
Thai Journal of Mathematics
Volume 13 (2015) Number 2 : 509–515

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Decompositions of Generalized Continuity

in Grill Topological Spaces

Shyamapada Modak

Department of Mathematics, University of Gour Banga
P.O. Mokdumour, Malda - 732 103, West Bengal, India

e-mail : spmodak2000@yahoo.co.in

Abstract : The paper deals with some new types of generalized open set in grill
topological space and its properties. Some generalized continuities will also be
considered and its decompositions will be discussed.

Keywords : SemiG-open; R-G-open set; AG-continuity.

2010 Mathematics Subject Classification : Primary: 54A05; Secondary:
54A10; 54C08; 54C10.

1 Introduction

The concept of Grill [1] and its study [2, 3, 4] in topological space are not new
in literature. But the study of grill topological space [5] as like similar to the ideal
topological space [6] had been started from 2007. Mathematicians Al-Omari and
Noiri [7, 8] and Hatir and Jafari [9] have developed the study of grill topological
spaces with continuities and generalized continuities. According to Choquet [1], a
grill G on a topological space X is a non-null collection of nonempty subsets of X
satisfying two conditions: (i) A ∈ G and A ⊂ B ⊂ X ⇒ B ∈ G and (ii) A, B ⊂ X
and A ∪B ∈ G=⇒ A ∈ G or B ∈ G.

In [5] Roy and Mukherjee have introduced a new topology on a topological
space X , constructed by the use of a grill on X , and is described as follows:

Let G be a grill on a topological space (X, τ). Consider the operator Φ :
℘(X) → ℘(X) (here ℘(X) stands for the power set of X), given by
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Φ(A) = {x ∈ X : U∩A ∈ G for all open neighbourhoods Ucontaining x in X}.
Then the map Ψ : ℘(X) → ℘(X), where Ψ(A) = A ∪ Φ(A) for A ∈ ℘(X), is
a Kuratowski closure operator and hence induces a topology τG on X , strictly
finer than τ , in general. An open base B for the topology τG on X is given by
B= {U \A : U ∈ τ and A /∈ G}. If G is a grill on the topological space (X, τ) then
we will denote (X, τ,G) as a grill topological space.

The paper which had been written by E. Ekici [10] has motivated me for
studying this paper. In this paper we shall introduce some generalized open sets
like semiG-open, R-G-set, AG-set etc. We shall also introduce different types of
continuity and characterization of the same. We also decompose these continuities.

Throughout this paper Cl(K) and Int(K) denote the closure and interior of
K in (X, τ), respectively for a subset K of a topological space (X, τ). ClG(K) and
IntG(K) denote the closure and interior of K in (X, τG), respectively for a subset
K of a topological space (X, τG).

2 R-G -open sets and AG-sets

Definition 2.1. A subset K of a grill topological space (X, τ,G) is said to be
(1) R-G-open if K = Int(ClG(K));
(2) R-G-closed if its complement is R-G-open.

Lemma 2.2. Let K be a subset of a grill topological space (X, τ,G). If N is an
open set, then N ∩ ClG(K) ⊆ ClG(N ∩K).

Proof. Let x ∈ N ∩ ClG(K). Then x ∈ N and x ∈ ClG(K), implies that x ∈ N
and for all Ux ∈ τG , Ux ∩ K 6= ∅. Again N ∈ τG and N ∩ Ux is the open set of
(X, τG) containing x, so, N ∩Ux ∩K 6= ∅. This implies that x ∈ ClG(N ∩K).

Definition 2.3. A subset K of a grill topological space (X, τ,G) is said to be
(1) semiG-open if K ⊆ Cl(IntG(K));
(2) semiG-closed if its complement is semiG-open .

Theorem 2.4. For a grill topological space (X, τ,G) and a subset K of X, the
following properties are equivalent:

(1) K is R-G-closed set;
(2) K is semiG-open and closed.

Proof. (1)⇒ (2): LetK be aR-G-closed set inX . Then we haveK = Cl(IntG(K)).
It follows that K is semiG-open and closed.

(2)⇒ (1): Suppose that K is a semiG-open set and closed set in X . It follows
that K ⊆ Cl(IntG(K)). Since K is closed, then we have Cl(IntG(K)) ⊆ Cl(K) =
K ⊆ Cl(IntG(K)).

Thus K = Cl(IntG(K)) and hence K is R-G-closed.

Theorem 2.5. For a grill topological space (X, τ,G) and a subset K of X, K is
an R-G-open set if and only if K is semiG-closed and open.
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Proof. It follows from above Theorem.

Theorem 2.6. A subset K of a grill topological space (X, τ,G) is semiG-open if
and only if there exists N ∈ τG such that N ⊆ K ⊆ Cl(N).

Proof. Let K be semiG-open, then K ⊆ Cl(IntG(K)). Take N = IntG(K). Then
we have N ⊆ K ⊆ Cl(N).

Conversely, let N ⊆ K ⊆ Cl(N) for some N ∈ τG . We have N ⊆ IntG(K) and
hence Cl(N) ⊆ Cl(IntG(K). Thus we obtain K ⊆ Cl(IntG(K)).

Theorem 2.7. For a grill topological space (X, τ,G) and a subset K of X, the
following properties are equivalent:

(1) K is a R-G-closed set;
(2) there exists a τG-open set L such that K = Cl(L).

Proof. (2)⇒ (1): Suppose that there exists a τG-open set L such that K =
Cl(L). Since L = IntG(L), then we have Cl(L) = Cl(IntG(L)). It follows that
Cl(IntG(Cl(L))) = Cl(IntG(Cl(IntG(L)))) = Cl(IntG(L)) = Cl(L). This implies
K = Cl(L) = Cl(IntG(Cl(L))) = Cl(IntG(K)). Thus, K = Cl(IntG(K)) and
hence K is an R-G-open set in X .

(1)⇒ (2): Suppose thatK is aR-G-closed set inX . We haveK = Cl(IntG(K)).
We take L = IntG(K). It follows that L is a τG-open set and K = Cl(L).

Theorem 2.8. For a grill topological space (X, τ,G) and a subset K of X, K is
semiG-open if K = L∩M where L is an R-G-closed set and Int(M) is a τG-dense
set.

Proof. Suppose K = L∩M where L is an R-G-closed set and Int(M) is a τG-dense
set. By Theorem 2.7, there exists a τG-open set N such that L = Cl(N). We take
O = N ∩ Int(M). It follows that O is τG-open and O ⊆ K. Moreover, we have
Cl(O) = Cl(N∩Int(M)) and Cl(N∩Int(M)) ⊆ Cl(N). Since Int(M) is τG-dense,
then we have N = N ∩ ClG(Int(M)) ⊆ ClG(N ∩ Int(M)) ⊆ Cl(N ∩ Int(M)). It
follows that Cl(N) ⊆ Cl(N ∩ Int(M)). Furthermore, we have Cl(O) = Cl(N ∩
Int(M)) ⊆ Cl(N) = L ⊆ Cl(N ∩ Int(M)) = Cl(O). Thus, O ⊆ K ⊆ L = Cl(O).
Hence by Theorem 2.6, K is a semiG-open set in X .

Definition 2.9. The semiG-closure of a subset K of a grill topological space
(X, τ,G), denoted by sGCl(K), is defined by the intersection of all semiG-closed
sets of X containing K.

Theorem 2.10. Let (X, τ,G) be a grill topological space and A ⊆ X. Then
x ∈ sGCl(A) if and only if every semiG-open set Ux containing x, Ux ∩ A 6= ∅.

Proof. Let x ∈ sGCl(A). Suppose that Ux ∩ A = ∅, Ux is an semiG-open set
containing x. Then A ⊆ (X \ Ux) and (X \ Ux) is a semiG-closed set containing
A. Therefore x ∈ (X \ Ux), and this is a contradiction.

Conversely suppose that Ux∩A 6= ∅, for every semiG-open set Ux containing x.
If possible suppose that x /∈ sGCl(A), then there exists F subset of X which satisfy
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A ⊆ F , X \F is semiG-open and x /∈ F . Therefore x ∈ (X \F ). So A∩(X \F ) = ∅
for an semiG-open set X \ F containing x. It is a contradiction.

Corollary 2.11. For a subset K of a grill topological space (X, τ,G), sGCl(K) =
K ∪ Int(ClG(K)).

Proof. Suppose that x ∈ Int(ClG(K)) but x /∈ sGCl(K). Then there exists a
semiG-open set Ux containing x, such that Ux ∩K = ∅ (by Theorem 2.10). Since
Ux is semiG-open set, then there exists N ∈ τG such that N ⊆ Ux ⊆ Cl(N) (by
Theorem 2.6). So, N ∩ K = ∅, i.e., x /∈ ClG(K). Therefore x /∈ Int(ClG(K)),
a contradiction. So, x ∈ sGCl(K). Again if x ∈ K then it is obvious that
x ∈ sGCl(K). Finally we get, Int(ClG(K)) ∪K ⊆ sGCl(K).

For reverse inclusion we shall prove that Int(ClG(K)) ∪ K is a semiG-closed
set containing K. Now IntClG(IntClG(K) ∪ K)) ⊆ ClG(IntClG(K) ∪ K) ⊆
ClG(ClG(K))∪ClG(K) = ClG(K). This implies that, IntClG(IntClG(K)∪K)) ⊆
IntClG(K). Therefore IntClG(IntClG(K)∪K)) ⊆ IntClG(K)∪K. So IntClG(K)∪
K is a semiG-closed set containing K and hence sGCl(K) ⊆ IntClG(K) ∪K.

Hence the result.

Definition 2.12. Let (X, τ,G) be a grill topological space and K ⊆ X. K is called
(1) generated semiG- closed (gsG- closed) in (X, τ,G) if sGCl(K) ⊆ O whenever

K ⊆ O and O is an open set in (X, τ,G);
(2) generated semiG- open set (gsG- open) in (X, τ,G) if X \K is a gsG- closed

set in (X, τ,G).

Theorem 2.13. For a subset M of a grill topological space (X, τ,G), M is called
gsG- open if and only if T ⊆ sGInt(M) whenever T ⊆ M and T is a closed set in
(X, τ,G) where sGInt(M) = M ∩ Cl(IntG(M))

Proof. Suppose M is a gsG- open set in (X, τ,G). Let T ⊆ M and T be a closed
set in (X, τ,G). It follows that X \ M ⊆ X \ T , where X \ T is open set. Since
X \ M is a gsG- closed, then sGCl(X \ M) ⊆ X \ T , where sGCl(X \ M) =
(X \ M) ∪ Int(ClG(X \ M)). Since (X \ M) ∪ Int(ClG(X \ M)) = (X \ M) ∪
(X \ Cl(IntG(M))) = X \ (M ∩ Cl(IntG(M))) = X \ sGInt(M). It follows that
sGCl(X \ M) = X \ sGInt(M). Thus, T ⊆ X \ sGCl(X \ M) = sGInt(M) and
hence T ⊆ sGInt(M).

The converse part is similar.

Theorem 2.14. Let (X, τ,G) be a grill topological space and N ⊆ X. The follow-
ing properties are equivalent:

(1) N is an R-G-open set;
(2) N is open and gsG-closed.

Proof. (1) ⇒ (2): Let N be an R-G-open set in (X, τ,G). Then we have N =
Int(ClG(N)). It follows that N is open and semiG-closed in (X, τ,G). Thus,
sGCl(N) ⊆ K whenever N ⊆ K and K is an open set in (X, τ,G).
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(2)⇒ (1): LetN be open and gsG-closed in (X, τ,G). We haveN ⊆ Int(ClG(N)).
Since N is gsG-closed and open, then we have sGCl(N)⊆ N . Since sGCl(N) = N∪
Int(ClG(N)), then sGCl(N) = N ∪ Int(ClG(N)) ⊆ N . Thus, Int(ClG(N)) ⊆ N
and N ⊆ Int(ClG(N)). Hence N = Int(ClG(N)) and N is an R-G-open set in
(X, τ,G).

Definition 2.15. A subset K of a grill topological space (X, τ,G) is said to be
(1) an AG-set if K = L ∩M , where L is an open set and M = Cl(IntG(M));
(2) a locally closed set [11] if K = L ∩M where L is an open set and M is a

closed set in (X, τ,G).

Remark 2.16. Let (X, τ,G) be a grill topological space. Any open set and any
R-G-closed set in (X, τ,G) is an AG-set. The reverse of this implication is not
true in general as shown in the following example.

Example 2.17. Let X = {a, b, c, d}, τ = {X, ∅, {a}, {b, c}, {a, b, c}} and G= {{b},
{a, b}, {a, b, c}, {c, b, d}, {b, c}, {b, d}, {a, b, d}, X}. Then the set K = {b, c, d} is
an AG-set but it is not open. The set L = {a, b, c} is an AG-set but it is not
R-G-closed.

Remark 2.18. Let (X, τ,G) be a grill topological space. Any AG-set is a locally
closed set in X. The reverse implication is not true in general as shown in the
following example.

Example 2.19. Let X = {a, b, c, d}, τ = {X, ∅, {a}, {b, c}, {a, b, c}} and G= {{b},
{a, b}, {a, b, c}, {c, b, d}, {b, c}, {b, d}, {a, b, d}, X}. Then the set K = {d} is locally
closed but it is not an AG-set.

Theorem 2.20. Let (X, τ,G) be a grill topological space, N ⊆ X and K ⊆ X. If
N is a semiG-open set and K is an open set, then N ∩K is semiG-open.

Proof. Suppose that N is a semiG-open set and K is an open set in X . It follows
by Lemma 2.2 that

N ∩K ⊆ Cl(IntG(N)) ∩K ⊆ Cl(intG(K) ∩ K) = Cl(IntG(N ∩K)). Thus,
N ∩K ⊆ Cl(IntG(N ∩K)) and hence, N ∩K is a semiG-open set in X .

Lemma 2.21 ([11]). For a subset A of a topological space (X, τ), A is locally
closed if and only if A = U ∩Cl(A) for an open set U .

Definition 2.22. A subset K of a grill topological space (X, τ,G) is said to be
(1) βG-open if K ⊆ Cl(IntG(Cl(K)));
(2) βG-closed if X \K is βG-open.

Theorem 2.23. Let (X, τ,G) be a grill topological space and K ⊆ X. The follow-
ing properties are equivalent:

(1) K is an AG-set;
(2) K is semiG-open and locally closed;
(3) K is a βG-open set and a locally closed set.
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Proof. (1)⇒ (2): Suppose that K is an AG-set in X . It follows that K = L ∩M
where L is an open set and M = Cl(IntG(M)). Then K is locally closed. Since
M is a semiG-open set, then by Theorem 2.20, K is a semiG-open set in X .

(2)⇒ (3): It follows from the fact that any semiG-open set is βG-open.
(3)⇒ (1): Let K be a βG-open set and a locally closed set in X . We have

K ⊆ Cl(IntG(Cl(K))). Since K is a locally closed set in X , then there exists an
open set L such that K = L ∩ Cl(K). It follows that

K = L ∩ Cl(K) ⊆ L ∩ Cl(IntG(Cl(K))) ⊆ L ∩ Cl(K) = K and then K =
L∩Cl(IntG(Cl(K))). We take M = Cl(IntG(Cl(K))). Then Cl(IntG(M)) = M .
Thus, K is an AG-set in X .

Theorem 2.24. Let (X, τ,G) be a grill topological space. If every subset of
(X, τ,G) is an AG-set, then (X, τ,G) is a discrete grill topological space with respect
to τG .

Proof. Suppose that every subset of (X, τ,G) is anAG-set. It follows from Theorem
2.23 that {x} is semiG-open and locally closed for any x ∈ X . We have {x} ⊆
Cl(IntG({x})). Thus we have IntG({x}) = {x}. Hence (X, τ,G) is a discrete grill
topological space with respect to τG .

3 Decompositions of AG-continuous functions

Definition 3.1. A function f : (X, τ,G)→ (Y, σ) is said to be
(1) AG-continuous if f−1(T ) is an AG-set in X for each open set T in Y ;
(2) LC-continuous [11] if f−1(T ) is a locally closed set in X for each open set

T in Y .

Remark 3.2. For a function f : (X, τ,G)→ (Y, σ), the following diagram holds.
The reverses of these implications are not true in general as shown in the following
example.

Continuous =⇒ AG-continuous =⇒ LC-continuous.

Example 3.3. LetX = {a, b, c, d}, τ = {X, ∅, {a}, {b, c}, {a, b, c}} and G= {{b}, {a, b},
{a, b, c}, {c, b, d}, {b, c}, {b, d}, {a, b, d}, X}. The function f : (X, τ,G)→ (X, τ),
defined by f(a) = a, f(b) = b, f(c) = b, f(d) = c is AG-continuous but it is
not continuous. The function g : (X, τ,G)→ (Y, τ), defined by g(a) = b, g(b) =
c, g(c) = c, g(d) = a is LC-continuous but it is not AG-continuous.

Definition 3.4. A function f : (X, τ,G)→ (Y, σ) is said to be
(1) semi-G-continuous if f−1(T ) is a semiG-open in X for each open set T in

Y ;
(2) βG-continuous if f

−1(T ) is a βG-open set in X for each open set in Y .

Theorem 3.5. The following properties are equivalent for a function f : (X, τ,G)→
(Y, σ):
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(1) f is AG-continuous;
(2) f is semiG-continuous and LC-continuous;
(3) f is βG-continuous and LC-continuous.

Proof. It follows from Theorem 2.23.

Acknowledgement : I would like to thank the referees for his comments and
suggestions on the manuscript.

References

[1] G. Choquet, Sur les notions de filter et grill, Comptes Rendus Acad. Sci.
Paris. 224 (1947) 171-173.

[2] K. C. Chattopadhyay, O. Njastad, W. J. Thron, Merotopic spaces and exten-
sions of closure spaces, Can. J. Math. 35 (4) (1983) 613 - 629.

[3] K. C. Chattopadhyay, W. J. Thron, Extensions of closure spaces, Can. J.
Math. 29 (6) (1977) 1277 - 1286.

[4] W. J. Thron, Proximity structure and grill, Math. Ann. 206 (1973) 35-62.

[5] B. Roy, M. N. Mukherjee, On a typical topology induced by a grill, Soochow
J. Math. 33 (4) (2007) 771 - 786.

[6] K. Kuratowski, Topology I, Warszawa, 1933.

[7] A. Al-Omari, T. Noiri, Decompositions of continuity via grills, Jord. J. Math.
Stat. 4(1) (2011) 33-46.

[8] A. Al-Omari, T. Noiri, Weak forms of G-α-open sets and decompositions of
continuity via grills, Bol. Soc. Paran. Mat. 31 (2) (2013) 19-29.

[9] E. Hatir, S. Jafari, On some new classes of sets and a new decomposition of
continuity via grills, J. Adv. Math. Studies. 3 (2010) 33-40.

[10] E. Ekici, On R − I-open sets and A∗
I
-sets in ideal topological spaces, Ann.

Uni. Cra. Mat. Com. Sc. 38 (2) (2011) 26-31.

[11] N. Bourbaki, General Topology, Part I, Addison Wesley, Reading, Mass 1966.

(Received 26 Septermber 2013)
(Accepted 7 May 2015)

Thai J. Math. Online @ http://thaijmath.in.cmu.ac.th

http://thaijmath.in.cmu.ac.th

	Introduction
	R- G  -open sets and AG-sets
	Decompositions of AG-continuous functions

