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1 Introduction

Let E be a real Banach space and K a nonempty, closed and convex subset
of E. We denote by J the normalized duality map from E to 2% (E* is the dual
space of E) defined by

J(@) ={f € E": {x, f) = =] = | £I*}.

A mapping T : K — K is said to be nonexpansive if ||Tz — Ty|| < ||z — y||, for all
x,y € K. We denote by F(T) = {x € K : Tz = z} the set of fixed points of T'. It
is assumed throughout that F(T) # 0.

One of the most important fixed point theorems and application is the classical
contraction mapping principle, or, in other words, the Banach-Cacciopli fixed point
theorem which is the following

Theorem 1.1 (Banach [I], Cacciopoli [2]). Let (X, p) be a complete metric space
and let T : (X, p) — (X, p) satisfy

p(T(x), T(y)) < vp(z,y). (1.1)

for some nonnagative constant v < 1 and for each x,y € X. Then T has a unique
fized point in X. Moreover, starting with arbitrary xo € X, the sequence {x,}
defined by

Tpy1 =Txn, n>0, (1.2)

converges strongly to the unique fixed point.

The iterative technique ([2)) is due to Picard [3]. A mapping T satisfying
([T is called a strict contraction. If y = 1 in the relation (1), then T is called
nonexpansive. For the iterative formula, it was observed that if the condition
~ < 1 on the operator T is weakened to v = 1, the sequence {x,} defined by (2]
may fail to converge to a fixed point of 7. This can be seen by considering an
anticlockwise rotation of the unite disc of R? about the origin through an angle
of say, 7. This map is nonexpansive but the Picard sequence fails to converge.
Krasnosel’ski [4], however, showed that in this example, if the Picard iteration
formula is replaced by the following formula

1
«IOGX, anrl:i(In_'_Txn); 71207

then the iterative sequence converges to the fixed point. However, in 1953, the
most general iterative formula for approximation of fixed points of nonexpansive
mapping which is called Krasnoselski-Mann iterative algorithm where introduced
(in the light of [5]) as follows:

z9 € K, Tnt1 = (1 —ap)zy + apnTx,, n>0, (1.3)

where {a,} is a real sequence in the interval (0,1). Though simple in form,
the Krasnoselski-Mann iteration is remarkably useful for finding fixed points of a
nonexpansive mapping and provides a unified framework for many algorithms from
various different fields. In this respect, the following result is basic and important.
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Theorem 1.2 (Genel and Lindenstrass [6]). Let T be a nonexpansive mapping on
a real Hilbert space H. Then the sequence {x,} defined by ([L3) converges weakly
to a fized point of T, provided o, € [0,1] and Y.,° ,a, = +00, whenever each
fixed points exist.

However, we note that all results in the literature on the Krasnoselki-Mann
iterative alogorithm for nonexpansive mappings have only weak convergence even
in a real Hilbert space. For more details, please see [6]. In [7, 8], Yang and Zhao
further generalized the Krasnoselki-Mann iteration and proposed the generalized
KM theorems. For the details, please see [7, [§].

Construction of fixed points of nonexpansive mappings is an important subject
in nonlinear mapping theory and its applications; in particular, in image recovery
and signal processing (see, for example, [9-11]). Many authors have worked exten-
sively on the approximation of fixed points of nonexpansive mappings. For exam-
ple, the reader can consult the recent monographs of Berinde [I2] and Chidume
[13].

Recently, Yao et al. [14] introduced a modified Krasnoselki-Mann iterative
algorithm for nonexpansive mapping in the framework of a real Hilbert space and
proved the following theorem.

Theorem 1.3 (Yao et al. [I4]). Let H be a real Hilbert space. Let T : H — H be
a nonexpansive mapping with F(T) # 0. For given xo € H, let the sequence {x,}
and {yn} be generated iteratively by

Yn = (1 — an)n;
1.4
{ Tpt1 = (1 = Bn)yn + BnTYn, n >0, (14)

where {a,} and {B,} are in [0,1] satisfied the following conditions:
(C1) limy, o0 ap, = 0;

(C2) 0o an = 00
(C3) fu € lab] € (0,1)
Then the sequences {xn} and {yn,} converge strongly to a point in F(T).

A mapping A: D(A) C E — E is called accretive if, for all z,y € D(A) there
exists j(z — y) € J(x — y) such that

(Az — Ay, j(z —y)) =2 0. (1.5)
By the results of Kato [15], equation (L)) is equivalent to
|z —yll <llz -y + s(Az — Ay)]|, Vs> 0. (1.6)

If F is a Hilbert space, accretive mappings are also called monotone. A mapping A
is called m-accretive if it is accretive and R(I +rA), range of (I +rA), is F for all
r > 0; and A is said to satisfy the range condition if ¢l(D(A)) C R(I+rA),Vr > 0,
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where cl(D(A)) denotes the closure of the domain of A. A is said to be mazimal
accretive if it is accretive and the inclusion G(A) C G(B), where G(A) is a graph
of A, with B accretive, implies G(A) = G(B). It is known (see e.g., [16]) that every
maximal accretive mapping is m-accretive and the converse holds if E is a Hilbert
space. Interest in accretive mappings stems mainly from their firm connection
with equations of evolution. It is known (see, e.g., [I7]) that many physically
significant problems can be modelled by initial-value problems of the form

u'(t) + Au(t) =0, w(0) = ug, (1.7)

where A is an accretive mapping in an appropriate Banach space. Typical examples
where such evolution equations occur can be found in the heat, wave or Schrédinger
equations. One of the fundamental results in the theory of accretive mappings,
due to Browder [18], states that if A is locally Lipschitzian and accretive, then A
is m—accretive. This result was subsequently generalized by Martin [19] to the
continuous accretive mappings. If in (), u(¢) is independent of ¢, then (L)
reduces to

Au =0, (1.8)

whose solutions correspond to the equilibrium points of the system (7). Conse-
quently, considerable research effects have been devoted, especially within the past
40 years or so, to iterative methods for approximating these equilibrium points.

Closely related to the class of accretive mappings is the class of pseudocon-
tractive mappings. An mapping 7" with domain D(T") in E and range R(T) in F
is called pseudocontractive if A := I —T is accretive. It is then clear that any zero
of A is a fixed point of T. Consequently, the study of approximating fixed points
of pseudocontractive mappings, which correspond to equilibrium points of the sys-
tem (I7), became a flourishing area of research for numerous mathematicians (see,
e.g., [20-22] and the references therein).

It is not difficult to deduce from (L8] that the mapping A is accretive if and
only if (I +rA)~!, Vr > 0, is nonexpansive on the range of (I + rA). Thus, in
particular, J4 := (I + A)~! is nonexpansive and single valued on the range of
(I + A). Furthermore, F(J4) := N(A) := {& € D(A) : Az = 0}. It is well known
that every nonexpansive mapping is pseudocontractive and the converse does not,
however, hold.

It is our purpose in this paper to strong convergence theorem for approximation
of common fixed points of an infinite family {7}, } of nonexpansive mappings using
a modified Krasnoselki-Mann iterative algorithm introduced by Yao et al. [14] in
a real uniformly convex and uniformly smooth Banach space. As applications, we
prove strong convergence theorem for approximation of common zeroes of a finite
family of continuous accretive mappings of E to F and approximation of common
fixed point (assuming existence) of a finite family of continuous pseudocontractive
mappings. Our theorem, is applicable in L,(¢,) spaces, 1 < p < co. Our result
extends the results of Yao et al. [14] from Hilbert space to uniformly convex and
uniformly smooth Banach space.



Approximation of Fixed Points of Nonexpansive Mappings ... 409

2 Preliminaries

Let K be a nonempty, closed, convex and bounded subset of a Banach space
E and let the diameter of K be defined by d(K) := sup{|jz —y|| : z,y € K}. For
each z € K, let r(z, K) :=sup{||lz —y|| : y € K} and let r(K) := inf{r(z, K) :
x € K} denote the Chebyshev radius of K relative to itself. The normal structure
coefficient N (E) of E (introduced in 1980 by Bynum [23], see also Lim [24] and the

references contained therein) is defined by N (E)::inf{%: K is a closed convex

and bounded subset of E with d(K) > 0}. A space E such that N(E) > 1 is said
to have uniform normal structure . It is known that every space with a uniform
normal structure is reflexive, and that all uniformly convex and uniformly smooth
Banach spaces have uniform normal structure (see e.g., [13] 25]).

In the sequel, we shall also make use of the following lemmas.

Lemma 2.1. Let E be a real normed linear space. Then, the following inequality
holds:

lz+yl*> < llz|*+2(y,j(x+y)) Va,y € E, Vjlx+y) € J(x+y).

Lemma 2.2 (Xu [26], Zalinescu [27,28]). Let E be a uniformly convex real Banach
space. For arbitrary r > 0, let B,(0) := {zx € E : ||z|]| < r} and A € [0,1]. Then,
there exists a continuous strictly increasing convex function

g:10,2r] =R, ¢(0)=0
such that for every x,y € B,(0), the following inequality holds:
Az + (1= Nyll* < Alzl” + (1= Myl = A0 = Ng([|z = yl]).

Lemma 2.3 (Browder [29], Goebel and Kirk [30]). Let E be a uniformly convex
Banach space, K a closed convex subset of E, and T : K — K a nonexpansive
mapping with a fized point. Assume that a sequence {xy,} in K is such that v, — x
and r, —Tx, = y. Thenx —Tx =1y.

Lemma 2.4 (Lim and Xu [25]). Suppose E is a Banach space with uniform nor-
mal structure, K a nonempty bounded subset of E and T : K — K is a uniformly
L-Lipschitzian mapping with L < N(E)%. Suppose also there exists a nonempty
bounded closed convex subset C of K with the following property (P):

z € C implies wy(z) € C,

(where wy, () is the w-limit set of T at x, that is, the set {y € E :y = weak w—
limT™z for some nj; — oo}). Then T has a fized point in C.

Lemma 2.5 (Shioji and Takahashi [31]). Let (zo,1,%2,...) € loo be such that
UnZTn < 0 for all Banach limits p. If imsup, . (Tnt1 — Tn) < 0, then
lim sup,, , oo Zn < 0.
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Lemma 2.6 (Cioranescu [16]). Let A be a continuous accretive mapping defined
on a real Banach space E with D(A) = E. Then A is m-accretive.

Lemma 2.7 (Zegeye and Shahzad [32]). Let K be a nonempty, closed and con-

ver subset of a real strictly convex Banach space E. For each v = 1,2,...,N
let A, : K — E be an m-accretive mapping such that NN_ N(A;) # 0. Let
ap,ai, as, . ..,an be real numbers in (0,1) such that Zij\io a; = 1 and let Sy =

aol +a1Ja, +asJa, + - +anJay, with Ja, == (I + A,.)~t. Then Sx is nonex-
pansive and F(Sn) = NN_N(A4,).

Lemma 2.8 (Xu [33]). Let {an} be a sequence of nonnegative real numbers satis-
fying the following relation:

An+1 < (1 - an)an + apop + Yn, N > 07

where, (i) {an} C[0,1], > an = o0; (it) limsup o, < 05 (id3) vn > 0; (n > 0),
> An < 00. Then, a, — 0 as n — oo.

Lemma 2.9 (Nilsrakoo and Saejung [34], Aoyama et al. [35]). Let K be a
nonempty closed subset of a Banach space and let {T,,}22 be a sequence of map-
pings of K into itself. Suppose that > - sup{||Th412 — Thz|| : 2 € K} < oco.
Then, for each x € K, {T,x}>2, converges strongly to some point of K. Moreover,
let T be a mapping of K into itself defined by Tz :=lim,,_, o, Tz, for all x € K.
Then, limy, o0 sup{||Thz — Tx||: x € K} = 0.

3 Main Results

Theorem 3.1. Let E be a real uniformly convexr Banach space which is also
uniformly smooth. For each n = 1,2,..., let T,, : E — E be a nonexpansive
mapping such that N2, F(T,,) # 0. Let the sequence {x,} and {y,} be generated
iteratively by 1 € E,

Yn = (1 - an)xnu (31)
Tn4+1 = (1 - ﬂn)yn + ﬂnTnynv n > 15

where {an} and {Bn} are in [0, 1] satisfy the following conditions:
(C1) limy, o0 apy = 0;

(C2) 3021 om = 00

(C3) By € [a,b] C (0,1).

Suppose that >~ sup{||Th412 — Thx|| : @ € B} < oo for any bounded subset B
of E. Let T be a mapping of K into itself defined by Ty = limy, o Ty for all
y € E and suppose that F(T) = N3, F(T,). Then the sequence {x,} converges

strongly to a point in NS F(T,).
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Proof. First we show that {z,} is bounded. For any p € N, F(T},), from B.)
we have

1 = pll < (1= B)llyn — pll + Ball Tngn — 2l
< lyn —pll
= (1 = an)z, — p||
< (1= an)llzn — pll + anllpll
< max{||zn — pll, [/}

By induction, it is easy to see that
len = pll < max{flzy —pl, [Ipll}, Yn=>1.

Hence {z,} is bounded and also are {y,} and {T,,y.}.
Using Lemma 22 and (1), we have

|01 = plI* = (1 = Ba) (Yn — p) + Bu(Tnyn — p)II°
S (1 - Bn)”yn _p||2 + ﬁn”Tnyn _p||2 - ﬁn(l - Bn)g(HTnyn - yn”)
< (1= B)llyn =2l + Ballyn — pII* = Ba(1 = B)g(ITyn — ynll)
|

|yn - p||2 - ﬁn(l - ﬁn)g(HTnyn - yn”)

Therefore, by Lemma 2] we have

Bn(1 = B)g(1Tayn = ynll) < llyn = pII* = [J@ns1 — pl?
<l = pl* = llznsr = plI* + 20 (@, i (yn — p)

).
(3.2)
Since {x,} and {y,} are bounded, then there exists a constant M > 0 such that
(Xn, jyn —p)) < M for all n > 1.
So, from ([B2]) we have
Bl = B)g(ITnyn = ynl) < llon = pII* = llznrs = plI* + 200 M. (3-3)

To prove that {x,} converges to p, we have two cases.

Case 1. Assume that the sequence {||z,, — p||} is monotonically decreasing se-
quence. Then {||x,, — p||} is convergent. Clearly, we have

241 = pl* = [Jon = pl* = 0.
It then implies from (B3] that
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Using the condition 8, € [a,b] C (0,1) and the property of g, we have

Jim || T yn — ynl[ = 0. (3.4)

Now from (B4]), we obtain
lyn = Tni1ll = BullToyn — ynll = 0 asn — oc. (3.5)

From (31]), we know that
lyn = zn|l = anllznl] = 0. (3.6)

Therefore, from [B.0) and [B.3]), we have
[|Zpt1 — 2n|| = 0 asn — occ.
Also, from [B4]) and (3.4]), we have

|Tnzn — zoll < || Thwn — Toyull + | Tnyn — Ynll + [y — zal|
<2l|lzn — Ynll + | Tnyn — ynll = 0 as n — occ. (3.7)

At the same time, we observe that
20 = Taall < 1T — Togall + llon — Tuwall. (3.8)
By (88) and Lemma 2.9] we have that
nlirrgo||xn —Txzy|| =0.
Furthermore,

[y — Tynll < [lyn — 2|l + [|Tyn — Tan|| + |[2n — Trn||
<2l|yn — n|| + ||z — Tzl = 0, n— oo

Since {z,} is bounded, there exists a subsequence {x,} of {z,} that converges
weakly to p € E. Furthermore, since I — T is demiclosed, then p € F(T).
We now prove that

lim sup(—p, j(yn —p)) < 0.

n—00

Define a map ¢ : E — R by
6(z) = mllyn — ||, Va € B.

Then, ¢(xz) — oo as ||z|| = oo, ¢ is continuous and convex, so as F is reflexive,
there exists y* € E such that ¢(y*) = min,ecp ¢(u). Hence, the set

K* = {x € E:¢(z) = gleiga;(u)} £ 0.
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We shall make use of Lemma 24 If v € K* and y := w — lim;_,oc 7™z, then
from weak lower semi-continuity of ¢ and lim,,—,cc ||yn — T'yn|| = 0, we have (since
limy, 00 ||yn — Tyn|| = 0 implies limy, o0 ||yn — T™yn|| = 0, m > 1, this is easily
proved by induction),

oly) < lim info(T™5) < lim supe(T™z )

J—0 m—» 00
= 1imsup(un||yn - T’”:vIIQ)
m—00

= lim sup(,un||yn =Ty +T"yp — Tm33||2)
m—0o0
< lim sup(unHTmyn — me||2>
m—0o0
< thUP(NHHyn - 33”2)
m—0o0
= = i f .
¢(z) = inf d(u)
So, y* € K*. By Lemma [Z4 T has a fixed point in K* and so K* N F(T) # 0.

Without loss of generality, assume that y* =p € K*NF(T). Let ¢t € (0,1). Then,
it follows that ¢(p) < ¢(p — tp) and using Lemma 2.1] we obtain that

yn =+ tol” < llyn — pII* + 2t(p, j(yn — p + tp))

which implies that
tn{=p, j(yn — P +tp)) < 0.

Moreover,

tin (=D, 5 (Yn — D)) = pin{=D,5(Yn — ) — j(Yn — P+ tp))
+ tn (=D, j(yn — D+ tp))
< (=0, J(Yn — 1) = §(Yn — 0+ tp).

Since j is norm-to-norm continuous on bounded subsets of E, we have that

fn (=D, j(yn — p)) < 0.
Observe that

||yn+1 - yn|| < ||yn+l - :En-l-l” + ||='En+1 - yn”

Then by [B.6) and ([33]), we have

lim [[yn+1 — ynll = 0.

n—oo
This implies that

limsup | (=p, j(yn —p)) = (=P, J(Yn+1 —P))| <0

n—roo
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and so we obtain by Lemma that

lim sup(—p, j(yn — p)) < 0.

n—00

Finally, from the recursion formula (31) and Lemma 2] we have the following;

[2nt1 = plI* = (1 = Ba)(yn — p) + Bu(Tayn — )|
< (1= Bu)llyn = pI* + Bl Ty — pII?
< llyn —pII?
= (1 = an)zn —pll?
=11 = an)(@n — p) — anmp]?
< (1= an)llzn = pl? + 200 (=p, i (yn — p))-
By using Lemma [2.8] we have that {x,} converges strongly to p € N2, F(T5,).

Case 2. Assume that {||z, — p||} is not monotonically decreasing sequence. Set
Iy, = ||z, —p||? and let 7 : N — N be a mapping for all n > ng (for some ng large
enough) by

7(n) =max{k € N : k <n, Ty <Tgy1}.

Clearly, 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and
Irn) < Try41 for n > ng. From @.3), we see that

Brn) (1 = Br)) 9 Tr(n)Yr(n) = Yrmll) < 20y M — 0 as n — oc.
Furthermore, we have
||TT(n)yT(n) - yT(n)II — 0 asn — oco.

By the same argument as in Case 1, we can show that x,(,) and y,(,) converge
weakly to p as 7(n) — oo and Himsup, ()00 (~P; (Yr(n) —P)) < 0. We know that
for all n > ng,

0 < |[2rmy+1 = 2l = 12y = 211> < 200 (=D, 5 (Yr(n) — P)) = ||Z7(m) — D],
which implies that
|2+ () = DII* < (=P, 5 (Yr(n) — P))-
Then we conclude that
nh_)H;OH‘TT(n) —pl[=0.
Therefore

i P = i oy = 0.

Furthermore, for n > ny, it is easily observed that 'y, < T'; ()41 if n # 7(n) (that
is, 7(n) < n), because I'; > I';4q for 7(n) + 1 < j < n. As a consequence, we
obtain for all n > ny,

0<r, < HlaX{FT(n)vrT(n)-‘rl} = FT(")'H'
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Hence lim,,_, o I';, = 0, that is, {z,,} converges strongly to p. Consequently, it is
easy to prove that {y,} converges strongly to p. This complete the proof. [l

Remark 3.1. Let {T,}52, be a sequence of nonexpansive mappings of E into E
and let {£,}521 be a sequence of real numbers such that 0 < &, < 1. For each
n > 1, define a mapping W, of E into E as follows:

Un,n—i—l = Ia

Un,n = §nTnUn,n+l + (1 - 571)17
Un,nfl - gnflTnflUn,n + (1 - 57171)]7

Une = &TiUn 1 + (1 — &)1,
Unk—1=E-1Th1Upn i + (1 — &)1,

Un,2 = §2T2Un,3 + (1 - 52)17
W, = n,l = §1T1Un,2 + (1 - 51)1

Such mapping is called Wy, is called W -mapping generated by T, T,—1,...,T1 and
&nsén—1,-..,&1, see, for example, [36]. Clearly, W, is nonexpansive and from [36]],
we know that F(W,,) = NS>, F(T,,). Furthermore, from [37], we have the sequence
{Wh,} satisfies the condition

Z sup{||Wni12 — Wyz|| : € D} < oo for any bounded subset D of E

n=1
imposed in Theorem [3_1.
By the above remark, we obtain the following theorem using Theorem [3.11

Theorem 3.2. Let E be a real uniformly conver Banach space which is also
uniformly smooth. For each n = 1,2,..., let T,, : E — E be a nonexpansive
mapping such that NS, F(T,) # 0. Let the sequence {x,} and {y,} be generated
iteratively by x1 € F,

Yn = (1 - O‘n)xnu
3.9
{ Tpt1 = (1 = Bn)yn + BnWnlyn, n2>1, (39)

where {a,} and {B,} are in [0,1] satisfy the following conditions:
(C1) limy, o0 ap, = 0;

(C2) S, oy = 00;

(C8) B, € [a,b] C (0,1).

Then the sequence {x,} converges strongly to a point in NS, F(T,).

We next prove a strong convergence theorem for approximation common zeroes
of a finite family of continuous accretive mappings of E into E. Let Sy := agl +
arJa, +asJa, + - +anJay, with Ja, = (I +A,)"L, r=1,2,...,N for 0 <
a;<1,i=0,1,2,....,N, YN a;=1.
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Theorem 3.3. Let E be a real uniformly convexr Banach space which is also
uniformly smooth. For each v = 1,2,...,N, let A, : E — E be a continuous
accretive mapping such that NP N(A,) # 0 and Ja, = (I + A;)~1 for each
r=1,2,...,N. For given x1 € E, let the sequence {x,} and {y,} be generated
iteratively by

Yn = (1 - an)xna
3.10
{ Tpt1 = (1= Bn)yYn + BnSNYn, n>1, ( )

where {an} and {B,} are in [0,1] satisfy the following conditions:
(C1) lim, o0 ay, = 0;

(C2) 32571 an = 00;

(C8) B, € [a,b] C (0,1).

Then the sequence {x,} converges strongly to a point in NY_| N(A,.).

Proof. By Lemma 2.0] we have that A, is m-accretive for each r = 1,2,..., N.
By Lemma 27 Sy is nonexpansive and F(Sy) = N N(A,). By Theorem B.11
we obtain the desired result. O

The following theorems give strong convergence to a common fixed point of a
finite family of pseudocontractive mappings.

Theorem 3.4. Let E be a real uniformly conver Banach space which is also
uniformly smooth. For each r = 1,2,.... N, let T, : E — E be a continuous
pseudocontractive mapping on E such that "\N_, F(T}) # 0 and Jr, = (21 =T,)~ L.
For given x1 € E, let the sequence {x,} and {y,} be generated iteratively by

Yn = (1 - an)xna
3.11
{ Tn+1 = (1 - ﬂn)yn + BnSNYn, n>1, ( )

where Sy = apl +a1Jr, +asdr, +---+anJdry forO0<a; <1, ¢=0,1,2,..., N,
Zij\io a; =1 and {a,} and {B,} are in (0,1) satisfy the following conditions:

(C1) lim, 00 ay, = 0;

(C2) 3207, an = oo

(C3) By € [a,b] C (0,1).

Then the sequence {x,} converges strongly to a point in NN_ F(T}.).

Proof. Let A, := (I —T,) for each r =1,2,..., N. Then, clearly, F(T,) = N(A,)
and hence NY_; N(A,) = N, F(T,) # (). Furthermore, each A, forr =1,2,..., N
is m-accretive. The result follows from Theorem
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