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1 Introduction

Existence of fixed points in partially ordered metric spaces was initiated by
Ran and Reurings [I]. Afterwards in 2006, Bhaskar and Lakshmikantam [2] proved
some coupled fixed point theorems for mixed monotone mappings and discussed
the existence and uniqueness of solutions for a periodic boundary value problem.
Later in 2009, the results of Lakshmikantham and Bhaskar were extended to two
mappings by Lakshmikantham and Ciric [3].

In 2010, Choudhury and Kundu [4] introduced the notion of compatibility in
the concept of coupled coincidence points and generalized the results of Laksh-
mikantham and Ciric [3]. Recently, Abbas et al. [5] have introduced the concept
of w-compatible maps and obtained coupled coincidence points for non-linear con-
tractive mappings in cone metric spaces. For more literature on the existence of
coupled fixed points, we refer [1, 3, 6-23].

Definition 1.1. Let X be a nonempty set. A partial order is a binary relation =<
over X which is reflexive, anti-symmetric and transitive. A set X together with
the binary relation < is called a partially ordered set, which is denoted by (X, <).

Definition 1.2. Let (X, <) be a partially ordered set. A selfmap g on X is said
to be

(i) nondecreasing if for all z1, z2 € X, 21 < z2 implies g(z1) < g(x2);
(47) nonincreasing if for all 1, z2 € X, 21 < x2 implies g(x1) = g(x2).

Definition 1.3 ([2]). Let (X, <) be a partially ordered set and F : X x X — X.
F' is said to have mixed monotone property if F'(x,y) is monotone nondecreasing
in x and monotone nonincreasing in y i.e., for any x1, o € X with z; < x9
implies F(x1,y) < F(x2,y) and for all y in X and for any y1, yo € X with y1 <y
implies F'(z,y1) = (F(z,y2) for all z in X.

Definition 1.4 ([2]). Let X be a nonempty set. An element (z,y) € X x X is
called a coupled fixed point of the mapping F': X x X — X if v = F(x,y) and

Y= F(yvx)

Definition 1.5 ([3]). Let (X, <) be a partially ordered set and F' : X x X — X and
g : X — X. We say that F has mixed g-monotone property if ¢ is nondecreasing in
its first argument and nonincreasing in second argument. i.e., for any x;, x2 € X
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with g1 < gas implies F(x1,y) <X F(x2,y) for all y € X and for any y1, y2 € X
with gy < gyo implies F(z,y1) = F(x,ys2) for all z in X.

Definition 1.6 ([3]). Let X be a nonempty set. An element (z,y) € X x X is
called a coupled coincidence point of the mappings F': X x X - X andg: X - X
if gz = F(z,y) and gy = F(y, 2).

Definition 1.7 ([3]). Let X be a nonempty set. An element (z,y) € X x X
is called a common coupled fixed point of the mappings F' : X x X — X and
g: X > Xifx=gx=F(z,y) and y = gy = F(y,x).

Definition 1.8 ([4]). Let (X, d) be metric space. F: X x X - X andg: X — X
be two mappings. F' and g are said to be compatible if

lim d(g(F(2n,yn)); F(9Tn, gyn)) =0

n—r oo

and
lim d(g(F'(Yn,Tn)), F'(9Yn; 9Tn)) = 0

n—roo

whenever {x,} and {y,} are sequences in X such that lim, o F(zn,yn) =
limy, 00 g2, = @ and limy, 00 F(Yn, ) = limy, 00 gy = y for some z,y € X.

Definition 1.9 ([5]). Let (X,d) be metric space. Let F : X x X — X and
g : X — X be two mappings. F' and g are said to be w-compatible if g(F(z,y)) =
F(gx, gy) whenever gx = F(z,y) and gy = F(y,x).

Clearly, compatibility implies w—compatible but its converse need not be true.

Example 1.10. Let X = [0, 1] with the usual metric. We define
F: XxX—>Xandg: X — X by

L+Y¥ fxel0,i] andye0,1] L ifzel0 3]
F(z,y) = and gxr =
L+4 ifxze(z,1]andyel0,1] Z ifxe(sz.1)

Fly,r) =4+ % =gy = é implies x = y. Also, g(F(z,x))
F(3,5) = . Hence g(F(x,x)) = F(gz, gy).
Case (2): Let x € [O,%], y € [%,1]. Then F(z,y) = £+ 4 = gz = £ and
F(y,ﬂi):%—i-%:gy:%y implies © =y = 3. Now g(F %,%)):%:Fg%,g%)
Case (3): Let x € (%,1],3/ I= (%,1]. Then F(z,y) = £+ 4% = gz = %x and
Fly,z) =%+35 =gy = %” implies x = y.Now g(F(z,x)) = g(£ + %) = 2 and
F(gz,gx) = %4

Fly,z)=%+7=9y=
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From the above four cases, we have F' and g are w-compatible on X .

We observe that F' and g are not compatible. Let x,, = %—l—% and y, = % — %
1,11 _ 1 stats—u 1 1
The”F(In,yn):FG*'gvg—z):%:gandgxn—g( + )=
2(3+ %) =3+ 2. Hence Jim = F(zp,yn) = lim ga, = 3. Also, F(yn,n) =
3-2+3+
(5=, 3+3) = S = § and gy —g(——%) = %(%—l> = 1—5; Hence
lim = F(yn,v,) = lim gy, = 3. Now hrn A(F(gxn, gyn), 9(F(Xn,yn)) =
n—oo 1 2 +1 1 n—oo
lp24lot o

lim d(AEpEe g(4) = lim |5+ 5] #0.

The following theorem was proved by Bhaskar and Lakshmikantham [2].

Theorem 1.1 ([2]). Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X,d) is a complete metric space. Suppose that
F: X xX — X is mapping such that F' has mixed monotone property on X.
Assume that there exists k € [0,1) with

d(F(z,y), F(u,v)) = g[d(l’,w +d(y,v)] (1.1)

for all x,y,u,v € X with x = u and y < v. If there exists xp,yo € X such that
zo 2 F(x0,y0) and yo = F(yo, o).
Suppose that either

(i) F is continuous, or
(1) X has the following property:
(a) if {zn} is a non-decreasing sequence with x, — x then x, <z

for all n.

(0) if {yn} is a non-increasing sequence with y, — y then y < y,
for all n.
Then x = F(z,y) and y = F(y,x). i.e., F has a coupled fixed point in X.

In 2008, Babu et al. [24] considered the following class of mappings satisfying
condition (B).

Let (X,d) be a metric space. A map T : X — X is said to satisty condition
(B), if there exist § € (0,1) for some L > 0 such that

d(Tx,Ty) < éd(x,y) + Lmin{d(x,Tx),d(y, Ty),d(x, Ty),d(y, Tz)}
for all z,y € X.

Using an analogue of condition (B) Luong and Thuan [I7] generalized the
results of Bhaskar and Lakshmikantham [2] and proved the following fixed point
theorem.
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Theorem 1.2 ([I7]). Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X,d) is a complete metric space. Suppose that
F: X xX — X is a mapping such that F' has mixed monotone property on X
and assume that there exist o, § € [0,1) and L > 0 with « + 8 < 1 such that

d(F(z,y), F(u,v)) < ad(z,u) + Bd(y,v) + L min{d(F(z,y),u), d(F(u,v),x),

d(F(z,y),x),d(F(u,v),u)} (1.2)
for all x,y,u,v € X with x = u and y 2 v. If there exists xp,yo € X such that

zo = F(z0,y0) and yo = F(yo, o).
Suppose that either

(i) F is continuous, or

(i1) X has the following property:

(a) if {zn} is a non-decreasing sequence such that , — x then x, < x

for all n.

(b) if {yn} is a non-increasing sequence such that y, — y then

y = yn for all n.
Then x = F(z,y) and y = F(y,x). i.e., F has a coupled fixed point in X. More-
over, F has a unique coupled fixed point if (x,y) € X x X is comparable with
(u,v) € X x X.

Remark 1.11. In Theorem 1.1 by taking o = 8 and L = 0, we get Theorem 1.2.

In 2009, Lakshmikantham and Ciric [3] extended Theorem 1.1 to two com-
muting mappings and with mixed g-monotone property of F' and obtained the
following theorem as a corollary (Corollary 2.1, [3]).

Theorem 1.3 ([3]). Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X,d) is a complete metric space. Suppose that
F:XxX—>Xandg: X — X are such that F' has mixed g—monotone property
and assume that there exists k € [0,1) with

d(F(z,y), F(u,v)) = g[d(g% gu) +d(gy, gv)] (1.3)

for all x,y,u,v, € X with gr = gu and gy = gv. If there exists xo,yo € X such
that

gzo = F(z0,y0) and gyo = F(yo, o).
Suppose F(X x X) C gX, g is continuous and commutes with F'. Also, assume
that either
(i) F is continuous, or

(1i) X has the following property:
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(a) if {xn} is a nondecreasing sequence with ©, — x then x, <

for all n.

(b) if {yn} is a nonincreasing sequence with y, — y then

y = yp for all n.
Then gx = F(x,y) and gy = F(y,x). Then F and g have a coupled coincidence
point in X. Moreover, F and g have a unique coupled fixzed point if (x,y) € X x X
is comparable with (u,v) € X x X.

In 2012, Saud and Abdulla [21] extended Theorem 1.2 to two mappings in the
following way.

Theorem 1.4 (|2I]). Let (X, <) be a partially ordered set and suppose that there
is a metric d on X such that (X,d) is a complete metric space. Suppose F :
X xX— X and g: X — X are such that F' has mixed g—monotone property on
X and assume that there exist o, 5 € [0,1) and L > 0 with a + 8 < 1 such that

d(F(z,y), F(u,v)) < ad(gz, gu) + Bd(gy, gv)
Lwin{d(F(z, ), gu), d(F(u,v), gz), d(F(z, ), gz), d(F(u,v), gu) H(1.4)
forall z,y,u,v € X with gx = gu and gy = gv. If there exists xo,yo € X such that

gxo = F(zo,y0) and gyo = F(yo,x0). Suppose F(X x X) C gX . Also suppose
that

(i) g is a continuous and monotonically increasing on X .

(i4) F and g are compatible.
Either
(14i) (a) F is continuous, or
(i4i) (b) X has the following property:
(1) if {zn} is a nondecreasing sequence such that x, — x then
Tp S for all n.
(2) if {yn} s a nonincreasing sequence such that y, — y then

Yy =y, for all n.
Then gz = F(z,y) and gy = F(y,x) .i.e, F' and g have a coupled
coincidence point in X.

Recently, Karapinar et al. [16] introduced a more general contraction condition
(1.5) than (1.4) and proved the existence of coupled coincidence points.

Theorem 1.5 (Theorem 2.1 and Theorem 2.2, [16]). Let (X, <) be a partially
ordered set and suppose that there is a metric d on X such that (X, d) is a complete
metric space. Suppose F': X x X — X and g : X — X are such that F has mized
g—monotone property and assume that there exists ¢ : [0,00) — [0,00) which is
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continuous, p(t) < t, for allt > 0 and p(t) =0 if and only ift =0 and L > 0
such that

d(F(z,y), F(u,v))< o(maz{d(gz, gu), d(gy, gv)}
+Lmin{d(F(, ), gu), d(F(u,v), gz), d(F (z,y), g2), d(F (u, v}, gu) }(1.5)
for all z,y,u,v € X with gx = gu and gy =< gv. If there exists xg,yo € X such that

gro = F(x0,y0) and gyo = F(yo,xo). Suppose F(X x X) C gX . Also suppose
that

(i) g is a continuous X .
(1i) F and g are compatible.
Either

(i4i) (a) F is continuous, or

(11)(b) X has the following property:

(1) if {xn} is a non-decreasing sequence such that x,, — x then

gy = gx for alln.

(2) if {yn} is a nonincreasing sequence such that y, — y then
gy = gyn for all n.
Then gx = F(x,y) and gy = F(y,x) i.e, F' and g have a coupled coincidence point
n X.

Here we observe that condition (1.4) is a special case of (1.5) by choosing
o(t) = (e + B)t, where a4+ 8 < 1.

Hence, under the hypotheses of Theorem 1.5, it is possible to apply
Theorem 1.4 upto the existence of coupled coincidence points. In fact, we can
conclude more with the hypotheses of Theorem 1.4, i.e., the existence of common
coupled fixed points too. We prove it by introducing the following contractive
condition with a rational expression which is more general than condition (1.4).

Definition 1.12. Let (X, <) be a partially ordered set and suppose that there is
a metric d on X such that (X, d) is a metric space. Suppose that F': X x X — X
and g : X — X are mappings satisfying the following condition:

if there exist a, 8, v € [0,1) and L > 0 with o + 8+ v < 1 such that

d(F(x,y), F(u,v)) < ad(gz, gu) + Bd(gy, gv)
+1[ (92, F(z,y)) + d(gy, F(y, z))][d(gu, F(u,v)) + d(gv, F (v, u)]
2 1+ d(gz, gu) + d(gy, gv)
+L min{d(F(z,y), gu), d(F(u,v), gz), d(F (z,y), gx), d(F(u,v), gu)}  (1.6)

for all z,y,u,v € X with gx = gu and gy < gv, then we say that I’ and g satisfy
‘condition (B) with a rational expression’.
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It is trivial to see that the condition (1.4) implies (1.6). But, the following
example shows that its converse need not be true so that condition (1.6) is more
general than (1.4).

Example 1.13. Let X = {0, 1 5

(3,3),(2,2), (0,2)}. We write A = {(0,0),(0, 5),(3,2), (2.2).(2,0),(0.2)}, B =
{(3.0),(2,3)(3,3)} We define F : X><X—>X andg X=X by

2} with the usual metric, and <:= {(0,0), (0, %)

0 if (zy)eA
F(z,y) = L and g0 =0,9% =2 and g2 = 3.
2 Zf (Ji,y) €B

We take z,y,u, v € X, such that gx > gu and gy < gv, then inequality (1.6)
holds with o, = 4,”y = % and L = 1. But condition (1.4) fails to hold at
T =2 y—l u=0andv =2 5 Jor anya >0, 8 >0, with o+ 3 < 1. Indeed, since

we have
d(F(z,y), F(u,v)) =+ £ ¢ = ad(gz, gu) + 8.0+ L.0
= ad(gz, gu) + Bd(gy, gv)
+ Lmin{d(F(z,y), gu), d(F(u,v), gz),

d(F(z,y),gx), d(F(u,v), gu)}
foranya>0,8>0, witha+5<1and L >0.

Also, for the above chosen values of x, y, u and v, the inequality (1.5) fails to
hold for any p(t) < t, since
d(F(x,y),F(u,v)) = % f 90 max{d(gw gu) 0}) +L.0
= p(maz{d(gz, gu), d(gy, gv)})
+ Lmin{d(F(z,y), gu), d(F(u, v), gz),
d(F(2,y), g), d(F(u, v), gu)}

for any @ which is continuous , and ¢(0) =0 and p(t) <t for allt > 0.

Hence it is our interest to find the existence of coupled coincidence points and
further existence of common coupled fixed points for the maps F' and g satisfying
condition (1.6).

The aim of this paper is to prove the existence of coupled coincidence points
and then the existence and uniqueness of common coupled fixed point for a pair of
maps F and g satisfying a more general condition ‘condition (B) with a rational
expression’. Further, we discuss the importance of rational expression in condition
(B). Our results generalize the results of Lakshmikantam and Ciric [3], Saud and
Abdullah [21] and extends the results of Luoung and Thuan [I7].

2 Main Results

Theorem 2.1. Let (X,=,d) be a partially ordered metric space. Suppose that
F:XxX—Xandg: X — X are such that F' has mized g—monotone property.
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Assume that F and g satisfy condition (B) with a rational expression. If there
exists xo,yo € X such that gro =< F(xzo,y0) and gyo = F(yo,xo). Further, suppose
that F(X x X) C gX . Let {z,} and {yn} defined by grpi1 = F(zn,yn) and
9Yn+1 = F(Yn,xy) for alln > 0. Then {x,} and {y,} are cauchy sequences in X .

Proof. Let zg, yo € X such that gzg < F(zo,y0) and gyo > F(yo,xo). Since
F(X x X) C gX, we define {z,} and {y,} such that

9Tnt1 = F(Tn,yn) and gyni1 = F(yn,x,) for all n > 0. (2.1)
We first show that

9T = gTpe1 and gy, = gyna for all n > 0, (2.2)

by mathematical induction. By our assumption we have gxg = F(xo,yo) and
gyo = F(yo,x0). Thus gzg < gz1 and gyo = gy1. Thus, (2.2) is true for n = 0.
Suppose (2.2) is true for some n = m i.e.
JTm = 9Tma1 and gym = gYmit1- (2.3)
We shall prove that (2.2) is true for some n = m + 1. By mixed g-monotone
property of F, using (2.3), we have
9Tm+2 = F(@m11,Ym+1) = F (T, Ym41) = F(Tm, Ym) = 9Tm+1 (2.4)

and

9Ym+2 = F (Ym+1: Tm+1) 2 FUm+1,2m) = F(Ym, Tm) = 9Ym+1, (2.5)

so that (2.2) is true for some n = m + 1. Thus from (2.3), (2.4) and (2.5) we
conclude that (2.2) is true for all n > 0 by induction. Since gz, > gx,—1 and
9Yn = gYn—1, using condition (1.6), we have

d(gTni1, gTn)
= d(F(LL'n, yn)7 F(xn—la yn—l))
< ad(97n, 9Tn—1) + Bd(gYn, 9Yn—1)

v [d(gzn, F(xn, yn)) + d(gyn, F(yn, 2n))ld(gTn—1, F(Tn—1,Yn—1)) + d(9¥n—1, F(Yn—1,Tn—1))]
2 1+ d(gzn, gon—1) + d(9Yn, 9Yn—1)

+

+ L min{d(F(zn,yn), 9Tn—1); A(F(Tn—-1,Yn—1), 9Zn), A(F(Tn, Yn), 92n), d(F(Tn—1,Yn—1), 9Zn—-1)}

< ad(gn, gTn—1) + Bd(gYn, gyn—1) + %[d(gxn, 9Tny1) + d(gYn, gYn+1)]-

(2.6)
Similarly since gyn—1 = gyn and gz,_1 =X ga,, using condition (1.6), we have

d(gYn, gYn+1) < @d(gyn, gYn—1) + Bd(9xn, 9Tn_1)
+ g[d(gwm 9Tnt1) + d(gYn, gYn+1)]- (2.7)
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Thus, form (2.6) and (2.7), we have

d(9Tny1,9%n) + d(gYn, 9ynt1) < (a4 B)[d(gn, gTn—1) + d(gyn, gyn—1)]. (2.8)

Let d,, = d(9xn+1,92n) + d(9yn, 9yn+1) and 6 = ((ff"_? Then from (2.8), we

have d,, < dd,,_1. Hence it follows that d, < dd,,—1 < 62dp_o < --- < §7dp.
Taking limits n — oo, we have lim,,_, d,, = 0, which implies implies that

lim d(g9xn, gxn—1) = 0 and ILm d(gyn; gyn—1) = 0. (2.9)

n— o0
Now for m > n, we have
d(gazm, gxn) < d(g:tm, gxmfl) + d(gxmflv gIm72) + o+ d(ganrlv giZ?n)

and

A(GYm, 9Yyn) < A(GYm, 9Ym—1) + AGYm—1, 9Ym—2) + - - - + d(gYn11, 9Yn)-

Therefore,

d(gTm, gTn) + d(gYm; 9yn) < dm—1 +dm—2+ - +dp
< 6™ ldg + 6™ 2dg + 6™ 3dg + - - + 6"dy

n

<
—1-94

d07

which tends to 0 as n — oo. Hence limy,—o0 d(9Zm,g92,) = 0 and
limy, s 00 d(gYm, gyn) = 0. Hence {gx,} and {gy,} are Cauchy sequences in X. [

Theorem 2.2. In addition to the hypotheses of Theorem 2.1, suppose that:
(1) (X,d) is complete.
(1i) g is a continuous and monotonically increasing on X .
(iti) F and g are compatible.
Either
(i) (a) F is continuous, or
(b) X has the following property:
(1) if {xn} is a non-decreasing sequence such that x,, — x then
Ty X x for all n.
(2) if {yn} is a nonincreasing sequence such that y, — y then

y = yn for all n.
Then gx = F(x,y) and gy = F(y,x). i.e, F and g have a coupled coincidence
point in X.
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Proof. By the proof of Theorem 2.1, we have {gx,} and {gy,} are Cauchy se-
quences in X. Since X is complete there exist z and y € X such that

lim gz, = lim F(zp,y,) =z and lim gy, = lim F(y,,z,) =y. (2.10)
n—o0 n—o00 n—0o0 n—00

We now prove that (z,y) is a coupled coincidence point of F' and g. Since F' and
g are compatible, from (2.10), we have

nlingo d(g(F(In;yn))vF(gxnygyn» =0 (211)
and
Tita_ d(g(F(yns0)), Flgyn, 921)) = 0. (2.12)

Suppose (iv)(a) holds. Now for all n > 0, we have

d(gx, F(g92n, gyn)) < d(g, g(F(2n,yn))) + d(g(F(2n,yn)), F(9Tn, gYn))-

On taking limits as n — 0o, using continuity of g and (2.11), we get d(gx, F(z,y)) =
0. Similarly, using continuity of F', g and (2.12), we get d(gy, F'(y,x)) = 0. Thus
F and g have a coupled coincidence point.

Next suppose (iv)(b) holds. By Theorem 2.1, we have {gx,} and {gy,} are
increasing and decreasing sequences respectively in X and lim,_, - gx, = x and
lim;,, 00 gyn = y. Then, by condition (iii), we have

gr, =z and gy, = ¥. (2.13)

Since F' and g are compatible and g is continuous, by (2.11) and (2.12), we have

Jim_g(gan) = gz = lim g(F(zn,yn)) = lim F(gzn, gyn) (2.14)
and
Jim_g(gyn) = gy = lim g(F(yn, @n)) = lm F(gyn, gs). (2.15)

Now we have

d(gz, F(x,y)) < d(g9x, g(9Tn11)) + d(g(gxnyi1), F(z,y)).

On taking limits as n — oo, using (2.14), we have

d(gz, F(z,y)) < lim d(g(grn+1), F(w,9)).

n—oo

Since the mapping g is monotonically increasing, using (1.6) and (2.13), we have

d(gz, F(z,y)) < lim [d(F(g2n, gyn), F(z,y))

< ad(g9xn, gx) + Bd(99Yn, 9Y)
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v [d(ggzn, F(gzn, gyn)) + d(ggyn, F(gyn, gzn))][d(g, F (2, y)) + d(gy, F (gy, gz)]
2 1+ d(gzn, gzn—1) + d(gyn, gyn—1)
+ L min{d(F (92n, gyn), 97), d(F' (2, y), 99Tn ), d(F (9Tn, gyn), 99n), d(F'(z, y), g7)}],

+

using (2.14) and (2.15), we have d(gz, F(z,y) < im d(F(gzn, gyn), F(z,y)) < 0.
n—00

Therefore gr = F(x,y). Similarly, we can obtain gy = F(y,z). Thus (z,y) is a
coupled coincidence point of F' and g. O

The following example shows that Theorem 2.2 is a generalization of
Theorem 1.4.

Example 2.3. Let X = {0, 3,2} with the usual metric, and <:= {(0,0), (0, 3),

(3,3); (2,2),(0,2)}. We write A = {(0,0), (0, 3):(3,2),(2,2),(2,0),(0,2)}, B =

{(3.0),(2,3)} and C ={(3.3)}. We define F : X><X—>X and g : X — X by

0 if (x,y)e€ed
F(z,y) = % if (z,y)€B
2 if (x,y)eC

and ¢0 = O,g% =2 and g2 = % Now, it is easy to see that F' has a mixed g-
monotone property, F(X x X) C gX and F and g are continuous functions. By
choosing g = 5 and yo = %, we have gro = F(3,%) and gyo = F(3,3). Also F
and g are compatible on X.

We take z,y,u,v € X, such that gxr > > gu and gy < gv. Now we show that the
inequality (1.6) holds with o, 8 = 4,7 =2 and L=1.

Case(a) : If (z,y) = (u,v), then we have d(F(z,y), F(u,v)) = 0 and hence the
condition (1.6) holds.

Case(b) : If (z,y), (u,v) € A or B or C then we have

d(F(z,y), F(u,v)) =0 and hence the condition (1.6) holds.

Case(c) : If (z,y) = (0,0) then (u,v) € {(0,0),(0,2)}, so that the condition (1.6)
holds.

Case(d) : If (z,y) = (0,3) then (u,v) € {(0, )}, so that the condition (1.6) holds.
Case(e) : If (z,y) = (0,2) then (u,v) € {(0,2)}, so that the condition (1.6)
holds.

Case(f): If (z,y) = (3, 3) then (u,v) € {(1,3)}, so that the condition (1.6) holds.
Case(g) s 1f (z,5) = (3,0) then (u,0) € {(3,0), (3.2)}.

If (u,v) = (%,2) then
d(F(z,y), F(u,v)) = % < g + 7+ L(2) =2, so that the condition (1.6) holds.

Case(h) : If (z,y) = (3,2) then (u,v) € {(3,2)},s0 that the condition (1.6) holds.
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) If (x,y) = (2, %) then (u,v) € {(0, %), (2, %)}

Case(k) : If (z,y) = (2,0) then (u,v) € {(0,2),(2,2),(0,0),(2,0)}, so that the
condition (1.6) holds.

Here, the importance of the rational expression in the inequality (1.6) is shown
in Case (i) with y = 2.

But, the inequality (1.6) fails to hold if we remove the rational term in (1.6).
Consequently condition (1.4) fails to hold; for, by choosing x = 2,y = %,u =0

and v = % , we have

d(F(z,y), F(u,v)) = + £ ¢ = ad(gz, gu) + 3.0+ L.0
= ad(gz, gu) + Bd(gy, gv)
+ Lmin{d(F(z,y), gu), d(F (u,v), gz),
d(F(2,y), gx), d(F(u,v), gu)}
foranya>0,8>0, witha+58<1and L >0.
Thus, Theorem 2.2 is a generalization of Theorem 1.4.

Here we note that (0,0), (%, %) are two coincidence points of F and g. Hence,
we observe that if any two elements of the set of all coupled coincidence points of
F and g are not comparable with any element of X x X then the uniqueness of

the coupled fized point fails.
To prove the uniqueness we define the following order relation.

We define relation <= on X x X by (z,y) < (u,v) & = =X u,y = v, for
z,y,u,v € X. Then (X x X, =) is a poset, using this notation we prove the
following theorem.

Theorem 2.4. In addition to the hypotheses of Theorem 2.2, suppose that
(1) g is one-one,

(i7) for every (z,y), (z,t) € X x X, there is a (u,v) € X x X which is
comparable with (z,y) and (z,t).
Then F and g have a unique common coupled fixed point in X .

Proof. From Theorem 2.2, the set of coupled coincidence points of F' and g is
non-empty. Suppose (z,y) and (z,t) be coupled coincidence points of F' and g,
i.€.,

gr = F(x,y) and gy = F(y,x) (2.16)
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and
gz = F(z,t) and gt = F(t, 2). (2.17)

We now show that gz = gz and gy = gt. By assumption there exists (u,v) €
X x X which is comparable with (x,y) and (z,¢). With out loss of general-
ity we assume that (F(x,y), F(y,2)) < (F(u,v), F(v,u)) and (F(z,t), F(t,z)) <

(F(u,v), F(v,u)). Let ug = u, vg = v. Since F(X x X) C gX, there exists
uy, v1 € X such that F(ug,v9) = gu and F(vg,ug) = gv, continuing this pro-
cess we obtain sequences {gun} and {gv,} such that F(u,,v,) = gupt1 and
F(vp, upn) = gupy for all n. We now show that

gr = gu, and gy = guv, for all n, (2.18)
by using mathematical induction, we have
gr = F(z,y) 2 F(u,v) = (uo,v0) = gus (2.19)

and gy = F(y,z) = F(v,u) = (vo,ug) = gv1. Therefore (2.18) is true for n = 1.
Assume that (2.18) is true for some m € N, i.e.,

9T = gum, and gy = gup,. (2.20)

By using the mixed g-monotone property of F' and using (2.20), we have gu,,+1 =
F(tm,vm) =X Fx,vy) 2 F(z,y) = gz and gumsr = F(Om,um) = F(y,vm) =
F(y,x) = gy. Thus by induction (2.18) is true for all n. Since from (2.18), we have
g =X gum, and gy = gun,, using inequality (1.6), we have

d(gun-‘rlv g;v) = d(F(,’E, y)? F(um Un))
< ad(gx, gun) + Bd(gy, gvn)

L 7 1dgz, F(,y)) + dlgy, Py, 2))]ld(gun, F(un, vn)) + d(gvn, F(gun, gun)]

2 1+ d(gz, gun) + d(gy, gvn)
+ Lmin{d(F (z,y), gun), d(F(un,vn), g2), d(F(z,y), gz), d(F(un,vn), gun)}
< ad(gz, gun) + Bd(gy, gon). (2.21)
Similarly,
d(gvn41,9y) < ad(gz, gun) + Bd(gy, gvn). (2:22)

From (2.21) and (2.22), we have

< (a+ B)[d(gz, gun) + d(gy, gvn)]
< (a + B)z[d(g,’t, gun—l) + d(gy7 gvn—l)]
<< (ot B)"HHd(g, guo) + d(gy, gvo)]-

d(gl', gun-',-l) + d(gvn-‘rla gy)
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On taking limits as n — oo, we have

ILm d(gz, gun+1) = 0 and le d(gy, gunt1) = 0. (2.23)
Similarly,

lim d(gz, gun+1) =0 and lim d(gt,gvp4+1) = 0. (2.24)

n—oo n—oo

Thus, from (2.23) and (2.24), it follows that
gr = gz and gy = gt. (2.25)

Thus, F and g have a unique coupled coincidence point. Since F' and g are
compatible on X, they are w-compatible and since g is one-one, by using (2.16)
and (2.17), we have

9(gz) = g(F(z,y)) = F(gz,g9y) and g(gy) = g(F(y,v)) = F(gy,g9x).  (2.26)

Let gz = z, and gy = w, from (2.26), we have gz = F(z,w) and gw = F(w, 2).
Therefore (z,w) is a coupled coincidence point of F' and g. From (2.25), we have
gz = gz and gy = gw, this implies gz = z and gw = w. Therefore (z,w) is a
common coupled fixed point of F' and g. Now we show that (z,w) is a unique
coupled fixed point of F and g. Let (p,q) be another coupled fixed point of F
and g. Hence p = gp and ¢ = gq. By (2.25), we have p = gp = gz = z and
q = gq = gy = w. Therefore (z,w) is a unique common coupled fixed point of F
and g. O

Remark 2.5.

(i) By choosing v = 0 in Theorem 2.2, we get Theorem 1.4 as a corollary to
Theorem 2.2.

(i) By choosing g = Ix, the identity map on X and v = 0 in Theorem 2.4, we
get Theorem 1.2 as a corollary to Theorem 2.4..

(iii) By choosing o = 3 =5, L =~ =0 in Theorem 2.4, we get Theorem 1.5.

Example 2.6. Let X = [0,1] with the usual metric. Then (X, <) is a partially
ordered set. We define FF: X x X - X andg: X — X by

B if a2y :
F(z,y) = and gx = 5.
0 ifx <y

Clearly, F' and g are continuous functions on X, F' has mized g-monotone prop-
erty, g is monotonically increasing and one-one. We choose zo = 0 and yo = ¢
where ¢ € (0,1] then gzo = 0 and F(0,¢) = 0 = F(z0,y0) and gyo = gc = % =
F(c,0) = £ = F(yo, ). Also, F(X x X) = [0,1) C gX. Let {x,} and {y,}
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are sequences in X such that limy,_ o0 g2 = F(@n,yn) = a and limy, o0 gyn =
F(yn,xn) =0.

Case(i): Suppose T, > yn.

2 2 2
Now for all n > 0, we have lim, o0 gzn, = F = F(2p,yn) = 2252 = a and

limy, o0 gYn = %72‘ = F(yn,2n) = @ =b. Obviously, a =0 and b = 0. Then
limp 00 d(g(F(@n; yn)), F (92, gyn)) = 0 andlimp o0 d(g(F(Yn, 2n)), F(9Yn: gn))
=0. Thus F and g are compatible.

Case(it): Suppose T, < Y, then lim,_ o gz, = i F(zn,yn) = Ta Vi a

2 6
and limy, oo gYn = % = F(yn,Tn) = @ =bimpliesa =0 andb = 0. Hence I
and g are compatible. Now we verify the inequality (1.6) with o = %, 8= %, v = %
and L = 0. Let z,y,u,v € X, such that gr > gu and gy < gv that is x> > u?® and

y? <02

Case—1: x>y and u>v. Then

22—y - 02
AP (,y), Flu,0)) = d—=, )
_ |(172—y2)—(u2—v2)|
B 6
_ |(172—u2)—(y2—v2)|
6
(#* —u?) + (y* =)
- 6
(22 —u?) 1(y?—2?) 1 1
S35 T35 = 3dlgz gu) + 2dlgy, gv).
Case—2: x>y and u <wv. Then
2 .2 2 .2
A(F (2, ), F(u,v)) = d(—"-,0) = —*
B w4 22— y? —
N 6
_ (W) - —y?)
6
(7~ ) + (a? ~ a?)
- 6
(@2 =) = (P =)
6
(2> —u?)  1(y* —v?)

1 4=

3 2 37 2
1 1
gd(g:v,gu) + gd(gy,gv)-
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Case — 3: x <y and u > v. This implies gr > gu and gy > gv. This case
does not arise.

Case —4: x <y and u < v.

Then F(z,y) = 0 and F(u,v) = 0 and d(F(z,y), F(u,v)) = 0 so that in-
equality (1.6) holds. From the above four cases, it follows that F and g satisfy
inequality (1.6) with o = %, B = %, v = % and L = 0.

Thus it is verified that F' and g satisfy all the conditions of Theorem 2.4, (0,0)
is a coupled fized point of F' and g.

Also, we note that F and g are not commuting. Thus Theorem 1.3 is not
applicable. This example suggests that Theorem 2.4 generalizes Theorem 1.5.

One more example in this direction is the following.

Example 2.7. Let X = {0,3,5} with the usual metric, and <:= {(0,0), (0, 3),
(3,3),(5,5)}. Clearly, < is a poset on X. We define F : X x X — X and
g: X =X by

0 if (x,y)€ed

F(Iay) =
% if (z,y)eB
where A = {(0,0),(0,1),(5,4),(5,5),(3,0), (3, %)}, B=1{(5,0),(0,5),(3,5)} and
gO:O,g% :% and g5 = 5.

Clearly, F and g are continuous on X, g is one-one, F' has mized g-monotone
property and F(XxX) ={0,3} C gX ={0,1,5}. Clearly, gzo = 0 < F(xo,y0) =
(0,0) and gyo = 0 = F(yo,z0) = (0,0). We consider x,y,u,v € X, such that
gz = gu and gy < gv. Thus, the inequality (1.6) holds with o = %,ﬁ = %,7 = i
and L =1.

Hence, all the conditions of Theorem 2.4 holds and (0,0) is a unique common
fixed point of F and g.

But the condition (1.3.1) of Theorem 1.3 fails to hold for any k € [0,1). Indeed,
since forx =5,y =0,u =5,y = %, we have d(gy, gv) =0 and

1 , k1 k
d(E(z,y), F(u,v)) = 5 £ 55 = 5ldlgz, gu) + d(gy, gv)]
for any k € [0,1). Thus, Theorem 1.3 is not applicable.
Hence, Theorem 2.4 is a generalization of Theorem 1.3.
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