} converges strongly to an element of F.

Proof. Let p € F. By the gate condition and Lemma 2T|v), we have

d*(Tn+1,p)
=d* (@™ @ (1 - ol™)y" Y, p)
< (1 —alM)d @, p) + oM d? (20 p) — ol (1= alM)d (Y, 20
< (1= o)W, p) + el A (P onen) (), Prip(um)
al™ (1 — a2 (D, 2
< (1= af)d(yi" Y, >+a<’">H2<T Y Tp) — ™ (1= alM)d* (y" Y, 25)
< (1= a™)d* (" p) + ol (@Y p) + R (Y Ty )
al™ (1 - aEZ’”)dz (Y, 2m)

= ) — V(L= k= ), 2)

n

< (1= oG, ) + all D, ) a1 — el ), )

an™ (1 -k - (m))dz(yé’"’”, 2™

S (1 (m 1))d2( (m— 2) )+agbm71)d2(PT(
m—1

aglmfl)(l _ (mfl))dZ( (m72) (mfl)) _ (m)(l Ck— ('m))dZ(ygmfl)7 Z’Slm))

o (Uem=1))s Pri 1y p(U(m-1)))

<@—al" NP p) + ol ”H2<T<m DY, Tin—1yp)
a0~ alf I, )t kG, )
< (1 —al" NP p) + ol (@Y p) + kd (Y, T >y<’" )
al™ V(1 =k — o™ N (2, 20" Y) — o™ (1 — k= o)y, 25)
—d2( (m— 2)71)) (m 1)(1 k:—a(mfl))d2(y,(1m72)7z;m71))

al™ (1 -k — o)y, 20

< d(@n,p) — ol (1= k= aV)d* (@n, 20) = aP (1 =k — o)’ (), =) —
" (L =k =" d (g7, ) =l (L - k= al™)d (" 2).
(3.1)

From oz,(f) < 1—k for each i € {1,2,...,m}, we obtain d(z,+1,p) < d(zyn,p)
for all n € N. This implies that {d(xy,p)} is nonincreasing and bounded
below. Hence lim,,_, o d(zy,, p) exists for each p € F. By ([B.1]), we have

(1)(1 k— a(l))dz(:n Z( )) (2)(1 k— a( ))d2( (1) ( ))+ —{—oz(m 1)(1_
k—ozsz ))d2(y7(1m 2)727(:” 1)) (m)(l ke a(m))d2(y7(1m 1)7 (m)) < d2(a;n,p)
d2($n+17p)'
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Thus, by 0 < a < ozgf) <b<1-—kforeachie€{l1,2,..,m}, we have

lim d(z,,2") =0 and lim d(y{,20) =0 for each i € {2,3,...,m}.

n— o0 n—oo

(3.2)
Also, with d(xy,, Thx,) < d(zp, 27(11)), we have
lim d(zp,Tiz,) = 0. (3.3)

n—o0

By using the definition of T5, we have

d(wn, Toy()) + H(TayV, Ton)
< d(wp, 2) + Ld(y), wn)
d(zn, y ) + dyl), 22 + Ld(yV, zn)
d(@n,y)) +d(y, 27)
(A, 2) + d(28), y{) + d(yl), 2)
(d(wn, 2) + (1= af)d(=, 20)) + d(y), 22)
(2 = af)d(zn, 2) + d(yl), 28?)
(2 = a)d(zn, 20) + d(yV, 23)).

Thus by (B2), we have

lim d(z,,Thx,) = 0. (3.4)

n—o0
Similaly, by using the definition of T3, we have

d($n7T3$n)
< (14 Ly)(2 = a)d(zn, 25)) + (14 L1)(2 — a)d(yV, 27) + d(y?, 25))

and also

lim d(zy,,T3x,) = 0. (3.5)

n—oo

By using the same way, we have

lim d(zy,, Tjx,) =0 (3.6)

n—o0

for all j € {4,5,...,m}.
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Case (i): {T;}", satisfies condition(m). Then there exists a nonde-
creasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all
r > 0 such that d(z, T;x) > f(d(z,F)) for some i € {1,2,...,m} and for all
z € E, where F = ([~, F(T;).

If d(z,Thz) > f(d(xz,F)) for all x € E. For eaah n € N, we have

x, € E. By using (8.3]), we obtain

o > 1 o S
0= lim d(zn, Thzs) > lim (f(d(zs, F))) = f( lim (d(zn, F))) = 0.
Hence f(lim,—o0(d(zpn,F))) = 0, therefore lim, o0 (d(zy, F)) = 0. Simi-

larly in other cases, we can use ([3.4]), (3.5]) and (3.6]) to show that
limy, 00 (d(2, F))= 0. By the closedness of F and Proposition 2.2 we have
{z,} converges strongly to some point in F.

Case (i7): One member of the family {7;}"; is hemicompact. Without
loss of generality, we assume that T is hemicompact. Then there exists
a subsequence {z,,} of {x,} such that {z,,} converges strongly to z €
E. By (33), 34), (33) and @B.4), it follows by Lemma B.J] that z € F.
Since lim,, o0 d(x,, p) exists for each p € F, it implies that {x,} converges
strongly to z € F. U

As a direct consequence of Theorem 3.2, we obtain the following corollary.

Corollary 3.3. Let E be a nonempty closed convex subset of a complete R-tree X .
Let Ty : E — KC(E) be a nonspreading multivalued mapping and Ta, T, ..., Ty, :
E — KC(E) be nonspreading and L-Lipschitzian multivalued mappings with F =
N, F(T;) # 0. Suppose that Ty, Ts, ..., Ty, satisfy the gate condition. Let uy,us,
vy U, e keys of Ty, T, ..., Ty, respectively. For x1 € E, the sequence {x,} gen-
erated by

y) = oMW g (1 —aD)a, for alln e N,

where z,(ll) is the gate of uy in Tix,, and

2 = a2 g1 - o@D forallneN,

n n n

() (1)

where zy, ' is the gate of us in sznl , and

ym=b = q(m=1)m=1) ¢ (1 _ o (M=), (m=2) 1o il n € N,

n

where zflm_l) is the gate of up—1 in Tm,ly,(lm_Q), and

T = o™ 2 @ (1 — ™)y for all n € N,



A Convergence Theorem for a Finite Family of Multivalued ... 589

where 2™ is the gate of um in Tyi™ V. Let {an’} be sequences in [0,1] such

that 0 <a<ald <b<1-k for each i € {1,2,...,m}. If one of the following is
satisfied:

(i) {T:}Y™, satisfies condition(m),

(ii) one member of the family {T;}™, is hemicompact,
then {x,} converges strongly to an element of F.

Next, this is the first example of that class in the literature.
Example 3.4. (For k-strictly pseudononspreading multivalued mappings.)
(1.) Let E=[0,00),k €[0,1) and T : E — KC(F) be defined by
k
Tz = |0, (E)x] for all z € E and b > 2.

Then T is k—strictly pseudononspreading.
(2.) Let E =[0,00),k €[0,1) and S : E — KC(E) be defined by

S(x) = [((5) — (5)2):17, (%):17] for all z € E and b > 2.

Then S is k—strictly pseudononspreading.

Proof. (1.) We see that H(Tz, Ty) = (£)|z,y|.

Since b > 2, we obtain b% > 2b and b > k.

So we have 2b > 2k and this show that b > 2b > 2k > 2k — k2.
From 2k — k2 < b2, we have

(2 — k)k® = 22 — k° < b2k.

This show that

(2-B)(E7 <k (3.7)
From (377), we obtain
(2~ (T2, Ty) = 2~ (5~ (1P
= 2Bl — o

< klz —y]* = kd*(z,y)
< kd®(z,y) + (1 = k)d*(y, Tx) + (1 - k)d* (2, Ty)
+ kd?(x, Tx) + kd*(y, Ty).

Hence T is k—strictly pseudononspreading.

(2.) Similarly. O
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