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Abstract : Let E be a real uniformly convex and smooth Banach space with P
as a sunny nonexpansive retraction, K be a nonempty closed convex subset of E.
Let Ti : K → E (i = 1, 2, 3) be three of weakly inward and nonself asymptotically
nonexpansive mappings with respect to P . It is proved that three step iteration
converges weakly and strongly to a common fixed point of Ti (i = 1, 2, 3) under
certain conditions. It presents some new results in this paper.
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1 Introduction

Let K be a nonempty subset of a real normed linear space E. A mapping
T : K → K is said to be nonexpansive provided ‖Tx− Ty‖ ≤ ‖x− y‖ holds for
all x, y ∈ K. A mapping T : K → K is said to be asymptotically nonexpansive if
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there exists a sequence {kn} ⊂ [0,∞) with limn→∞ kn = 0 such that

‖T nx− T ny‖ ≤ (1 + kn) ‖x− y‖ (1.1)

for all x, y ∈ K and n ≥ 1. A mapping T : K → K is called uniformly L-
Lipschitzian if there exists constant L > 0 such that

‖T nx− T ny‖ ≤ L ‖x− y‖ (1.2)

for all x, y ∈ K and n ≥ 1. Also T is called asymptotically quasi-nonexpansive if
F (T ) = {x ∈ K : Tx = x} 6= ∅ and there exists a sequence {kn} ⊂ [0,∞) with
limn→∞ kn = 0 such that for all x ∈ K, the following inequality holds:

‖T nx− p‖ ≤ (1 + kn) ‖x− p‖, ∀p ∈ F (T ) , n ≥ 1, (1.3)

From the above definitions, it follows that a nonexpansive mapping must be
asymptotically nonexpansive. Every asymptotically nonexpansive mapping with
a fixed point is asymptotically quasi-nonexpansive, but the converse may be not
true.

The class of asymptotically nonexpansive self-mappings was introduced by
Goebel and Kirk [1] in 1972, who proved that if K is a nonempty closed con-
vex subset of a real uniformly convex Banach space and T is an asymptotically
nonexpansive self-mapping on K, then T has a fixed point.

The concept of nonself asymptotically nonexpansive mappings was introduced
by Chidu me et al. [2] in 2003 as the generalization of asymptotically nonexpansive
self-mappings. The nonself asymptotically nonexpansive mapping is defined as
follows:

Definition 1.1. [2] Let K be a nonempty subset of real normed linear space E.
Let P : E → K be the nonexpansive retraction of E into K.

(i) A nonself mapping T : K → E is called asymptotically nonexpansive if there
exists a sequence {kn} ∈ [0,∞) with kn → 0 as n → ∞ such that

∥

∥T (PT )n−1x− T (PT )n−1y
∥

∥ ≤ (1 + kn) ‖x− y‖ , ∀x, y ∈ K, n ≥ 1.
(1.4)

(ii) A nonself mapping T : K → E is said to be uniformly L-Lipschitzian if
there exists a constant L > 0 such that

∥

∥T (PT )n−1x− T (PT )n−1y
∥

∥ ≤ L ‖x− y‖ , ∀x, y ∈ K, n ≥ 1. (1.5)

(iii) A nonself mapping T : K → E is called asymptotically quasi-nonexpansive if
F (T ) 6= ∅ and there exists a sequence {kn} ∈ [0,∞) with kn → 0 as n → ∞
such that for all x ∈ K,

∥

∥T (PT )n−1x− T (PT )n−1p
∥

∥ ≤ (1 + kn) ‖x− p‖ , ∀p ∈ F, n ≥ 1. (1.6)
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In [2], they studied the following iterative algorithm :

x1 ∈ K, xn+1 = P ((1 − αn)xn + αnT (PT )n−1xn), ∀n ≥ 1. (1.7)

to approximate some fixed point of T under suitable conditions.

Remark 1.2. If T is a self-mapping, then P becomes the identity mapping so that
(1.4), (1.5) and (1.6) reduce to (1.1), (1.2) and (1.3) respectively.

Recently, Zhou et al. [3] introduced the following definition.

Definition 1.3. [3] Let K be a nonempty subset of real normed linear space E.
Let P : E → K be the nonexpansive retraction of E into K. A nonself mapping
T : K → E is called asymptotically nonexpansive with respect to P if there exists
sequences {kn} ∈ [0,∞) with kn → 0 as n → ∞ such that

‖(PT )nx− (PT )ny‖ ≤ (1 + kn) ‖x− y‖ , ∀x, y ∈ K, n ≥ 1. (1.8)

T is said to be uniformly L-Lipschitzian with respect to P if there exists a constant
L ≥ 0 such that

‖(PT )nx− (PT )ny‖ ≤ L ‖x− y‖ , ∀x, y ∈ K, n ≥ 1. (1.9)

Remark 1.4. [3] If T : K → E is an asymptotically nonexpansive in the light of
(1.4) and P : E → K is a nonexpansive retraction, then for all x, y ∈ K, n ≥ 1,
we have

‖(PT )nx− (PT )ny‖ =
∥

∥PT (PT )n−1x− PT (PT )n−1y
∥

∥

≤
∥

∥T (PT )n−1x− T (PT )n−1y
∥

∥

≤ kn ‖x− y‖ .

But, the converse may not be true. Actually they studied the iteration algo-
rithm

x1 ∈ K, xn+1 = αnxn + βn(PT1)
nxn + γn(PT2)

nxn, n ≥ 1, (1.10)

where {αn} , {βn} and {γn} are three sequences in [a, 1 − a] for some a ∈ (0, 1),
satisfying αn+βn+γn = 1. Zhou et al. [3] obtained some strong and weak conver-
gence theorems for common fixed points of nonself asymptotically nonexpansive
mappings with respect to P in uniformly convex Banach spaces. As a consequence,
the main results of Chidume et al. [2] were deduced.

The main purpose of this paper is to construct an iteration scheme (2.1) below
for approximating common fixed points of three nonself asymptotically nonexpan-
sive mappings and to prove some strong and weak convergence theorems for such
mappings in uniformly convex Banach spaces.
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2 Preliminaries

Let E be a real normed linear space, and K be a nonempty closed convex
subset of E which is also a nonexpansive retraction of E with a retraction P . Let
Ti : K → E (i = 1, 2, 3) be nonself asymptotically nonexpansive mappings with
respect to P . Then for a given x1 ∈ K and n ≥ 1, compute the iterative sequences
{xn} defined by,







yn = (1 − an3)xn + an3(PT3)
nxn,

yn+1 = (1− an2 − bn2)xn + an2(PT2)
nyn + bn2(PT3)

nxn,
xn+1 = (1− an1 − bn1)xn + an1(PT1)

nyn+1 + bn1(PT2)
nyn,

(2.1)

where {ani}, {bni} , {1− ani − bni} are sequences in [0, 1] for all i ∈ {1, 2, 3} and
n ≥ 1.

If bn2 = bn1 = 0 for all n ≥ 1, then (2.1) reduces to the iteration defined by,







yn = (1− an3)xn + an3(PT3)
nxn,

yn+1 = (1− an2)xn + an2(PT2)
nyn,

xn+1 = (1− an1)xn + an1(PT1)
nyn+1, n ≥ 1,

(2.2)

If an3 = bn2 = bn1 = 0 for all n ≥ 1, then (2.1) reduces to the iteration defined by,







x1 ∈ K,
xn+1 = (1 − αn)xn + αn(PT1)

nyn,
yn = (1 − βn)xn + βn(PT2)

nxn, n ≥ 1.
(2.3)

If an3 = an2 = bn2 = 0 for all n ≥ 1, then (2.1) reduces to the iteration (1.10)
defined by Zhou et al. [3].

If an3 = bn2 = bn1 = an2 = 0, and T1 = T2 = T then (2.1) reduces to the
iteration defined by,

xn = (1− αn)xn + αn(PT )nxn, ∀x1 ∈ K, n ≥ 1. (2.4)

If T1 = T2 = T3 = T are self-mappings and bn2 = bn1 = 0 for all n ≥ 1, then (2.1)
reduces to the Noor iteration defined by Xu and Noor [10]







yn = (1 − an3)xn + an3T
nxn,

yn+1 = (1− an2)xn + an2T
nyn,

xn+1 = (1− an1)xn + an1T
nyn+1, n ≥ 1,

(2.5)

where {ani} are sequences in [0, 1] for all i ∈ {1, 2, 3} .
If T1 = T2 = T are self-mappings and an3 = bn2 = bn1 = 0 for all n ≥ 1, then

(2.1) reduces to the modified Ishikawa iterative scheme [11]

{

yn+1 = (1− an2)xn + an2T
nxn,

xn+1 = (1− an1)xn + an1T
nyn+1, n ≥ 1,

(2.6)
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If T1 = T is a self-mapping and an3 = an2 = bn2 = bn1 = 0 for all n ≥ 1, then
(2.1) reduces to the modified Mann iterative scheme [12]

xn+1 = (1− an1)xn + an1T
nxn, n ≥ 1

where {an1} is sequence in [0, 1].
Now we list the following definitions and results which are useful in the sequel.
Let E be Banach space with dimE ≥ 2, the modulus of E is the function

δE(ε) : (0, 2] → [0, 1] defined by

δE(ε) = inf

{

1−

∥

∥

∥

∥

1

2
(x+ y)

∥

∥

∥

∥

: ‖x‖ = 1, ‖y‖ = 1, ε = ‖x− y‖

}

.

The Banach space E is uniformly convex if and only if with δE(ε) > 0 for all ε
∈ (0, 2].

Let S(E) = {x ∈ E : ‖x‖ = 1} . The space E said to be smooth if

lim
t→0

‖x+ ty‖ − ‖x‖

t

exists for all x, y ∈ S(E).
The Banach space E is said to satisfy the Opial’s condition if for any sequence

{xn} in E, xn ⇀ x weakly as n → ∞ implying that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for all y ∈ E with y 6= x.
Let K be a nonempty subset of a Banach space E. For x ∈ K, the inward set

of x, IK (x), is defined by IK(x) := {x + λ(u − x) : u ∈ K,λ ≥ 1}. A mapping
T : K → E is called weakly inward if Tx ∈ cl[IK(x)] for all x ∈ K, where
cl[IK(x)] denotes the closure of the inward set. Every self-map is trivially weakly
inward.

Let C,D be nonempty subset of a Banach space E such that C is nonempty
closed convex and D ⊂ C, A retraction P : C → D is said to be sunny [4] if
P (Px+ t (x− Px)) = Px for all x ∈ C and t ≥ 0 with Px + t (x− Px) ∈ C. A
sunny nonexpansive retraction is a sunny retraction, which is also a nonexpansive
mapping.

A mapping T with domain D(T ) and range R(T ) in E is said to be demiclosed
at p, if for each sequence {xn} in D(T ), the conditions xn → x0 weakly and
Txn → p strongly imply Tx0 = p.

A mapping T : K → K is said to be completely continuous if for every bounded
sequence {xn}, there exists a subsequence say {xnj

} of {xn} such that {Txnj
}

converges to some element of the range T .
A mapping T : K → K is said to demi-compact if any sequence {xn} in K

satisfying xn − Txn → 0 as n → ∞ has a convergent subsequence.
Recall that the mapping T : K → K with F (T ) 6= ∅ is said to satisfy condition

(A) [8] if there is a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0,
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f (t) > 0 for all t ∈ (0,∞) such that ‖x− Tx‖ ≥ f (d (x, F (T ))) for all x ∈ K,
where d (x, F (T )) = inf {‖x− p‖ : p ∈ F (T )} . Senter and Dotson [8] pointed out
that every continuous and demi-compact mapping must satisfy Condition (A).
Different modifications of the condition (A) for two finite families of selfmaps have
been made recently in the literature [13, 14]. Yang and Xie [9] modified these
conditions for three nonself asymptotically nonexpansive mappings Ti : K → E
(i = 1, 2, 3) as follows:

Mappings Ti : K → E (i = 1, 2, 3) with the nonempty common fixed point set
F = ∩3

i=1F (Ti) in K is said to satisfy Condition (B) with respect to the sequence
{un} if there is a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0,
f (t) > 0 for all t ∈ (0,∞) such that max

1≤i≤3
‖un − PTiun‖ ≥ f (d (un, F )) for all

n ≥ 1. We know that Condition (B) is weaker than the demi-compactness of
mappings Ti (i = 1, 2, 3).

The following lemmas are needed to prove our main results.

Lemma 2.1. [5] Let p > 1 and D > 0 be two fixed real numbers. Then a Banach
space E is uniformly convex if and only if there is a continuous, strictly increasing
and convex function g1 : [0,∞) → [0,∞) , g1(0) = 0, such that

‖λx+ (1− λ) y‖p ≤ λ ‖x‖p + (1− λ) ‖y‖p − wp (λ) g1(‖x− y‖) (2.7)

for all x, y ∈ BD and 0 ≤ λ ≤ 1, where BD is the closed ball with center zero and
radius D, wp(λ) = λ (1− λ)

p
+ λp (1− λ) .

Lemma 2.2. [6] Let E be a uniformly convex Banach space and BD = {x ∈ E : ‖x‖ ≤ D},
D > 0. Then there exists a continuous, strictly increasing and convex function
g2 : [0,∞) → [0,∞) , g2(0) = 0 such that

‖λx+ βy + γz‖ ≤ λ ‖x‖2 + β ‖y‖2 + γ ‖z‖2 − λβg2(‖x− y‖), (2.8)

for all x, y, z ∈ BD and λ, β, γ ∈ [0, 1] with λ+ β + γ = 1.

Lemma 2.3. [7] If {rn}, {tn} are two sequences of nonnegative real numbers such
that

rn+1 ≤ (1 + tn) rn, n ≥ 1

and
∑∞

n=1 tn < ∞, then lim
n→∞

rn exists.

Lemma 2.4. [15] Let E be real smooth Banach space, let K be nonempty closed
convex subset of E with P as a sunny nonexpansive retraction, and let T : K → E
be a mapping satisfying weakly inward condition. Then F (PT ) = F (T ).

Lemma 2.5. [3] Let E be a real smooth and uniformly convex Banach space, K
a nonempty closed convex subset of E with P as a sunny nonexpansive retraction,
and let T : K → E be a weakly inward and asymptotically nonexpansive mapping
with respect to P with the sequence kn ⊂ [1,∞) such that kn → 1 as n → ∞. Then
I − T is demiclosed at zero.
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3 Main Results

In this section, we will prove the strong and weak convergence of the iteration
scheme (2.1) to a common fixed point for three asymptotically nonexpansive non-
self mappings in a uniformly convex and smooth Banach space. We first prove the
following lemmas.

Lemma 3.1. Let E be a real normed linear space and K a nonempty closed
convex subset of E which is also a nonexpansive retract of E. Let Ti : K → E
(i = 1, 2, 3) be three nonself-asymptotically nonexpansive mappings with respect to

P with sequences
{

k
(i)
n

}

such that
∞
∑

n=1
k
(i)
n < ∞ and F =

3
⋂

i=1

F (Ti) 6= ∅. For

an arbitrary x0 ∈ K, suppose that {xn} is the sequence defined by (2.1). Then
limn→∞ ‖xn − p‖ exists for q ∈ F .

Proof. Let q ∈ F =
3
⋂

i=1

F (Ti) . Setting kn = max
{

k
(1)
n , k

(2)
n , k

(3)
n

}

. Since
∞
∑

n=1
k
(i)
n <

∞, then
∞
∑

n=1
kn < ∞. From (2.1), we have

‖yn − q‖ = ‖(1− an3)xn + an3(PT3)
nxn − q‖

≤ (1− an3) ‖xn − q‖+ an3 ‖(PT3)
nxn − q‖

≤ (1− an3) ‖xn − q‖+ an3(1 + kn) ‖xn − q‖

= (1 + an3kn) ‖xn − q‖

≤ (1 + kn) ‖xn − q‖ . (3.1)

By (2.1) and (3.1), we obtain

‖yn+1 − q‖ = ‖(1− an2 − bn2)xn + an2(PT2)
nyn + bn2(PT3)

nxn − q‖

≤ (1 − an2 − bn2) ‖xn − q‖+ an2 ‖(PT2)
nyn − q‖

+ bn2 ‖(PT3)
nxn − q‖

≤ (1 − an2 − bn2) ‖xn − q‖+ an2(1 + kn) ‖yn − q‖

+ bn2(1 + kn) ‖xn − q‖

≤ (1 − an2 − bn2) ‖xn − q‖+ an2(1 + kn)
2 ‖xn − q‖

+ bn2(1 + kn) ‖xn − q‖

= ‖xn − q‖+ an2(2kn + k2n) ‖xn − q‖+ bn2kn ‖xn − q‖

≤ ‖xn − q‖+ (3kn + k2n) ‖xn − q‖

= (1 + 3kn + k2n) ‖xn − q‖ . (3.2)
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Using (2.1), (3.1) and (3.2), we have

‖xn+1 − q‖ = ‖(1− an1 − bn1)xn + an1(PT1)
nyn+1 + bn1(PT2)

nyn − q‖

≤ (1 − an1 − bn1) ‖xn − q‖+ an1 ‖(PT1)
nyn+1 − q‖

+ bn1 ‖(PT2)
nyn − q‖

≤ (1 − an1 − bn1) ‖xn − q‖+ an1(1 + kn) ‖yn+1 − q‖

+ bn1(1 + kn) ‖yn − q‖

≤ (1 − an1 − bn1) ‖xn − q‖+ an1(1 + kn)(1 + 3kn + k2n) ‖xn − q‖

+ bn1(1 + kn)(1 + kn) ‖xn − q‖

≤ ‖xn − q‖+ an1(4kn + 4k2n + k3n) ‖xn − q‖+ bn1(2kn + k2n) ‖xn − q‖

≤ ‖xn − q‖+ (4kn + 4k2n + k3n) ‖xn − q‖+ (2kn + k2n) ‖xn − q‖

= (1 + 6kn + 5k2n + k3n) ‖xn − q‖ . (3.3)

Defining

rn = ‖xn − q‖ , tn = 6kn + 5k2n + k3n

in (3.3) we get rn+1 ≤ (1 + tn) rn. Since
∞
∑

n=1
rn < ∞ and

∞
∑

n=1
tn < ∞, Lemma 2.3

implies the existence of the limit limn→∞ ‖xn − q‖. This yields the assertion.

Now we are ready to formulate and prove a criterion on strong convergence of
{xn} given by (2.1).

Theorem 3.2. Let E be a real Banach space and K a nonempty closed convex
subset of E which is also a nonexpansive retract of E. Let Ti : K → E (i = 1, 2, 3)
be three nonself-asymptotically nonexpansive mappings with respect to P with se-

quences
{

k
(i)
n

}

such that
∞
∑

i=1

k
(i)
n < ∞ and F =

3
⋂

i=1

F (Ti) 6= ∅. For an arbitrary

x0 ∈ K, suppose that {xn} is the sequence defined by (2.1). Then the sequence
{xn}, defined by (2.1), converges strongly to a common fixed point of Ti (i = 1, 2, 3)
if and only if

lim inf
n→∞

d (xn, F ) = 0, (3.4)

where d (xn, F ) = inf {‖x− p‖ : p ∈ F}.

Proof. The necessity of condition (3.4) is obvious. Let us prove the sufficiency
part of the theorem.

For any given q ∈ F , we have (see (3.3))

‖xn+1 − q‖ ≤ (1 + tn) ‖xn − q‖ , (3.5)

and hence, we get
d (xn+1, F ) ≤ (1 + tn)d (xn, F ) . (3.6)
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Now applying Lemma 2.3 to (3.6) we obtain the existence of the limit limn→∞ d (xn, F ).
By condition (3.4), we get

lim
n→∞

d (xn, F ) = lim inf
n→∞

d (xn, F ) = 0 (3.7)

Let us show that the sequence {xn} converges to a common fixed point of Ti

(i = 1, 2, 3). We first show that {xn} is a Cauchy sequence in E. It is well known
that 1 + x ≤ ex for all x ≥ 0. Using it for the (3.5), we have

‖xn+1 − q‖ ≤ exp (tn) ‖xn − q‖ (3.8)

Thus, for any m,n ≥ n0 iterating (3.8) and noting
∞
∑

n=1

tn < ∞, we get

‖xn+m − q‖ ≤ exp (tn+m−1) ‖xn+m−1 − q‖

≤ exp (tn+m−1) exp (tn+m−2) ‖xn+m−2 − q‖

≤ . . .

≤ exp

(

n+m−1
∑

i=n

tn

)

‖xn − q‖ .

Let M = exp

(

n+m−1
∑

i=n

tn

)

, then 0 < M < ∞ and

‖xn+m − q‖ ≤ M ‖xn − q‖ , ∀n,m ≥ n0. (3.9)

Since limn→∞ d(xn, F ) = 0, given any ε > 0, there exists a positive integer n ≥ n1

such that d(xn, F ) < ε/(1 + M) for all n ≥ n1. So we have q∗ ∈ F such that
‖xn1

− q∗‖ ≤ ε/(1 +M). It follows from (3.9) that for all n ≥ n1 and m ≥ 1

‖xn+m − xn‖ ≤ ‖xn+m − q∗‖+ ‖xn − q∗‖

≤ (1 +M) ‖xn − q∗‖ < ε.

This implies that {xn} is a Cauchy sequence. Since E is complete, thus limn→∞ xn

exists. Let limn→∞ xn = q. Now, limn→∞ d(xn, F ) = 0 gives that d(q, F ) = 0.
Since the set of fixed points of asymptotically nonexpansive mappings is closed,
we have q ∈ F . This completes the proof of the theorem.

Lemma 3.3. Let E be a real uniformly convex Banach space and K a nonempty
closed convex subset of E which is also a nonexpansive retract of E. Let Ti : K →
E (i = 1, 2, 3) be three nonself-asymptotically nonexpansive mappings with respect

to P with sequences
{

k
(i)
n

}

such that
∞
∑

i=1

k
(i)
n < ∞ and F =

3
⋂

i=1

F (Ti) 6= ∅. For

an arbitrary x0 ∈ K, suppose that {xn} is the sequence defined by (2.1) satisfying
the following conditions:

i) 0 < lim inf
n→∞

an3 < lim sup
n→∞

an3 < 1

ii) 0 < lim inf
n→∞

anj < lim sup
n→∞

(anj + bnj) < 1 for j = 2, 3.
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Then limn→∞ ‖xn − (PTi)xn‖ = 0 for i = 1, 2, 3.

Proof. From Lemma 3.1, {xn − q} is bounded for q ∈ F. Thus, we get bound-
edness of {yn − q}, {yn+1 − q} from (3.1) and (3.2). Since Ti is nonself asymp-

totically nonexpansive mappings, we can prove the sequences {(PTi)
n
yn − q}

2
i=1 ,

{(PTi)
n
xn − q}

3
i=2 , {(PTi)

n
yn+1 − q} are all bounded. By using (2.1) and

Lemma 2.1 we have, for some constant D1 > 0,

‖yn − q‖2 = ‖(1− an3)xn + an3(PT3)
nxn − q‖2

= ‖(1− an3) (xn − q) + an3 ((PT3)
nxn − q)‖2

≤ (1− an3) ‖xn − q‖2 + an3 ‖(PT3)
nxn − q‖2

− an3(1− an3)g1 (‖xn − (PT3)
nxn‖)

≤ (1− an3) ‖xn − q‖2 + an3 (1 + kn)
2 ‖xn − q‖2

− an3(1− an3)g1 (‖xn − (PT3)
nxn‖)

≤ ‖xn − q‖2 +D1kn − an3(1− an3)g1 (‖xn − (PT3)
nxn‖) . (3.10)

It follows from (2.1), Lemma 2.2, and (3.10) that for D2 > 0,

‖yn+1 − q‖2 = ‖(1− an2 − bn2)xn + an2(PT2)
n

yn + bn2(PT3)
n

xn − q‖2

= ‖(1− an2 − bn2) (xn − q) + an2 ((PT2)
n

yn − q) + bn2 ((PT3)
n

xn − q)‖2

≤ (1− an2 − bn2) ‖xn − q‖2 + an2 ‖(PT2)
n

yn − q‖2

+ bn2 ‖(PT3)
n

xn − q‖2 − an2(1− an2 − bn2)g2 (‖xn − (PT2)
n

yn‖)

≤ (1− an2 − bn2) ‖xn − q‖2 + an2 (1 + kn)
2 ‖yn − q‖2

+ bn2 (1 + kn)
2 ‖xn − q‖2 − an2(1− an2 − bn2)g2 (‖xn − (PT2)

n

yn‖)

≤ ‖xn − q‖2 + 2D2kn − an2an3(1− an3)g1 (‖xn − (PT3)
n

xn‖)

− an2(1− an2 − bn2)g2 (‖xn − (PT2)
n

yn‖) . (3.11)

Similarly, using (2.1), Lemma 2.2, (3.10) and (3.11) we have, for some constant
D3 > 0,

‖xn+1 − q‖2 = ‖(1− an1 − bn1)xn + an1(PT1)
n

yn+1 + bn1(PT2)
n

yn − q‖2

= ‖(1− an1 − bn1) (xn − q) + an1 ((PT1)
n

yn+1 − q) + bn1 ((PT2)
n

yn − q)‖2

≤ (1− an1 − bn1) ‖xn − q‖2 + an1 ‖(PT1)
n

yn+1 − q‖2

+ bn1 ‖(PT2)
n

yn − q‖2 − an1(1− an1 − bn1)g2 (‖xn − (PT1)
n

yn+1‖)

≤ (1− an1 − bn1) ‖xn − q‖2 + an1 (1 + kn)
2 ‖yn+1 − q‖2

+ bn1 (1 + kn)
2 ‖yn − q‖2 − an1(1− an1 − bn1)g2 (‖xn − (PT1)

n

yn+1‖)

≤ ‖xn − q‖2 + 3D2kn − an1(1− an1 − bn1)g2 (‖xn − (PT1)
n

yn+1‖)

− an1an2(1− an2 − bn2)g2 (‖xn − (PT2)
n

yn‖)

− an1an2an3(1− an3)g1 (‖xn − (PT3)
n

xn‖) . (3.12)
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By the inequality (3.12), we get

an1an2an3(1− an3)g1 (‖xn − (PT3)
nxn‖) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + 3D2kn,

(3.13)

an1an2(1− an2 − bn2)g2 (‖xn − (PT2)
nyn‖) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + 3D2kn

(3.14)
and

an1(1− an1 − bn1)g2 (‖xn − (PT1)
nyn+1‖) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + 3D2kn.

(3.15)
If lim infn→∞ ani > 0 for i = 1, 2 and 0 < lim inf an3 < lim sup an3 < 1, there exist
a positive integer n0 and t, t′ ∈ (0, 1) such that

0 < t < an3, (i = 1, 2, 3), an3 < t′ < 1.

Using above inequalities, we get from (3.13) that

t3(1− t′)g1 (‖xn − (PT3)
nxn‖) ≤ ‖xn − q‖2 − ‖xn+1 − q‖2 + 3D2kn. (3.16)

By (3.16), we derive

m
∑

n=n0

g1 (‖xn − (PT3)
nxn‖)

≤
1

t3(1 − t′)

(

m
∑

n=n0

(

‖xn − q‖2 − ‖xn+1 − q‖2
)

+ 3D2

m
∑

n=n0

kn

)

≤
1

t3(1 − t′)

(

‖xn0
− q‖2 + 3D2

m
∑

n=n0

kn

)

.

Because the right side of the above inequality is finite sum, we obtain

m
∑

n=n0

g1 (‖xn − (PT3)
nxn‖) < ∞,

and so limn→∞ g1 (‖xn − (PT3)
nxn‖) = 0. Then properties of g1 imply

lim
n→∞

‖xn − (PT3)
nxn‖ = 0. (3.17)

By the same argument, from (3.14), (3.15) we obtain that

lim
n→∞

‖xn − (PT2)
nyn‖ = 0, (3.18)

lim
n→∞

‖xn − (PT1)
nyn+1‖ = 0. (3.19)
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On the other hand note that

‖yn − xn‖ = ‖(1− an3)xn + an3(PT3)
nxn − xn‖

≤ ‖xn − (PT3)
nxn‖

→ 0 (n → ∞). (3.20)

Since T2 nonself-asymptotically nonexpansive mapping, we get from (3.18) and
(3.20) that

‖xn − (PT2)
nxn‖ ≤ ‖xn − (PT2)

nyn‖+ ‖(PT2)
nyn − (PT2)

nxn‖

≤ ‖xn − (PT2)
nyn‖+ (1 + kn) ‖yn − xn‖

→ 0 (n → ∞). (3.21)

It follows from (3.17) and (3.18) that

‖yn+1 − xn‖ = ‖(1 − an2 − bn2)xn + an2(PT2)
nyn + bn2(PT3)

nxn − xn‖

≤ an2 ‖xn − (PT2)
nyn‖+ bn2 ‖xn − (PT3)

nxn‖

→ 0 as n → ∞. (3.22)

Thus we get from (3.19) and (3.22)

‖xn − (PT1)
nxn‖ ≤ ‖xn − (PT1)

nyn+1‖+ ‖(PT1)
nyn+1 − (PT1)

nxn‖

≤ ‖xn − (PT1)
nyn+1‖+ (1 + kn) ‖yn+1 − xn‖

→ 0 as n → ∞. (3.23)

It follows from (2.1), (3.18) and (3.19) that

‖xn+1 − xn‖ = ‖(1− an1 − bn1)xn + an1(PT1)
nyn+1 + bn1(PT2)

nyn − xn‖

≤ an1 ‖xn − (PT1)
nyn+1‖+ bn1 ‖xn − (PT2)

nyn‖

→ 0 as n → ∞. (3.24)

Since an asymptotically nonexpansive mapping with respect to P must be uni-
formly Lipschitzian with respect to P , we have

‖xn+1 − (PTi)xn+1‖ ≤
∥

∥xn+1 − (PTi)
n+1xn+1

∥

∥+
∥

∥(PTi)
n+1xn+1 − (PTi)xn+1

∥

∥

≤
∥

∥xn+1 − (PTi)
n+1xn+1

∥

∥+ L ‖xn+1 − (PTi)
nxn+1‖

≤
∥

∥xn+1 − (PTi)
n+1xn+1

∥

∥+ L ‖(xn+1 − xn)

+(xn − (PTi)
nxn) + ((PTi)

nxn − (PTi)
nxn+1)‖

≤
∥

∥xn+1 − (PTi)
n+1xn+1

∥

∥+ L ‖xn − (PTi)
nxn‖

+ L(L+ 1) ‖xn+1 − xn‖ .

This with (3.17), (3.21), (3.23) and (3.24) implies that limn→∞ ‖xn − (PTi)xn‖ =
0 for i = 1, 2, 3.

This completes the proof of the theorem.
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Theorem 3.4. Let E be a real smooth and uniformly convex Banach space and K
a nonempty closed convex subset of E with P as a sunny nonexpansive retraction.
Let Ti : K → E (i = 1, 2, 3) be three weakly inward and nonself-asymptotically

nonexpansive mappings with respect to P with sequences
{

k
(i)
n

}

such that
∞
∑

i=1

k
(i)
n <

∞ and F =
3
⋂

i=1

F (Ti) 6= ∅. For an arbitrary x0 ∈ K, suppose that {xn} is the

sequence defined by (2.1) satisfying the following conditions:

i) 0 < lim inf
n→∞

an3 < lim sup
n→∞

an3 < 1

ii) 0 < lim inf
n→∞

anj < lim sup
n→∞

(anj + bnj) < 1 for j = 2, 3.

If {T1, T2, T3} satisfies Condition (B) with respect to sequence {xn}, then {xn}
converges strongly to a common fixed point of {T1, T2, T3}.

Proof. By Lemma 3.3 we have limn→∞ ‖xn − (PTi)xn‖ = 0 for i = 1, 2, 3. Since
{T1, T2, T3} satisfy Condition (B) with respect to sequence {xn}, we have

max
1≤i≤3

‖xn − PTixn‖ ≥ f (d (xn, F )) .

Thus limn→∞ f (d (xn, F )) = 0. Since f is a nondecreasing function and f(0) = 0,
therefore limn→∞ d (xn, F ) = 0. Now applying the Theorem 3.2, we obtain the
result. This completes the proof.

Remark 3.5. [9] Since xn = Pxn for all n ≥ 1, we have ‖xn − PTxn‖ ≤
‖xn − Txn‖ for all n ≥ 1. Therefore, the Condition (B) is weaker than the Con-
dition (A).

From Theorem 3.4, we have following corollary.

Corollary 3.6. Let E be a real smooth and uniformly convex Banach space and K
a nonempty closed convex subset of E with P as a sunny nonexpansive retraction.
Let Ti : K → E (i = 1, 2, 3) be three weakly inward and nonself-asymptotically

nonexpansive mappings with respect to P with common sequences
{

k
(i)
n

}

such that

∞
∑

i=1

k
(i)
n < ∞ and F =

3
⋂

i=1

F (Ti) 6= ∅. For an arbitrary x0 ∈ K, suppose that {xn}

is the sequence defined by (2.1) satisfying the following conditions:

i) 0 < lim inf
n→∞

an3 < lim sup
n→∞

an3 < 1

ii) 0 < lim inf
n→∞

anj < lim sup
n→∞

(anj + bnj) < 1 for j = 2, 3.

If one of {T1, T2, T3} is completely continuous, then {xn} converges strongly to a
common fixed point of {T1, T2, T3}.
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Proof. Suppose that one of {T1, T2, T3} is demi-compact, so is one of {PT1, PT2, PT3}.
By continuity of T1, T2, T3 and P, we get continuity of PT1, PT2, PT3. It is well
known that every continuous and demi-compact mapping must satisfy Condition
(B). Thus, the rest of the proof follows from Theorem 3.4. This completes the
proof.

Finally, we prove the weak convergence of the iterative scheme (2.1) for three
asymptotically nonexpansive nonself-mappings in a real smooth and uniformly
convex Banach space satisfying Opial’s condition.

Theorem 3.7. Let E be a real smooth and uniformly convex Banach space and
K a nonempty closed convex subset of E satisfying Opial’s condition with P as a
sunny nonexpansive retraction. Let Ti : K → E (i = 1, 2, 3) be three weakly inward
and nonself-asymptotically nonexpansive mappings with respect to P with common

sequences
{

k
(i)
n

}

such that
∞
∑

i=1

k
(i)
n < ∞ and F =

3
⋂

i=1

F (Ti) 6= ∅. For an arbitrary

x0 ∈ K, suppose that {xn} is the sequence defined by (2.1) satisfying the following
conditions:

i) 0 < lim inf
n→∞

an3 < lim sup
n→∞

an3 < 1

ii) 0 < lim inf
n→∞

anj < lim sup
n→∞

(anj + bnj) < 1 for j = 2, 3.

Then {xn} converges weakly to a common fixed point of {T1, T2, T3}.

Proof. Let q ∈ F . By Lemma 3.1, limn→∞ ‖xn − q‖ exists, and {xn} is bounded.
We now show that {xn} has a unique weak subsequential limit in F . Suppose that
subsequences {xnk

} and {xnj
} of {xn} converge weakly to q1 and q2, respectively.

By Lemma 3.3, we have limn→∞ ‖xn − (PTi) xn‖ = 0 for i = 1, 2, 3. Lemma 2.5
implies that (I − PTi) q1 = 0, that is, (PTi) q1 = q1. Similiarly, we obtain that
(PTi) q2 = q2. Also Lemma 2.4 guarantees that q1, q2 ∈ F . Next, we prove the
uniqueness. For this, suppose that q1 6= q2. Then, by Opial’s condition, we have

lim
n→∞

‖xn − q1‖ = lim
k→∞

‖xnk
− q1‖

< lim
k→∞

‖xnk
− q2‖

= lim
n→∞

‖xn − q2‖

= lim
j→∞

∥

∥xnj
− q2

∥

∥

< lim
j→∞

∥

∥xnj
− q1

∥

∥

= lim
n→∞

‖xn − q1‖ ,

which is a contradiction. Hence {xn} converges weakly to a point of F . This
completes the proof.
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Remark 3.8. All the above theorems, the iterative sequence (2.2), (2.3) and (2.4)
can be replaced by the three step iterative process (2.1). If the error terms are
added in (2.1) and assumed to be bounded, then the results of this paper still hold.
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