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Abstract : In this paper, we introduce an iterative scheme for finding a common
element of the set of solutions of the general equilibrium problem and the set of
fixed point of nonexpansive mappings in Banach space. Under suitable conditions,
some strong convergence theorem for approximating a common element of the
above two sets are obtained. Results obtained in this paper improve the previously
known results in this area.
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1 Introduction

Let E be a real Banach space and let E* be the dual of E. Let C be a closed
convex subset of E. We denote by J the normalized duality mapping from F to
2E"  defined by

Jr={z" € E*: (z,2") = || = |2"|*}, Vz€E,
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where (-, -) denotes the generalized duality pairing. We denote the strong conver-
gence and the weak convergence of a sequence {z,} — z in F by z,, — z and
T, — x, respectively. First, we recall that a mapping A : C' — E* is said to be:

1. monotone if (Az — Ay, z —y) >0, Vz,y € C.

2. a-inverse-strongly monotone if there exists a positive real number « such
that
(Ax — Ay, x —5) > oAz — Ay||?, Va,y € C.

A mapping T : C — C is said to be nonexpansive if ||Tx — Ty|| < |z —
yll,Vz,y € C. A point & € C is said to be a fixed point of T provided Tz = x.
Denote by Fiz(T) the set of fixed points of T'; that is, Fiz(T) = {x € C : Tz = z}.

Let A: C — E* be a nonlinear mapping and f : C x C' — R be a bifunction,
where R denotes the sets of real numbers. In this paper we consider the following
generalized equilibrium problem of finding u € C such that

flu,y) + (Au,y —u) =20, Yy e C. (1.1)
The set of solutions of (1)) is denoted by EP, i.e.,
EP={ueC: f(u,y)+ (Au,y —u) >0, Vye C}.

When E = H is a Hilbert space, problem ([I) was introduced and studied by
Takahashi and Takahashi [I]. We remark that problem (T]) and related problems
were extensively studied recently. See, e.g., [2-31].

In the case of A = 0, problem (I.TJ) is equivalent to finding u € C such that
f(u,y) >0, Yy € C, which is called equilibrium problem. The set of its solutions
is denoted by EP(f). In the case of f = 0, problem (I.Tl) is equivalent to finding
u € C such that (Au,y—u) > 0, Yy € C, which is called the variational inequality
of Browder type. The set of its solutions is denoted by VI(A,C).

If C' is a nonempty closed convex subset of a Hilbert space H and Po : H — C'
is the metric projection of H onto C, then P¢ is nonexpansive. This fact actually
characterizes Hilbert spaces and, consequently, it is not available in more general
Banach spaces. In this connection, Alber [32] recently introduced a generalized
projection operator C' in a Banach space E which is an analogue of the metric
projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

Sy, ) = yl* = 2y, Jz) + [l (1.2)

for all z,y € E, where J is the normalized duality mapping from E to E*. Observe
that, in a Hilbert space H, (L2) reduces to ¢(y,z) = ||z — y||* for all x,y € H.
The generalized projection Il : E — C' is a mapping that assigns to an arbitrary
point x € E the minimum point of the functional ¢(y, z), that is, [Icz = z*, where
x* is the solution to the minimization problem:

P(a*,x) = ;gg oy, ). (1.3)
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The existence and uniqueness of the operator IIx follows from the properties of
the functional ¢(y, ) and strict monotonicity of the mapping J. In Hilbert spaces,
IIc = Pe. It is obvious from the definition of the function ¢ that

@) Nyl = llzlN? < oy, z) < (lyll + [|=[)? for all z,y € E.
(2) ¢(@,y) = oz, 2) + d(2,y) + 2(x — 2, Jz = Jy) for all z,y, 2 € E.

(3) ¢(x,y) = (2, Jo = Jy) + (y — x, Jy) < |lzl[[[Jz = Tyl + |y — z[llly]| for all
T,y € bE.

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all
z,y € F,
¢(z,y) =0 if and only if z = y.

Recently, Yao, Liou and Shahzad [33] introduced the following iterative scheme.
For given xy € C, let the sequence {x,} be generated iterative by

Tntl = QnTp + (1 - an)QC[(l - ﬂn)TIn]a n > 0.

Where Q¢ : E — C'is sunny nonexpansive retraction and T : C' — C' is nonexpan-
sive mapping. They proved strong convergence theorem for the iterative algorithm
under some mild conditions.

Very recently, Cai and Bu [34] introduced the new iterative algorithm (4] for
finding a common element of the set of solutions of the general equilibrium prob-
lem and the set of solutions of the variational inequality for an inverse-strongly
monotone operator and the set of common fixed points of two infinite families
of relatively nonexpansive mappings or the set of common fixed points of an in-
finite family of relatively quasi-nonexpansive mappings in Banach spaces. More
precisely, they proved that the sequence {z,,} generated by u; € C,

xn € C such that f(zn,y) + (BXn,y — Zn) + %(y — Ty, Jxy — Juy) > 0,Vy € C,

2n = HeJ W (Jx, — M\ Axy),

Un+1 = J_l(anjxn + ﬁnJTnzn + ’YnJSnzn)a Vn > 1,

(1.4)

where A : C — E* is a-inverse strongly monotone operator and B : C — E*
is B-inverse strongly monotone operator. They proved some weak convergence
theorems for the iterative algorithm under some mild conditions.

In this paper, motivated and inspired by Yao, Liou and Shahzad [33], Cai and
Bu [34], we prove strong convergence theorem for finding a common element of
the set of solutions of the general equilibrium problem and the set of fixed point
of nonexpansive mappings in Banach space. Our results extend and improve the
corresponding results of Yao, Liou and Shahzad [33].

2 Preliminaries

A Banach space E is said to be strictly convexif || Z£2[| < 1 for all z,y € E with
lz]l = |lyll = 1 and = # y. It is also said to be uniformly convex if lim, o0 ||Zn —
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ynl| = 0 for any two sequences {z,},{yn} in E such that ||z,| = ||yn|| = 1 and
lim, o0 || 22322 || = 1. Let U = {z € E : ||z|| = 1} be the unit sphere of E. Then
the Banach space F is said to be smooth provided

e+ tyl = ]
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is
attained uniformly for z,y € U. It is well know that if E is smooth, then the
duality mapping J is single valued. It is also known that if ' is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E. Some
properties of the duality mapping have been given in [36-39].

Let D be a subset of C' and @ be a mapping of C' into D. Then @ is said to
be sunny if

QQz + t(z — Qu)) = Qx,

whenever Qx + t(z — Qx) € C for x € C and t > 0. A mapping @ of C into itself
is called a retraction if Q2 = Q. If a mapping Q of C into itself is a retraction,
then Qz = z for all z € R(P), where R(P) is the range of Q. A subset D of C
is called a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction from C onto D.

Lemma 2.1 ([39)). (Demiclosedness Principle) Let C be a nonempty closed convex
subset of a uniformly convex Banach E. Let T : C — C be a nonexpansive
mapping with Fiz(T) # 0. Then T is demiclosed on C, i.e., if x, — x € C and
Tp — Txn — y strongly, then (I —T)x = y.

Lemma 2.2 ([40]). Let {x,} and {yn} be bounded sequences in a Banach space
X and {Bn} be a sequence in [0, 1] with 0 < liminf, o By < limsup,,_, . Bn < 1.
Suppose that xp11 = (1 — Bn)yn + Bnxn for all n > 0 and limsup,, , . (||ynt1 —
Ynll = |Tn+1 — nl]) < 0. Then lim, o0 ||Yn — 2n || = 0.

Lemma 2.3. [41] Assume {a,} is a sequence of nonnegative real numbers such
that

An+41 S (1 - ’Yn)an + '7716117 n 2 07
where {7,} is a sequence in (0, 1) and {d,} is a sequence in R such that
(i) EZO:O Tn = O0;
(ii) limsup,_, . 0p < 0o0r Y07 ) |0nyn| < c0.

Then lim,, .o a,, = 0.

For solving the equilibrium problem for a bifunction f : C x C' — R, let us
assume that f satisfies the following conditions:

(A1) f(xz,z)=0for all x € C;
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for any z,y € C,
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(A3) for each z,y,z € C, limyo f(tz + (1 — t)z,y) < f(z,y);

(A4) for each x € C, y — f(x,y) is convex and lower semicontinuous.

Lemma 2.4 ([2I]). Let E be a smooth, strictly convex and reflexive Banach space
and C be a nonempty closed convex subset of E. Let A : C — E* be an a-inverse-
strongly monotone mapping, let f be a bifunction from C x C — R satisfying
(A1)-(A4) and let r > 0. Then there hold the following

(1) For x € E, there exists u € C such that
1
Flu,y) +{Auyy —u) + —(y —u, Ju—Jz) 2 0,¥y € C.
(2) If E is additionally uniformly smooth and K, : E — C' is defined as

K. (z)= {ue C':f(u,y)+<Au,y—u>—|—%<y—u,Ju—Jx> >0,y € C'},
Vy € E, (2.1)

then the mapping K, has the following properties:
(i) K, is single-valued;
(i) K, is a firmly nonexpansive-type mapping, i.e.,
(Krx — Ky, JK,x — JKy) < (Kpx — Ky, Jo — Jy),Va,y € E;
(iti) F(K,)=EP;
(iv) EP is closed convexr subset of C;
(v) ¢(p, Krx) + (Krx,z) < ¢(p,x),  Vpe F(K,).

Lemma 2.5 ([42]). Let E be a uniformly convexr and smooth Banach space and
let {xn} and {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {x,} or
{yn} is bounded, then x,, — y, — 0.

Lemma 2.6 ([42]). Let E be a smooth and uniformly conver Banach space and
let r > 0. Then there exists a strictly increasing, continuous and convez function
g :10,2r] = R such that g(0) = 0 and g(||lz — y||) < ¢(z,y) for all z,y € B,(0),
where B,.(0) ={z € E: ||z|| <r}.

Lemma 2.7 ([43]). Let E be a uniformly convexr Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,00) —
[0,00), g(0) = 0 such that

[tz — (1= t)yll* < tll=]* + (1 = H)llyl* -t = t)g(ll= — yl)

for all z,y € By (0) :={x € E: ||z| < r} and for any t € [0,1].
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Let E be a real uniformly convex and uniformly smooth Banach. Let C be a
nonempty closed convex and sunny nonexpansive retract of E with Q¢ : E — C
as the sunny nonexpansive retraction. Let T': C' — C be a nonexpansive mapping.
Given a real number ¢ € (0,1). Define a mapping T; : C — C by

Tix =Qc[(1—t)Tx],z € C.
It is easy to see that T} is a contraction on C. Let z,y € C, we have
[Tix — Tyl = Qcl(1 — )Tx] — Qel(1 — )Tyl
<A =0Tz - Tyl
<@ =)z —yll.

Let x; € C be the unique fixed point of T}, that is, x; satisfies the following fixed
point equation

2t = Qcl(1 — )Tz, te(0,1). (2.2)

Lemma 2.8 ([33]). Suppose that Fix(T) # 0. Fort € (0,1), let the net {x:} be
defined by (22). Then ast — 0+, the net {x+} converges strongly to x € Fix(T).

3 Main Results

In this section, we will introduce our methods and prove the strong convergence
theorem.

Theorem 3.1. Let E be a real uniformly convex and uniformly smooth Banach.
Let C be a nonempty closed conver subset and sunny nonexpansive retract of E
with Q¢ : E — C as the sunny nonexpansive retraction. Let T : C' — C be a
nonezxpansive mapping. Let [ be a bifunction from C x C — R satisfying (A1)-
(A4) with F := Fix(T)NEP # 0. Let B : C — E* be a [-inverse strongly
monotone operator. Let {ay} and {Bn} be two sequences in (0,1). Let {xz,} be a
sequence generated by x1 € C,

Up € C such that f(un,y) + (Bun,y — un) + %(y — U, Jup — Jxp) > 0,Vy € C
Tnt1 = QnZp + (1 — an)Qc[(1 — Bn)Tuy], ¥Yn > 0.

(3.1)
Assume that the following conditions are satisfied

1. limy, o0 B = 0;
2. 30 o B =005
3. 0 < liminf,, o o <limsup,,_, . an <1,

where J is the normalized duality mapping on E. Then {x,} converges strongly
to a fized point z € F.
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Proof. First we show that {z,} is bounded. Take a point p € Fiz(T) and notice
that u, = K, xn

[un = pll = [ K20 = pll < [0 = p

and

[#n41 = pll = llan(zn —p) + (1 — ) (Qc[(1 = Bn)Tun] — p)|
< apllzn = pll + (1 — an)|Qcl( — Br)Tun] — p|
< apllzn = pll + (1 = an)|[(1 = Bn)Tun — pl|
1—an)[(1 = Bp)llun = pll + Bnllpll]
< anllzn = pll + (1 = an)[(1 = Bp)ll@n — pll + Bnllpll]
=[1 =1 = an)Balllzn = pll + (1 = an)Ballpll-

< OénHzn —p” +

~ o~~~

By induction,
[#n — pll < max{(lzo —pll, [P}, n=0,
and {z,} is bounded, so are {u,} and {Tx,}. Next, we show that

|2nt1 — zn]| = O.

We can rewritten (31) as xp4+1 = anyn + (1 — ap)y, where y, = Qc[(1 — Bn)Tuy]
for all n > 0. It follows that

[Yn+1 = ynll = [Qcl(1 = Bnt1)Tunt1] — Qel(1 — Bn) Tun]||
<N = Brgr)Tung1 — (1 = Bn)Tun|
< (1= Bl Tunt1 — Tunll + | Bnt1 — Bul | Tus||
< (1= Bu)llunt1 — unll + (Br = Bns) I Tunl,

which implies that
Hmsup(l|yn+1 = ynll = [uns1 — unll) < 0.
n—oo
This together with Lemma imply that
Tl — ] = . (32)

By the convexity of || - ||?

(s Tpt1) = G(p, anTn + (1 — an)Qc[(1 — Bn)Tun])
= [IplI* = 2(p, anzn + (1 — @) Qc[(1 = Bn)Tun])
+ ||anxn +(1 - an)QC[(l - ﬁn)Tun]||2
= lIpl* = 2(p, ) — 21 = an){p, Qe (1 = Bn)Tun])
+ anlza]? + (1 = an) | Qcl(1 = Ba)Tun]||?

and Lemma [2.4] we obtain
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= an@(p, 5) + (1 — ) @(p
= an@(p, r5) + (1 — ay)é(
= an@(p, T5) + (1 — ay)(

< apd(p,zn) + (1 — an)o

< apd(p,zn) + (1 — an)o

< ang(P;zn) + (1 — an)o(p,
< ang(pyzn) + (1 —an)o

< ¢(p,xn)

,Qcl(1 = Bn)Tun])
b, (1 - ﬁn)T’u’n)

(3.3)

This implies that lim, o ¢(u, z,) exists. It follows that {¢(u,x,)} is bounded.
Let 1 = sup,>1{[|7zall, [|yxll}. From Lemma 2.7 we have

¢(pa xn-i-l) = (25(]?, OnTn + (1 - an)QC[(l - Bn)Tun])

= ||p||2 - 2<pa QnTp + (1 - an)QC[(l - Bn)TunD

+ llanzn + (1 = ay)Qc[(1 — Bn)Tun“F

= plI> = 2(p, 20) — 2(1 = an)(p, Qcl(1 = Bn)Tunl)
+ O‘HHIHHZ + (1= ay)||Qel(1 — ﬂn)Tun]”Z —ap (1 = an)gi(|zn — yal)

- an¢(pu :En) (1 - O‘n)¢(pu QC[(l - ﬁn)T’U/n]) - an(l - O‘n)gl(”xn - ynH)
= and(p,zn) + (1 — an)d(p, (1 = Bn)Tun — an(l — an)gi([lzn — yull))
= and(p,zn) + (1 — an)(1 = Bn)d(p, Tun) — an(l — an)gi(l|zn — ynll)
< apd(p,zn) + (1 = an)d(p, Tun) — an(l — an)g1([|xn — yull)
< apd(p,zn) + (1 = an)d(p,un) — an(l — an)gi(|zn — ynll)
< apd(p,zn) + (1 — an)d(p, Ky, 20) — —an)g1([[Tn — ynll)
< an@(P,Tn) + (1 — an)o(p Tn) — an(l — an)gi(l|zn — ynll)
< (P wn) — an(l — an)gi([|n — ynl)- (34)
Which implies that
an(l = an)gi([|en — ynll) < &P, 2n) — ¢(p; Tnya)- (3.5)
Noticing condition (iii), by taking the limits in [B4]), we get
Jim g1 ([len —yall) = 0. (3.6)
From the property of g1, we have
ILm |2 — yn|| = 0. (3.7)

Hence,

lim ||zn41 — zn] = 0.
n—oo
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Note that

|2n — Tunll < |[Tns1 = Zall + |Tnt1 — Tun|
= ||xn+l - an + Hanxn + QC[(l - Bn)Tun] - QC[TUH]”

< Nzns1 — znll + anllzn — Tun|| + Bull Tunl, (3.8)
that is,
1
|2 — Tun| < I—a {llznt1 = znll + BallTunll}-
Therefore,
nlirrgo |z — Tuy|| = 0. (3.9)

Combining (32),[37) and B.3)), we have
lun, — Tunl| < ||tn — Ynll + |yn — 2ol + |20 — Tunl| =+ 0, as n— oco. (3.10)

Since {u,} is bounded, we obtain that there exists a subsequence {uy,} of {u,}
such that u,, converges weakly to * € C. From [B.I0) and Lemma [2.1] we have
x* € Fix(T).

Next we show that 2* € EP. Let ro = sup,,~q{||zn, [|un||}. From Lemma2.6]
there exists a continuous strictly increasing and convex function g, with g2(0) = 0
such that g2(||lz — y||) < ¢(z,y), Vz,y € B,,(0). Noticing =, = K, u, and from
Lemma 24 and B3), for p € F we have

g2l — unll) < O(@n, un) — d(p, 2n) < d(u, 2n—1) — d(u, Tp).

Since limy, o0 ¢(u, z,) exists, we obtain lim, o g2(||2n — us|) = 0. If follows
from the property of g2 that

lim ||, — un| = 0. (3.11)
n—oo
Since J is uniformly norm-to-norm continuous on bounded sets of F, we have

nll)rr;o |[Jzp — Juy| = 0. (3.12)

From condition (iii), we have

lim ([ Jzp — Juy]| _

L o 0. (3.13)
By the definition of z,, = K, u,, we have
1
F(zn,y) + —(y — zn, Jon — Ju,) >, Vy e, (3.14)

T'n
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where F'(zn,y) = f(Tn,y) + (BZn,y — =n). Replacing n by n;, we have from (A2)
that
1
— (Y = Xy T, — Jun,) > —F(an,,y) > Fy,z,,), YyeC. (3.15)

Tn;

From BII) and w,, — z*, we have x,, — a*. Since y — f(z,y) + (Bx,y — ) is
convex and lower semicontinuous, it is also weakly lower semicontinuous. Letting

i — oo in BIH), from FI3) and (A4) we have
F(y,z*) <0, VyeC.

For ¢, with 0 <t < 1,and y € C, let y; = ty + (1 — t)z*. Since y € C and z* € C
then y;, € C and hence F(y;, 2*) < 0. So, from (Al) and (A4) we have

0=F(y,yr) <tF(ye,y) + (1 =) F(ye, 2") < tF(ye, y).
Dividing by ¢, we have
F(y,,y) >0, VyeC.
Letting ¢ | 0, from (A3) it follows that
F(z*,y) >0, VyeC.
And hence
f@@*,y) +(Bx",y —a") >0, VyeC.
So x* € EP
We next show that

limsup(z*, j(z* — Tuy)) = limsup(z*, j(x* — uy)) = limsup(z™, j(z* — z,)) <0,

n—oo n—r oo n—oo

where z* = lim;_,04 2+ and x; is the defined by ([22). Nothing that x; = Q¢[(1 —
t)T'z] and z,, € C, we have

(e — (1 = t)Tay, j(xe — xp)) < 0.

= (Tt — T, j (0 — T0))
= (2t — (1 = )T, j(ve — zn)) + (1 = )2 — 2, 20 — 7))
(1= )T — 2,3 — 7))
(1= t){(Txy — Tan, j(xe — ) + (1= ) (T — p, j(xr — 1))
+ Hae — @0, § (20 — 20)) — e, § (22 — 20))
<we = @al? + (1= Ollwn = Txallllze — 20|l = tze, (2 — 20)).
It follows that

1-1¢
t

(x4, (21 — 20)) < |2n — Tanlll|lze — 20|
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Therefore,
limsup(zy, j (21 — n)) < 0.

n—00

It follows from (BII)) that

limsup(z*, j(z* — Tuy)) = limsup{z*, j(z* — uy))

n—r oo n—oo

— limsup(a*, j(2* — 2,))

n—00

<0. (3.16)
Finally, we show that x,, — x*. As a matter of fact, we have

[Znr1 = 2" [|* = lan(@n — ") + (1 = an)(Qc[(1 = Ba)Tun] — )|

< anllzn — 2"|* + (1 = an)|Qc[(1 = Bn)Tun] — 2

( M = Bu)(Tun — ") = Bnz”||?

( (1 = Bn)?||Tun — 2™||* = Boz”|®
+ 2Bn(1 = Bu)(—a", j(Tun — 27)) + B |2"||"]

(

(=

(

< anllzn — 2" H +(1—an

< apl|lzn — " H + (1 —an

< anllen — ") + (1= an)[(1 = Ba)?[lun — 2*|* = Boz™||?
+ 280 (1 = Bu) (2", j(Tun — z*)) + Ballz*[|]

< anllen — 2P+ (1= an)[(1 = Ba)?[lzn — 2% = Baz™||?
+ 280 (1 = Bu)(—2", §(Tun — ™)) + Ballz"||]

<1 =2(1 = an)Balllzn — " )|* + 2(1 = @) (1 = Bn) Bn(—2", §(Tun — z7))
+ (L= an)Ba(lzn — 27> + l2]?)

= (1= yn)l|zn — &"[° + Yndn,

where 7, = 2(1 — a)Bn and &, = {(1 — Bu){((—a*, j(Tup — %))} + Z2(||zy —
z*||? + [|z*||?). It is easily seen that Y~ v, = oo and limsup,_, . 0, < 0. By
Lemma 2.3] we deduce that z,, — x*. This completes the proof. O
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