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Abstract : The purpose of this paper is to prove some convergence theorems for
fixed point iterative methods defined by means of the new concept of admissible
function, introduced by Rus [I]. Moreover, we find some sufficient conditions
for weak and strong convergences of general iterative methods for nonexpansive
mappings and their generalizations. The results obtained in this paper extend and
generalize many known results in the studied area.
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1 Introduction

Let X be a nonempty set and T': X — X be a nonexpansive mapping. A fized
point of T is an element x € X which satisfies T'(z) = x. The set of fixed points
of T is denoted by F(T).

The famous fixed point theorem for nonexpansive mappings have first studied
by Browder [2] and Gohde [3] in Banach spaces as follows:
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Theorem 1.1 ([2],[3]). Let X be a uniformly convex Banach space and C be a
nonempty closed convex bounded subset of X. Then every nonexpansive mapping
T:C — C has a fixed point.

In case X and T are general enough, like in Theorem [[LT] when 7" has at least
one fixed point, however, the Picard iteration defined by z; € X and

Tpy1 =Tz, =T"x; for alln € N

does not converge in general or, even if it converges, its limit is not a fixed point
of T

In such circumstances, it is necessary to consider more reliable fixed point
iterative methods, like Krasnoselskij iteration, Mann iteration, S-iteration etc.

In 1953, Mann [4] introduced the following iteration method which was referred
to as Mann iteration for approximating a fixed point of T

Let C be a nonempty subset of Banach space X and T : C — C be a self-map.
The sequence {z,}52; in C is defined by

Tnt1 = (1 — ap)zy + apyTay,, foralln e N, (1.1)

where z; € C and {w,} is a sequence of real numbers in [0,1]. He proved a
weak convergence for a nonexpansive mapping under the control conditions {«,}
is chosen such that > 2 a,(1 — a,) = co. For a,, = A (constant), the Mann
iteration (I.I)) reduces to the so-called Krasnoselskij iteration [B] that is,

ZTpy1 = (1 =Ny + ATz, foralln €N, (1.2)

In 2007, Agarwal, ORegan and Sahu [6] introduced the S-iteration process in
a Banach space, a sequence {z,}5 in C is defined by z; € C' and

{ Yn = (1 - ﬂn)xn + BnTInv (13)

Tnt1 = (1 — ap)Txy + ayTyy, for alln € N,

where {a,} and {3,} are sequences in [0,1]. They showed that their process is
independent of those of Mann and Ishikawa and converges faster than both of
these for asymptotically nonexpansive mappings. (see [6], Proposition 3.1).

In 2012, Rus [I] introduced about a new approach of fixed point iterative
methods, based on the concept of admissible functions (see Definition [[2)) of a self
operator. The theory of admissible functions of an operator opened a new direction
of research and unified the most important aspects of the iterative approximation
of fixed point for single valued self operators.

Definition 1.2. ([I]) Let X be a nonempty set. A mapping G : X x X — X is
called an admissible function if it satisfies

(Gl) G(z,z) =z, for all z € X and
(G2) G(z,y) = x implies y = x, for z,y € X.
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In 2013, Berinde [7] introduced an iterative algorithm in terms of admissible
functions, which is called the Krasnoselskij algorithm corresponding to G or the
GK-algorithm.

Definition 1.3. ([7]) Let X be a nonempty set, G : X x X — X be an admissible
function and T': X — X be an operator. Then the iterative algorithm {z,} in X
given by z; € X and

Tnt1 = G(xn, T(z,)), n €N, (1.4)
is called the Krasnoselskij algorithm corresponding to G or the GK-algorithm.

He proved some strong and weak convergence theorems for a Krasnoselskij
type of a fixed point iterative method defined by an admissible function for non-
expansive mapping on Hilbert spaces.

The following year, Berinde proved some convergence theorems for a GK-
algorithm with an affine Lipschitzian property (see Definition [[4]) of a nonlinear
p-pseudocontractive operator defined on a Hilbert space and obtained the result
in [g].

Definition 1.4. ([8]) Let G : X x X — X be an admissible function on a normed
space X. We say that G is affine Lipschitzian if there exist a constant p € [0, 1]
such that

1G(z1,91) = Glz2, y2)|| < [[lz1 — 22) + (1 — 1) (y1 — y2)l,
for all x1,x2,y1 and ys in X.

In this paper, we give necessary and sufficient conditions for the convergence
of the GK-algorithm, the Mann iterative method and S-iterative method defined
by admissible function for nonexpansive mappings and their generizations on a
Banach space.

2 Preliminaries

Recall that a mapping T : C' — X is demiclosed at v if for any sequence {x,,}
in C, the following implication holds: z,, = v € C and Tx,, — v imply Tu = v.

Lemma 2.1. ([9]) Let r > 0 be a fized real number. Then a Banach space X is
uniformly convez if and only if there is a continuous strictly increasing convex map
g:]0,00) = [0,00) with g(0) =0 such that for all z,y € B, ={zx € X : ||z|]| < r},

A2+ (1= Nyl* < Al + @ = Nyl = A1 = Ng(llz - yl)

for all X € [0,1].
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Lemma 2.2. ([10]) Let X be a uniformly conver Banach space and let {t,} be a
sequence of real numbers in (0,1) bounded away from 0 and 1. Let {x,} and {y,}
be two sequences in X such that

limsup ||z, || < a,limsup ||y, || < ¢ and limsup ||[tpz, + (1 — to)yn|| = a
n—o00 n—o00 n—00

for some a > 0. Then lim,_, ||z, — yu|| = 0.

Lemma 2.3. ([1I]) Let X be a uniformly convex Banach space satisfying the
Opial condition and C' a nonempty closed convex subset of X. If T : C — C' is
a nonexpansive mapping, then I —T is demiclosed with respect to zero.

3 Main Results

3.1 Admissible Functions and Iterative Algorithms in Terms
of Admissible Functions

In the previous sections, we have introduced the admissible functions. We will
now give some of their examples:

Example 3.1. rm Let X = R with usual metric d and G : R x R — R be defined
by
z if ©=y,
Gy =9y .
ﬁ if x#y.
Then G is an admissible function.

Example 3.2. Let (X, +,R) be a real vector space, a nonempty convex subset C
of X, A€ (0,1) and G : C x C — C defined by

Glz,y)=(1-Nz+ Xy, z,yeC.

It is easy to see that G satisfies conditions G1 and G2, then G is an admissible
function.

Example 3.3. Let (X, +,R) be a real vector space, a nonempty convex subset C
of X, x:CxC —(0,1) and G : C x C — C defined by

G(r,y) = (1 — x(@,y)r +x(z,9)y, z,y€X.

It is clear that G is an admissible function.
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Example 3.4. Let (X, +,R) be a real vector space, a nonempty convex subset C
of X, for each n € Nlet GG, : C x C — C be defined

1 1
Gplz,y)=(1-— —y, x,y € C.
(@y) =1~ —)z+ -y, 2y
Thus, for each n € N, we have GG, is an admissible function.

Example 3.5. Let (X, d) be a metric space endowed with a W-convex structure
of Takahashi [12]. Here W : X x X x [0,1] — X is an operator with the following

property
d(u, W(z,y, ) < Ad(u,z) + (1 = Nd(u,y),Vz,y,u € X, A € [0,1].

We additionally suppose that A € (0,1) and G(z,y) := W(z,y,A). Let x,y € X
and A € (0,1), we have

d(u, W(z,z,\)) < Md(u,z) + (1 — N)d(u, z) = d(u, z).

Choose u = z, then d(x, W(z,z, X)) = 0, that is G(z,z) = W(z,x,\) = x.
Now we suppose z = G(z,y) = W(z,y, ), then

Thus,
(1 - )‘)d(uu ;E) = (1 - )‘)d(uu y)7
and choose u = z, then d(x,y) = 0, that is z = y. Therefore G(z,y) := W(z,y, \)

with A € (0,1) is an admissible function.

It is clear that the iterations in Example Bl B2 B3]and Example 3.5 are GK-
algorithms. Now we will introduce another representation of iterative algorithms
in terms of admissible functions.

Definition 3.6. (GM-algorithm) Let G,, : X x X — X be an admissible function
forn € Nand T : X — X be an operator. Then the iterative algorithm {z,} in
X given by 1 € X and

Tn+1 = Gn(zn; T(xn)), n €N (31)

is called the Mann algorithm corresponding to G, or the GM-algorithm.
It is easy to see that Example B4 is the GM-algorithm and in the particular
case when C is a nonempty convex subset of a Banach space X and G, (2, Tx,) =

(1= X))z + AT, with {\,} in [0,1] for n € N, we have that {z,} in C, where
Tnt+1 = Gn(zn, Txy), is a usual Mann iteration.
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Definition 3.7. (GS-algorithm) Let G, G? : X x X — X be admissible functions
for n € Nand T : X — X be an operator. Then the iterative algorithm {x,} in
X given by 3 € X and

n = Gi ZTn, T'xy),
y (1 ) (3.2)
Tnt1 = G, (T2, Tyn), n €N,

is called the S-algorithm corresponding to GL and G or the GS-algorithm.

We see that when C is a nonempty convex subset of a Banach space X,
G2 (2, Txy) = (1=Bn)rn+PnTx, and GL (Txy, T(G% (20, T1y))) = (1—an)Ten+
anT(G?(zn, Txy)) with {a,},{Bn} are sequences of real number in [0,1] for
n € N. The sequence {z,} in C generated by x,+1 = GL(Tx,,Ty,), where
Yn = G% (2, Tx,) is an S-iteration.

3.2 Convergence Theorems for Fixed Point Iterative Meth-
ods Defined by Admissible Function

In this section, we find control conditions for iterative methods defined by
admissible function to converge to fixed points.

First, recall that let C' be a nonempty subset of a Banach space X and T :
C — C be a self-map. A mapping T is called demicompact if every bounded
sequence {x,} in C such that {z,, — Tx,} is strongly convergent, then there exists
a subsequence {z,, } of {z,} which is strongly convergent.

We begin with the GK-algorithm of nonexpansive mapping in a uniformly
convex Banach space.

Theorem 3.8. Let C be a closed convex bounded subset of a uniformly convex
Banach space X and T : C — C be a nonexpansive and demicompact mapping.
If G : C xC — C is an affine Lipschitzian admissible function with constant
A€ (0,1). Then the GK-algorithm {x,}22, given by x1 € C' and

ZTpi1 = G(xn, T2y), nEN
converges(strongly) to a fixed point of T in C.

Proof. By Theorem [T, F(T) is a nonempty set. Let p € F(T). We first show
that the sequence {x, — Tx,} converges strongly to zero. Since G is an affine
Lipschitzian admissible function and 7' is nonexpansive, we have

|G (2, Ten) = G(p, )|

A(@n = p) + (1 = X)(Tzn —p)|
Al(@n =)l + (1 = I(Tzn = p)|
A[(@n = p)lI + (1 = Mll(zn = p)I
[2n — pl|.

[#nt1 —p

ININCIA
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That is lim, 0 ||Zn — p|| exists. Suppose that lim,,_, ||z, — p|| = a, then
lim sup | T — pl| < Tim [lzn — ] =
n—00 n—oo
and since
a= lm [z —pl < lim [A(zn —p)+ (1 =A)(Tzn —p)|| < lim |z, —pl| = a,
n—00 n—00 n—00

we have
lim [[A(zn —p) + (1 = AN)(Tzn —p)|=a

n—oo

By Lemma 2.2] we get
lim |x, — Tz,| = 0.
n—oo

This shows that x,, — Tx, — 0, and since T is demicompact, it follows that there
exists a subsequence {z,, } C C of {z,,} and ¢ € C such that

lim z,, =q.
n—oo

But T is nonexpansive, hence T is continuous. This implies

lim Tx,, =T4q.

n—oo

That is
0= lim (zp, —Tzpn,) =q—Tq.

n—oo

This means that ¢ is a fixed point of T' and since lim,,—, o ||z —¢|| = limy— o0 || n, —
q|| = 0. Therefore, {x,} converges strongly to a fixed point of T in C. O

We now consider a class of mappings that properly includes the class of non-
expansive mappings with fixed points, that is quasi-nonexpansive mappings. A
condition that ensures strong convergence of iterative sequences to fixed points of
quasi-nonexpansive type mappings was introduced in [10] and [13].

Definition 3.9. ([10],[I3]) Let C be a nonempty subset of a Banach space X and
T : C — C a mapping with F(T) # (. Then T is said to satisfy Condition I if
there exist a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(t) > ¢
for t € (0, 00) such that

|z — Tzl| = f(d(z, F(T))),
where d(z, F(T)) = inf{||z — p|| : p € F(T)}.

Example 3.10. Let T : R — R be defined by Tz = —x and F(T') = {0}, then
the mapping f : [0,00) — [0,00) with f(z) = 1.5z satisfies

|z — Tz|| = 22 > 1.52 = f(d(z, F(T))).

That is, T satisfies Condition I.
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Next, we introduce a new property for the algorithms.

Definition 3.11. Let GG,, : X x X — X be an admissible function on a normed
space X for n € N. We say that {G,} is sequentially affine Lipschitzian if there
exists a sequence of real numbers {w,} in [0, 1] such that

|Gn(z1,91) — Gru(z2,92)|| < lan(z1 —x2) + (1 — an)(y1 — y2)|,
for all x1,x2,y1 and y2 in X.

It is easy to see that admissible functions in Example and [3.4] are sequen-
tially affine Lipschitzian. In the particular case when G, (x,y) = (1 — an)z + any
with {a,} in [0,1] and n € N, we have {G,,} is sequentially affine Lipschitzian.

We prove the strong convergence of the GM-iteration for quasi-nonexpansive
mappings satisfying Condition I.

Theorem 3.12. Let C be a closed convex subset of a uniformly convex Banach
space X andT : C'— C be a continuous quasi-nonexpansive mapping with satisfies
Condition I. If {G,} is sequentially affine Lipschitzian with a sequence {ay,} which
is bounded away from 0 and 1. Then the GM-algorithm {x,}52, given by x1 € C
and

Tpi1 = Gp(zn, Txy), n€N

converges(strongly) to a fixed point of T in C.

Proof. Let p € F(T). Since {G,} is sequentially affine Lipschitzian and T is
quasi-nonexpansive, we have

[Zns1 =2l = [[Gn(n, Trs) — Gu(p, D)l
< lan(@n —p) + (1= o) (Tzn — )
< anll(@n =)l + (1 = o) [[(T2y — )
< anll(@n —p) + (1 = an)l[(@n — D)l
= |lzn —pl|-
Using the same proof as in TheoremB.§] we can show that lim,,_, « ||2n—Tzy| = 0.

Because for p € F(T), [|xn+1 — || < ||zn — pl|, it follows that
d(zpt1, F(T)) < d(zp, F(T)).
Since T satisfies condition I, we have
[en = Tan|| = f(d(zn, F(T))),n = 0.

This implies, lim,, o d(x,, F(T)) = 0. Then for each ¢ > 0, there exist nyp € N
such that
d(x,, F(T)) < €/2 for all n > ng.
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Consider, for n,m > ng. So there is a p € F(T) such that d(z,,,p) < €/2, we have
[#n = @l < [|on = pll + [|2m — Pl < 2[|zn, — pl| <e.

Thus, {z,} is a Cauchy sequence and by completeness of X, we have lim,,_, o z, =
q for some g € C. Since T is continuous and lim, o ||€n — T2y|| = 0. Therefore,
q € F(T) implies that {z,} converges strongly to a fixed point of T in C. O

Next, we show that GS-algorithm with only sequentially affine Lipschitzian
property converges weakly on uniformly convex Banach space.

Theorem 3.13. Let X be a uniformly convexr Banach space that satisfies Opials
condition, C be a nonempty closed conver subset of X and T : C — C be a
nonezpansive mapping with F(T) # 0. Let GL,G? : X x X — X be admissible
functions forn € N and {GL},{G?} are sequentially affine Lipschitzian with {a,, }
and {8} respectively. Suppose that imsup,,_, . &, < 1 and 0 < liminf,, o B, <
limsup,,_,o Bn < 1. Then the GS-algorithm {x,}52, given by x1 € X and

Yn = Gi(In, T:En)a
Tptl = G}L(T:En,Tyn), n €N,

converges weakly to a fixed point of T.
Proof. Let p € F(T). Since {G?} is sequentially affine Lipschitzian with {3, } and

T is nonexpansive mapping, we have

lyn —pll = |Gh (20, Tay) — G3(p,p)l]
1B (xn — p) + (1 = Bp)(Tzn — p)|
Ballzn —pll + (1 = Ba)llzn — pll

INIACIA

and since {GL} is sequentially affine Lipschitzian with {a,}, we get

|G (T2n, Tyn) = G (p,p)|

[ (Tzn —p) + (1 = an)(Tyn — )|
an|2n — qll + (1 — an)llyn — pl|
an|2n — qll + (1 — an)|[2n — pl|

[n — dl|-

[#ni1 —p

VAN VAN VAN VAN

Therefore, lim,,_, « ||y, — p|| exists and implies that {x,} is bounded. By Lemma
211 there is a continuous strictly increasing convex mapping g with ¢g(0) = 0 such
that

lyn =pl* = Gh(2n, Tz) = G (p,p)|?

Hﬁn(xn -p)+ (1~ Bn)(Txn - p)||2

Bullzn = plI> + (1 = Bn)llzn — plI> = Bu(1 = Bn)g(lzn — Tzn|)
= |lan —pl* = Bu(1 = Bu)g(llan — Tz, ),
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and

#ni1 = plI*> = [1Gu(Tan, Tyn) — Gop, p)|?
< len(Tazy = p) + (1 = o) (Tyn — p)|1?
< gl —p||2 + (1 = an)|lyn — pH2 —an(l = an)g(|[Txn — Tyal|)
< aplan —plI? + (1= an)llyn — pl?
< agllTn _p”2 + (1 = an)(|[zn _p”2 = Bn(1 = Bu)g(lzn — Txal]))
= ”xn_p||2_Bn(l_an)(l_ﬁn)g(nxn_Tan)-

Thus

Bn(l = an)(1 = Bu)g(lzn — Taul)) < llzn = pl* = llznts —pll*.
By the control conditions on «, and §,, we get

nli,néo (lzn = Tan|) = 0.

Then lim,, o0 ||€n —Tzn| = 0. Because {x,} is bounded in X, it follows that {x,}
has a weakly convergent subsequence {x,,}. Suppose {x,,} converges weakly to
p € C. By Lemmal[2Z3] I — T is demiclosed at zero, from lim,, o ||z, — Tz,| =0,
we have (I —T)p = 0, so that p € F(T).

Next, we show that {z,} converges weakly to a fixed point of T. Suppose
there exists another subsequence {x,, } of {x,} that converges weakly to some
q € F(T) such that g # p. Since X satisfies the Opials condition, we have

lim ||z, —pl| = lim [lz,; —pll < lim |lz,; —qf = lim [z, —q]|,
n—oo J—00 J—00 n—o0

and
lim ||z, —gl| = lm [lz,; —qf < lim [[z,; —p|| = lim [z, —p]|,
n—00 j—o0 j—o0 n—r00

a contradiction, hence p = q. Therefore, {z,,} converges weakly to p € F(T). O
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