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1 Introduction

The concept of Grill [1] and its study [2, Bl 4] in topological space are not new
in literature. But the study of grill topological space [5] as like similar to the ideal
topological space [6] had been started from 2007. Mathematicians Al-Omari and
Noiri [7, 8] and Hatir and Jafari [9] have developed the study of grill topological
spaces with continuities and generalized continuities. According to Choquet [I], a
grill G on a topological space X is a non-null collection of nonempty subsets of X
satisfying two conditions: (i) A€ Gand ACBC X =BeGand (ii) A, BC X
and AUBegGg=—= AcGor Beg.

In [5] Roy and Mukherjee have introduced a new topology on a topological
space X, constructed by the use of a grill on X, and is described as follows:

Let G be a grill on a topological space (X,7). Consider the operator ® :
P(X) = p(X) (here p(X) stands for the power set of X), given by
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®(A)={zr e X : UNA € G for all open neighbourhoods Ucontaining z in X }.
Then the map ¥ : p(X) — p(X), where ¥(A) = AU P(A) for A € p(X), is
a Kuratowski closure operator and hence induces a topology 7g on X, strictly
finer than 7, in general. An open base B for the topology 7¢ on X is given by
B={U\A: Ue€rand A ¢ G}. If G is a grill on the topological space (X, 7) then
we will denote (X, 7,G) as a grill topological space.

The paper which had been written by E. Ekici [10] has motivated me for
studying this paper. In this paper we shall introduce some generalized open sets
like semi9-open, R-G-set, Ag-set etc. We shall also introduce different types of
continuity and characterization of the same. We also decompose these continuities.

Throughout this paper CI(K) and Int(K) denote the closure and interior of
K in (X, ), respectively for a subset K of a topological space (X, 7). Clg(K) and
Intg(K) denote the closure and interior of K in (X, 7g), respectively for a subset
K of a topological space (X, 7g).

2 R-G -open sets and Ag-sets

Definition 2.1. A subset K of a grill topological space (X, T,G) is said to be
(1) R-G-open if K = Int(Clg(K));
(2) R-G-closed if its complement is R-G-open.

Lemma 2.2. Let K be a subset of a grill topological space (X,7,G). If N is an
open set, then N N Clg(K) C Clg(NNK).

Proof. Let € NN Clg(K). Then x € N and z € Clg(K), implies that x € N
and for all U, € 7¢g, U, N K # (. Again N € 7¢g and N N U, is the open set of
(X, 7g) containing x, so, NN U, N K # (). This implies that z € Clg(NNK). O

Definition 2.3. A subset K of a grill topological space (X, T,G) is said to be
(1) semi¥-open if K C Cl(Intg(K));
(2) semi©-closed if its complement is semi© -open .

Theorem 2.4. For a grill topological space (X,7,G) and a subset K of X, the
following properties are equivalent:

(1) K is R-G-closed set;

(2) K is semi9-open and closed.

Proof. (1)= (2): Let K be a R-G-closed set in X. Then we have K = Cl(Intg(K)).
It follows that K is semi9-open and closed.

(2)= (1): Suppose that K is a semi9-open set and closed set in X. It follows
that K C Cl(Intg(K)). Since K is closed, then we have Cl(Intg(K)) C CI(K) =
K C Cl(Intg(K)).

Thus K = Cl(Intg(K)) and hence K is R-G-closed. O

Theorem 2.5. For a grill topological space (X,7,G) and a subset K of X, K s
an R-G-open set if and only if K is semi®-closed and open.
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Proof. Tt follows from above Theorem. |

Theorem 2.6. A subset K of a grill topological space (X, T,G) is semid-open if
and only if there exists N € 7g such that N C K C CI(N).

Proof. Let K be semiY-open, then K C Cl(Intg(K)). Take N = Intg(K). Then
we have N C K C CI(N).

Conversely, let N C K C CI(N) for some N € 7g. We have N C Intg(K) and
hence CI(N) C Cl(Intg(K). Thus we obtain K C Cl(Intg(K)). O

Theorem 2.7. For a grill topological space (X, 7,G) and a subset K of X, the
following properties are equivalent:

(1) K is a R-G-closed set;

(2) there exists a Tg-open set L such that K = Cl(L).

Proof. (2)= (1): Suppose that there exists a 7g-open set L such that K =
CI(L). Since L = Intg(L), then we have CI(L) = Cl(Intg(L)). It follows that
Cl(Intg(CI(L))) = Cl(Intg(Cl(Intg(L)))) = Cl(Intg(L)) = CI(L). This implies
K = CI(L) = Cl(Intg(Cl(L))) = Cl(Intg(K)). Thus, K = Cl(Intg(K)) and
hence K is an R-G-open set in X.

(1)= (2): Suppose that K is a R-G-closed set in X. We have K = Cl(Intg(K)).
We take L = Intg(K). It follows that L is a 7g-open set and K = CI(L). O

Theorem 2.8. For a grill topological space (X,7,G) and a subset K of X, K is
semi© -open if K = LN M where L is an R-G-closed set and Int(M) is a 7g-dense
set.

Proof. Suppose K = LNM where L is an R-G-closed set and Int(M) is a 7g-dense
set. By Theorem 2.7] there exists a 7g-open set N such that L = CI(N). We take
O = NN Int(M). It follows that O is 7g-open and O C K. Moreover, we have
Cl(O) = CY(NNInt(M)) and CI(NNInt(M)) C CI(N). Since Int(M) is tg-dense,
then we have N = N N Clg(Int(M)) C Clg(N N Int(M)) C CI(N N Int(M)). It
follows that CI(N) C CI(N N Int(M)). Furthermore, we have Ci(O) = CI(N N
Int(M)) CCI(N)=L C CI(NNInt(M)) = Cl(O). Thus, O C K C L = CI(0O).
Hence by Theorem 2.6, K is a semi¥-open set in X. [l

Definition 2.9. The semi9-closure of a subset K of a grill topological space
(X,7,G), denoted by sgCI(K), is defined by the intersection of all semi-closed
sets of X containing K.

Theorem 2.10. Let (X,7,G) be a grill topological space and A C X. Then
x € sgCI(A) if and only if every semi®-open set U, containing x, U, N A # ().

Proof. Let x € sgCIl(A). Suppose that U, N A = ), U, is an semi9-open set
containing x. Then A C (X \ U,) and (X \ U,) is a semiY-closed set containing
A. Therefore x € (X \ U;), and this is a contradiction.

Conversely suppose that U, NA # ), for every semi9-open set U, containing .
If possible suppose that x ¢ sgCI(A), then there exists F subset of X which satisfy
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ACF, X\Fissemi9-open and x ¢ F. Therefore x € (X \ F). So AN(X\F) =0
for an semiY-open set X \ F containing z. It is a contradiction. O

Corollary 2.11. For a subset K of a grill topological space (X,7,G), sgCIl(K) =
K U Int(Clg(K)).

Proof. Suppose that x € Int(Clg(K)) but « ¢ sgCI(K). Then there exists a
semiY-open set U, containing z, such that U, N K = ) (by Theorem ZI0). Since
U, is semi9-open set, then there exists N € 7g such that N C U, C CI(N) (by
Theorem [Z6). So, NN K = 0, i.e.,, x ¢ Clg(K). Therefore x ¢ Int(Clg(K)),
a contradiction. So, x € sgCI(K). Again if x € K then it is obvious that
x € sgCI(K). Finally we get, Int(Clg(K)) UK C sgCI(K).

For reverse inclusion we shall prove that Int(Clg(K)) U K is a semi¥-closed
set containing K. Now IntClg(IntClg(K) U K)) C Clg(IntClg(K) U K) C
Clg(Clg(K))UCIg(K) = Clg(K). This implies that, IntClg(IntClg(K)UK)) C
IntClg(K). Therefore IntClg(IntClg(K)UK)) C IntClg(K)UK. So IntClg(K)U
K is a semiY-closed set containing K and hence sgCIl(K) C IntClg(K) UK.

Hence the result. O

Definition 2.12. Let (X, 7,G) be a grill topological space and K C X. K is called
(1) generated semi9 - closed (gsg- closed) in (X, 1,G) if sgCl(K) C O whenever
K C O and O is an open set in (X,7,G);
(2) generated semi9 - open set (gsg- open) in (X,7,G) if X\ K is a gsg- closed
set in (X, 7,G).

Theorem 2.13. For a subset M of a grill topological space (X, 7,G), M is called
gsg- open if and only if T C sgInt(M) whenever T C M and T is a closed set in
(X,7,G) where sgInt(M) = M N Cl(Intg(M))

Proof. Suppose M is a gsg- open set in (X, 7,G). Let T C M and T be a closed
set in (X, 7,G). It follows that X \ M C X \ T, where X \ T is open set. Since
X \ M is a gsg- closed, then sgCl(X \ M) C X \ T, where sgCI(X \ M) =
(X \ M) U Int(Clg(X \ M)). Since (X \ M)U Int(Clg(X \ M)) = (X \ M) U
(X \ Cl(Intg(M))) = X\ (M NCl(Intg(M))) = X \ sgInt(M). Tt follows that
sgCUX \ M) = X\ sgInt(M). Thus, T C X \ sgCl(X \ M) = sgInt(M) and
hence T C sgInt(M).

The converse part is similar. O

Theorem 2.14. Let (X, 7,G) be a grill topological space and N C X. The follow-
ing properties are equivalent:

(1) N is an R-G-open set;

(2) N is open and gsg-closed.

Proof. (1) = (2): Let N be an R-G-open set in (X,7,G). Then we have N =
Int(Clg(N)). Tt follows that N is open and semi9-closed in (X,7,G). Thus,
sgCIl(N) C K whenever N C K and K is an open set in (X, 7,G).
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(2)= (1): Let N be open and gsg-closed in (X, 7,G). We have N C Int(Clg(N)).
Since N is gsg-closed and open, then we have sgCI(N)C N. Since sgCI(N) = NU
Int(Clg(N)), then sgCI(N) = N U Int(Clg(N)) € N. Thus, Int(Clg(N)) C N
and N C Int(Clg(N)). Hence N = Int(Clg(N)) and N is an R-G-open set in
(X,7,9). O

Definition 2.15. A subset K of a grill topological space (X, 7,G) is said to be
(1) an Ag-set if K = LN M, where L is an open set and M = Cl(Intg(M));
(2) a locally closed set [T1)] if K = LN M where L is an open set and M is a
closed set in (X,7,G).

Remark 2.16. Let (X, 7,G) be a grill topological space. Any open set and any
R-G-closed set in (X,7,G) is an Ag-set. The reverse of this implication is not
true in general as shown in the following example.

Example 2.17. Let X = {a,b,c,d}, 7 = {X,0,{a}, {b,c},{a,b,c}} and G= {{b},
{a,b},{a,b,c},{c,b,d},{b,c}, {b,d},{a,b,d}, X}. Then the set K = {b,c,d} is
an Ag-set but it is not open. The set L = {a,b,c} is an Ag-set but it is not
R-G-closed.

Remark 2.18. Let (X, 7,G) be a grill topological space. Any Ag-set is a locally
closed set in X. The reverse implication is not true in general as shown in the
following example.

Example 2.19. Let X = {a,b,c,d}, 7 = {X,0,{a},{b,c},{a,b,c}} and G= {{b},
{a,b},{a,b,c},{c,b,d},{b,c},{b,d},{a,b,d}, X}. Then the set K = {d} is locally
closed but it is not an Ag-set.

Theorem 2.20. Let (X, 7,G) be a grill topological space, N C X and K C X. If

N is a semi¥-open set and K is an open set, then N N K is semi9 -open.

Proof. Suppose that N is a semiY-open set and K is an open set in X. It follows
by Lemma 2.2 that

NNK CCl(Intg(N))NK C Cl(intg(K) N K) = Cl(Intg(N N K)). Thus,
NN K CCl(Intg(NNK)) and hence, N N K is a semi9-open set in X. O

Lemma 2.21 ([I1]). For a subset A of a topological space (X,T), A is locally
closed if and only if A=U NCI(A) for an open set U.

Definition 2.22. A subset K of a grill topological space (X, 7,G) is said to be
(1) Bg-open if K C Cl{Intg(CI(K));
(2) Bg-closed if X \ K is Bg-open.

Theorem 2.23. Let (X, 7,G) be a grill topological space and K C X. The follow-
ing properties are equivalent:

(1) K is an Ag-set;

(2) K is semi®-open and locally closed;

(8) K is a Bg-open set and a locally closed set.



514 Thai J. Math. 13 (2015)/ S. Modak

Proof. (1)= (2): Suppose that K is an Ag-set in X. It follows that K = LN M
where L is an open set and M = Cl(Intg(M)). Then K is locally closed. Since
M is a semiY-open set, then by Theorem 220, K is a semiY-open set in X.

(2)= (3): It follows from the fact that any semi9-open set is Bg-open.

(3)= (1): Let K be a fSg-open set and a locally closed set in X. We have
K C Cl(Intg(CIl(K))). Since K is a locally closed set in X, then there exists an
open set L such that K = LN CI(K). Tt follows that

K =LNCIK) C LNnCl(Intg(CI(K))) C LNCI(K) = K and then K =
LNCl(Intg(CI(K))). We take M = Cl(Intg(CIl(K))). Then Cl(Intg(M)) = M.
Thus, K is an Ag-set in X. O

Theorem 2.24. Let (X,7,G) be a grill topological space. If every subset of
(X,7,G) is an Ag-set, then (X, 7,G) is a discrete grill topological space with respect
to 1g.

Proof. Suppose that every subset of (X, 7, G) is an Ag-set. It follows from Theorem
223 that {z} is semi-open and locally closed for any # € X. We have {2} C
Cl(Intg({x})). Thus we have Intg({z}) = {z}. Hence (X, 7,G) is a discrete grill
topological space with respect to 7g. O

3 Decompositions of A4g-continuous functions

Definition 3.1. A function f : (X,7,G)— (Y,0) is said to be
(1) Ag-continuous if f~*(T) is an Ag-set in X for each open set T in'Y;
(2) LC-continuous [11] if f~Y(T) is a locally closed set in X for each open set
TinY.

Remark 3.2. For a function [ : (X,7,G)— (Y,0), the following diagram holds.
The reverses of these implications are not true in general as shown in the following
example.

Continuous = Ag-continuous = LC-continuous.

Example 3.3. Let X = {a,b,c,d}, 7 = {X,0,{a},{b,c},{a,b,c}} and G= {{b}, {a, b},
{a,b,c}, {c,b,d}, {b,c},{b,d},{a,b,d}, X}. The function f : (X,7,G)— (X,7),
defined by f(a) = a, f(b) = b, f(c) = b, f(d) = ¢ is Ag-continuous but it is
not continuous. The function g : (X,7,G)— (Y,7), defined by g(a) = b, g(b) =

¢, g(e) = ¢, g(d) = a is LC-continuous but it is not Ag-continuous.

Definition 3.4. A function [ : (X,7,G)— (Y,0) is said to be
(1) semi-G-continuous if f~*(T) is a semi©-open in X for each open set T in
Y;
(2) Bg-continuous if f~(T) is a Bg-open set in X for each open set inY.

Theorem 3.5. The following properties are equivalent for a function f : (X, 7,G)—
(Y. 0):
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(1) f is Ag-continuous;
(2) f is semi9-continuous and LC-continuous;
(8) f is Bg-continuous and LC-continuous.

Proof. It follows from Theorem O
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