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Abstract : The generalized quasilinearization method for a non-linear second-
order ordinary differential equation with mixed boundary conditions has been
studied when the forcing function is the sum of two functions without require that
any of the two functions involved to be 2-hyperconvex or 2-hyperconcave. Two
sequences are developed under suitable conditions which converge to the unique
solution of the boundary value problem. Furthermore, the convergence obtain here
is of order 3.
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1 Introduction

The method of quasilinearization [1] combined with the technique of lower and
upper solutions is an excellent tool for solving a large class of nonlinear problems.
This technique works fruitfully only for the problems involving convex/concave
functions. Later after that the convexity assumption was relaxed and the method
was generalized and extended in various directions to make it applicable to a large
class of problems. It has referred to as a generalized quasilinearization method, see
[8]. The method is extremely useful in scientific computations due to its accelerated
rate of convergence as in [9, 10].

In [3, 13], the authors have obtained a higher order of convergence for initial
value problems. They considered situations when the forcing function is either
hyperconvex or hyperconcave. In [11], the authors have obtained the results of
higher order of convergence for second-oredr boundary value problems when the
forcing function is the sum of 2-hyperconvex and 2-hyperconcave functions with
natural and coupled lower and upper solutions. The aim of this paper is to cosider
and study the existence and approximation of solutions for second-order ordinary
differential equation with Dirichlet boundary conditions, by taking the forcing
function to be the sum of two functions without require any of the two functions
involved to be 2-hyperconvex or 2-hyperconcave. We have proved the existence of
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the unique solution of the nonlinear problem with Dirichlet boundary conditions
using natural lower and upper solutions. We demonstrate the iterates converge
cubically to the unique solution of the nonlinear problem.

2 Preliminaries

It is well known that the following mixed BVP
=" (t) = p(t), teJ=][0,n],

$(0) = ¢'(7) =0, (2.1)

has a nontrivial solution if and only if A = [(2m —1)/2]* (m = 1,2,3,...). In
consequence, if A # [(2m —1)/2]? (m =1,2,3,...), and o(t) € C[0, 7], the unique
solution of the mixed boundry value problem

71/)”(t) — A = U(t)v ted= [va]a

$(0) = ¢'(m) =0, (22)
is given by Tr
P(t) = /0 Ky\(t,s)o(s)ds.

Here, K(t,s) is the Green’s function, where K (t,s) for A > 0, is given by

[VA cos(VAT)] " [cos(VA(m — t)) sin(vV/As)],
0 < s<t<m,
[VA cos(VAm)] 7 [sin(VAL) cos(VA (T — s))],

0 < t<s<mm
And K,\(t,s) for A <0, is given by

[V/=Xcosh(v/=Am)] " [(cosh vV—X(7 — t)) sinh(v/—Xs)],
0 < s<t<m,
[V/=Xcosh(v/—=Am)] 7 [sinh(v=At) cosh(vV=X(7 — s))],

0 < t<s<m.

Finally, when A = 0, then

s, 0<s<t<m,
Ko(t’s)_{ t, 0<t<s<m.

Thus, we have the following comparison result.
Here some definitions and notations will be given to facilitate later explana-
tions.
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Definition 2.1 The functions ag, 8y € C?[J, R] are said to be natural lower and
upper solutions of (2.1) if
—af < f(t,a0) + g(t,a0), ap(0) <0, aj(r) <0 onJ,

- 6/ Z f(taﬂ()) + g(t7ﬂ0)7 BO(O) Z 07 ﬂ(l)(ﬂ—) Z 0 onJ (23)

One can define coupled lower and upper solutions of the other types in the same
manner. See [13, 14] for details.

Definition 2.2 A function h: A — B, A, B C R is called m-hyperconvez, m > 0,
if h € C™H1[A, B] and d™ T h/du™*! > 0 for u € A; h is called m-hyperconcave if
the inequality is reversed.

In this paper, we use the maximum norm of u over J, that is,
| u = max{ lult) |t e J}.
Also throughout this paper the following notation

% — f(k) (t,u)

has been used for any function f(¢,u) and for k =0,1,2,....

The next corollary is a special case of [8, Theorem 3.1.3].

Corollary 2.3 Assume that ag, By € C?[J, R] are lower and upper solutions of
(2.1) respectively such that ag(t) < Bo(t) on J. Then there exists a solution u for
the BVP (2.1) such that ag < u < By on J.

Corollary 2.4 (Comparison Result) Let A <0 on J and p € C?[J, R]. If
—p" > Ap, p(0) =0, p'(m) > 0.

Then p(t) > 0 on J. If the inequalities are reversed, then p(t) <0 on J.

3 Main Results
Consider the following BVP
—u" = f(t,u) +g(t,u), ¥(0)=1¢'(r) =0, teJ=I0,n (3.1)

where f,g € C[Q,R] and Q = [(t,u) € J X R : ap(t) < u(t) < Fo(t)], and
Oéo,ﬁo S CQ[J, R] with Oéo(t) < ﬁo(t) on J.
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Theorem 3.1 Assume that

(A1) o, B0 € C?lJ,R] are lower and upper solutions of (3.1), respectively, such
that ap(t) < Bo(t) on J,

(As) f,g € C3[Q, R] such that f(t,u) is nondecreasing, g(t,u) is nonincreasing
and fu(t,u) + gu(t,u) <0 for every (t,u) € Q.

Then there exists monotone sequences {a,} and {fn}, n > 0 which converges
uniformly and monotonically to the unique solution of (3.1) and the convergence
s of order 3.

Proof. Take
o(t,u) = F(t,u) — f(t,u) ;5 ¥(t,u) =G(t,u) —gt,u) on €, (3.2)

where F,G € C3[Q, R] such that F is a 2-hyperconvex function in u and G is a
2-hyperconcave function in u on J [i.e., F®)(t,u) > 0, G®)(t,u) < 0 for (t,u) € Q).
In view of FO®)(t,u) > 0, for (t,u) € Q, we see that

POy, (3.3)

F(t,z) > -

FO(t,y)(z —y)’
] , <. (3.4)

M 1D

F(t,x)

IA

i=0
Similarly, in view of G (¢,u) <0 for (¢,u) € Q, we have

1

Glta) > Y G(i)(t,yi)'(x —y)° N G(Q)(t7x2)'(x — y)27 e (3.5)
i=0 ’ )

1=

Therefore, (3.3), (3.4), (3.5) and (3.6) can be written in following form

FO(t,y)(x —y)"
il

fltz) > f(ty) + [o(t,2) — o(t,y)], © =y, (3.7)

i=1

FO(t,y)(x —y)*
il

2
fta) < [ty + 3
i=1

g(t,x) > g(t,y) + GV (t,y)(x —y) +
- [1/J(t,$) - 1/)(1571/)]7 T 2>y, (39)
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GO (t,2)(x — y)*

g(t,x) < g(t,y) + GV (t,y)(x —y) +

2!
— [t 2) =Yty z <y, (3.10)
respectively. Let first consider the following BVPs :
—w’" = x(t o, B;w)
2 .
F@ —a) . .
= )+ Z @) - l[w‘3 — a‘s]

[

) GA(t, B)(w — a)?

+g(t, ) + G (¢, a)(w — ) + o

7[¢(t7w) - 1/J(t,04)],
w(0) = w'(x) = 0 (3.11)

—’UN = (t a,ﬁ,v)

2 pO)(t, B) (v —
= s+ Y T 0 o0,

7!

GA(t, ) (v - B)?
2!

+g(t. 8) + GV (¢, B) (v — B) +
—[y(t,v) — (¢, B))],

v(0) ='(r) = 0. (3.12)
Now by using the above BVPs (3.11) and (3.12) to develop the sequences{a,, } and

{8} respectively. Initially, to prove (ay,, Bp) are the lower and upper solutions of

(3.11) and (3.12) respectively, let us consider natural lower and upper solutions of
the equation (3.1) :

—ag < f(t,a0) + g(t,a0),  ao(0) <0, ag(m) <0 onJ,
where ag(t) < Bo(t). The inequalities (3.7), (3 9) d (3.13) imply

—ag < f(t, o) + g(t, o)
= x(t, a0, fo; ), p(0) <0, apy(m) <0;
) > f(t, ﬂo) +9( Bo)

Fltsan +Z (20l = 00’ 144 55) — ot )

£ g(ta0) + GO (1, a0) (o — ag) + CorliPo) o = a0)?

2!
- [w(tv ﬂO) - ”ll)(t, aO)]
= x(t, a0, fo; Bo),  Bo(0) >0, fy(m) > 0. (3.14)
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By apply Corollary 2.3 together (3.14) conclude that there exists a solution ay(t)
of (3.11) with a = ag and 8 = By such that ag(t) < a1(t) < Bo(t) on J.
Using the inequalities (3.8), (3.10) and (3.13), we can get

- (/)/ Z f(taﬂ()) +g(t7ﬂ0)
= w(t, a0, Bo; Bo), Lo(0) >0, By(mr) >0

—agy < f(t,a0) +g(t, 040)
2

t (ap —
< . + 30 TN )44 00— ot )
i=1
GO (t,a0) (g — fo)?
Falt, o) + GO, Bo) o — o) + S0 Mo0 = b)
- [w(ta Oéo) - w(ta ﬁO)]
= w(t, a0, Bo; ), ap(0) <0, apy(r) <O0. (3.15)
Hence ay, By are lower and upper solutions of (3.12) with ag(t) < Bo(t ) Apply
Corollary 2.3 together (3.15) conclude that there exists a solution f;(t) of (3.12)

with o = ap and 8 = By such that ag(t) < B1(t) < Go(t) on J.

Now to prove that «aj(t) is the unique solution of (3.11), we need to prove
that 9x(t, ao, Bo; 1) /Oy < 0. Since F(t,u) is a 2-hyperconvex function in u and
G(t,u) is a 2-hyperconcave function in w on J with f,(t,u) + ¢, (¢t,u) < 0 on Q,
we have

Ix(t, a0, Bos 1) 1y _ FO(t,&1) (a1 — ag)?
3041 o f (t7a1) 2
+ g (t, 1) + G (t,m) (a1 — ao)(Bo — &2)
< fOt an) + gV (t, ) <0, (3.16)

where ag < &1, & < a7 and & < 11 < fBy. Hence by Corollary 2.4, we can conclude
that aq is the unique solution of (3.11). Similarly, one can prove that ; is the
unique solution of (3.12).

Using the nonincreasing property of G (t,u), (3.7), (3.8), (3.9) and (3.10)
with O(o(t) S (65} (t) S ﬂo(t), Oéo(t) S 61 (t) S ﬂo(t) we have

—af = x(t, a0, Bo; Oél)

~ f(t,0) +Z s 00)en 00 _ 44, 04) - ot 0)

GA(t, o) (a1 — ap)?

+ g(t, a0) + GO (¢, a0) (a1 — ag) +

- [w(tv al) - 1/’(’5, Cko)}
< flt,on) +g(t,a1), ai(0) <0, aj(mr) <O0; (3.17)
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B = w(t, Oéoﬁo;ﬁﬂ
£(t.50) +Z GBS g0, 1) — ot o)

G (t,a0)(B1 — Bo)?
21

+g(t, Bo) + G (t, 80) (B — Bo) +

- [w(tvﬁl) - ’(/}(tvﬁo)]
> f(t,81) +g(t, 1), B1(0) >0, pFi(m)>0. (3.18)

Since a1, #; are lower and upper solutions of (3.1), we can apply Corollary 2.3 to
obtain a; < 87 on J. Thus we have ag < a1 < 81 < Gy on J.

Assume now that «a,, and (3, are solutions of BVPs (3.11) and (3.12), re-
specively, with « = a,,_1 and 8 = §,,_1 such that a,,_1 < a,, < B < Bp_1 on J
and

, Bh(r)>0 onJ. (3.19)

We need to show that a,, < ant1 < Bpy1 < By on J, where a1 and 3,41 are
solutions of BVPs (3.11) and (3.12), respecively, with o = «v,, and 8 = .

The inequalities (3.7), (3.9) and (3.19) imply

—ay < f(t,an) + g(t, an)
= X(t, an, Bns ),  @n(0) <0, al () <0;
By = f(t,Bn) +9(t, Bn)

2
FO(t, 0)(Bn — )@
S (6, =0.)
i=1

— [0t Bn) = o(t; an)]

tan

G(2) (tv ﬂn) (/Bn - an) )
2!

+ g(t, an) + G(l)(t7 O‘n)(ﬂn - an) +

- w)(tv ﬂn) - d)(tv Oén)]
= X(t, an, Bn; Bn);  Bu(0) >0, B (m) > 0. (3.20)

This prove that a,, 3, are lower and upper solutions of (3.11) with « = «,, and
B = By Hence using (3.20) and Corollary 2.3, we can conclude that there exists a
solution 41 of (3.11) with a = e, and 8 = 3,, such that a,, < a1 < G, on J.

The inequalities (3.8), (3.10) and (3.19) imply

By > f(t,Bn) + 9(t, Bn)
w(tvamﬁn;ﬂn)a ﬁn(o) >0, 5;(”) > 0;
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2 5 PG
< 7t + Y TP ot 0) — ot 6.

G(2)(t7 an)(an - ﬁn)@)
2!

+g(t, Bn) + G (L, Bn)(an — Bn) +

- [’(/)(ta an) - w<t’ Bn)]
=w(t,an, Bn;an), an(0) <0, al(7)<O0. (3.21)

Hence ay,, B, are lower and upper solutions of (3.12) with @ = «,, and § = 3,,.
Applying Corollary 2.3 we can conclude that there exists a solution (3,41 of (3.12)
with a = «,, and 8 = 3,, such that a,, < 8,41 < B, on J. In view of assumptions
on f and g, ay,, B, are unique by Corollary 2.4.

Furthermore, by (3.7), (3.8), (3.9) and (3.10) with «,, < apy1 < B, an <
Bpi1 < Bn, and G (t, 1) nonincreasing in u, we have

_a{r:-ﬁ—l = X(t7 Qnp, ﬁTw an-‘rl)

Dt N r — )@
= fltan) + 3 O 2T 0 )~ ot 0)
=1 '

G®@ (t, Bn)(Qni1 — an)(Q)
2!

+9(t, ) + G(l)(t an)(Qny1 —an) +

- [¢(t704n+1) (t an)]
< fhone) 9t ansn), ana(0) <0, (M) <0 (322)

_ﬁ;l,_i,_l = w(t7 Qs B Bn-i-l)

2 @ — 3.\
= f(t, B+ 3 GGt =BTy 5 6]

7!
i=1

+ Q(t ﬁn) +G 1)(t ﬁn)(ﬁn-‘rl ) +

- [w(t7ﬂn+1) (t ﬁn)]
Z f(taﬁ'nrl»l) + g<t7ﬂn+l>a ﬁn+l( ) Z 07 /6;«}1(7.(-) 2 0. (323)
Since ay,41, Ont1 are lower and upper solutions of (3.1), we can apply Corollary

2.4 to obtain a1 < Br41 on J. This proves o, < apy1 < Brt1 < B on J. Thus
by induction, we have

G(Q) (ta an)(ﬁn—&-l - ﬁn)@)
2!

ap <o << < B << B <Py on

By the fact that «,, 3, are lower and upper solutions of (3.1) with a,, < (,, and
Corollary 2.3 we can conclude that there exists a solution wu(t) of (3.1) such that
an <u < B, on J. So we have

ap<ap < <ap<u<f, << <P ond (3.24)
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Using Green’s function, we can write a,(t) and 3,(t) as follows:
1
0= [ Kot s)x(san-1(5), Buoa(s)in(s))ds,
0

= /0 Ko(t, s)w(s, an—1(8), Bn-1(8); Bn(s))ds. (3.25)

We can prove that the sequences {«,(t)} and {8,(t)} are equicontnuous and
uniformly bounded. Now applying Ascoli-Arzela’s theorem, we can show that
there exist subsequences {a,, ;(t)} and {3, ;(t)}, such that «a, ;(t) — p(t) and
Bn,j(t) — r(t) with p(t) < u(t) < r(t) on J. Since the sequences {ay,(t)} and
{Bn(t)} are monotone, we have a,(t) — p(t) and (3, (t) — r(t). Taking the limit
as n — 0o, we get

lim a,(t) = plt) < u(t) < r(t) = lim B, ().

n—00 n—oo

Next we show that r(t) < p(t). From BVPs (3.11) and (3.12) we get
—p(t)" = f(t,p(1) + g(t, p(t), p(0) =p'(m) = O,
—r(®)" = f(t,r(t)) + g(t,r(t), r(0)=r'(m) = 0. (3.26)
Set p(t) = r(t) — p(t) and note that p(0) = p’(7) = 0, we have
=p(t) = —1"(t) = (=p" (1))
= f(t,r(@) +g(t, (1)) — f(t,p(t)) — g(t, p(t))

= fu(t,)(r(t) — p(t)) + gu(t,n)(r(t) — p(t))
= (fu(t,€) + gu(t,n)p (3.27)

where £, n are between r and p. This implies that —p” < Ap, where f,+g, < A < 0.
Now applying Corollary 2.4, we get r(t) < p(t) on J. This proves r(t) = p(t) = u(t).
Hence {ay,(t)} and {B,(t)} converge uniformly and monotonically to the unique
solution of (3.1).

Let us consider the order of convergence of {a,(¢)} and {3,(t)} to the unique
solution u(t) of (3.1). To obtain this, set

pn(t) = u(t) — an(t) >0,

for t € J with p,(0) = p’n(w) =0, ¢,(0) = qn(w) = 0. therefore, we can write

pn+1(t) = /0 KO(tvs)[f(svu) +g(s7u) - X(s,an(s)7ﬂn(s);an+1(s))]ds,

In+1(t) :/0 Ko(t, s)[w(s, an(s), Bu(s); Bus1(s)) — f(s,u) — g(s,u)]ds.
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Now using the Taylor series expansion with Lagrange remainder, the mean value
theorem together with (As) of the hypothesis and the properties on F' and G, we
obtain

0<pnt1 t)

/ Ko(t, 5){ f(s,u) + g(5,0) — [F(t, an) + g(t, )

2

e )(t an><%+1 =00 (1, cansr) — (1, a0)]

il
i=1

G (t, Bn)(Onr1 — an)®
2!

+ G(l)(t7 an)(nt1 —

— [t ans) = ()] fds
[
F3)

G(Q) (t, ﬂn)(an - an)(Q)
o1 s ]}ds

H{£(s.0) + gls.w) = [F(E @) + gt @)

t,s
(t, fl)(o‘n-&-l — Oy )(3) G(Z)(tv&)(anﬁ-l - an)@)
2!

/Kots (5,10 (t = @gr) + (5, 72) (6 — )

Ot &)= an)® GO () (B — &) —an)?y
3! 2! }

F(3) t, n(?’)
/ Ky(t, s { fu(s,m) + gu(s,m2)]Pnt1 + %

S

@), ns)(qn + pn)pn® } ds

where a, < &1, & < apt1 <1, 2 <wand & < n3 < B, It fallows by (Ag) that
there exists A < 0 and an integer N such that f,(s,m1) + gu(s,m2) < A, t € [0,7]
for n > N. Therefore, the error p,,1 satisfies the BVP

—pi 1 (t) = App1(8) = f(t,u) + g(t, u) — x(E, an(t), Bn(t); Ant1(t)) — Apnt1 (),
Pnt+1(0) = p), 41 (m) = 0.

This means that

i ® ®
pori(®) < [ Kalto){[fulssm) + gulsm) = Nps + P
0

3) @)
G (tvng)(fér: + Pn)Pn }ds.
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Let | Kx(t,s) |< A1, | fu(s,u) + gu(s,v) — X |< A, | FO(t,u)/3! |< Az and
| GG)(t,u)/2! |< Ay. Then we have
I Parr 1< ki Lo 1P k2 [ oa 112 (g |+ 1 Pa ) (3.29)
where kl = A1A3/(1 — A1A2) and k2 = A1A4/(1 - AlAg).
Similarly, we can show
I gnr 1< Kol g P k2 1 gn 1P (Fan Il + [ 2n 1), (3.30)
where kl = A1A3/(1 — A1A2) and kQ = A1A4/(1 — AlAg).
Hence combining (3.29) and (3.30) we obtain

I pas |+ 1l dnen 1< C llpn |+ 1 g 117
where C'is an appropriate positive constant. This completes the proof. O

We note that the unique solution we have obtained is the unique solution of
(3.1) in the sector determined by the lower and upper solutions.

Similar results can be obtained for the other coupled upper and lower solutions
of (3.1) which are given by

—ao f(t,080) + g(t,ap), ap(0) <0, ap(r) <0,
(t ao) +g(t ﬁ0)7 ﬁo(o) > 07 60(77) > Oa
—ao ft,a0)+ gt Bo), ap(0) <0, ag(m) <0,
(t 50) +g(t Oéo), 60(0) 2 07 60(7{') Z 07
and
—ay < f(t,6o) ,Bo),  ao(0) <0, ap(m) <0,
-6y > [f(t,ao) +g(t,ag), [o(0) >0, fBo(m) >0
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