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Abstract : In this paper we consider some distributional properties of record
range of a sequence of i.i.d continuous uniform random variables. More precisely,
we calculate the entropy of the record range and evaluate it as function of n.
Also, we obtain the joint probability density function of R,, and R,, via a Markov
chain and show that the conditional density of R,, given R,_; is independent of
n. Finally, some nice equalities related to the moments of the record range are
proved.
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1 Introduction

Let {X;; i=1,2,3,...} be a sequence of iid continuous random variable each
distributed according to cumulative distribution function F(z) and probability
density function f(x). An observation X, will be called an upper record value if
its value exceeds that of all previous observations. Thus, X; is an upper record if
X; > X; for every i < j. Also, X, is a lower record if X; < X; for every ¢ < j.
Let Ty 1), Ty (2), --- be the upper records and 17,(1), T1,(2), --- be the lower records of
{X;; i=1,2,3,...}. Suppose Ty, be the largest observation after observing nth
record and T;,; be the smallest observation after observing the nth record. We say
R,, = Tpy — Tni(n > 2), as nth record range. The joint pdf of fyy,ni of Ty, and
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T, is given by [I], 2]

2n—1

F Dy EW + F@)N" I @)/ ), (L.1)

fﬁunﬂ(xvy)::

where —oo < © < y < +00. Also, the pdf of fr, of R, is given by [3] [{]

+o0 on—1 - o
fr)= [ o O+ 0+ FOI R e 0s0d (12)

where F =1 — F.

In this paper we calculate the joint pdf of record ranges and entropy of record
range when {X;; ¢ =1,2,3,...} is a sequence of i.i.d continuous uniform variables;
ie, f(z)=(b—a)!, a <z <b. We also discuss on the beast linear least square
predictor m of R« based on Ry, ..., R, and the correlation of R, and R,,.

T

The change of variable y = In (1 - bfa) will be used repeatedly in this paper.
Thus for n > 2,

)= Z20a D (T

and

2 Entropy of R,

Theorem 2.1. Forn > 2,

Entropy(R,) =In (b_TaF(n — 1)) + - g L (n—2)T(n—1), (2.1)

where ¥(n —1) = %

Proof. First,

—Infr, =2In(b—a)+mI(n—1)—(n—1)In2—In(b—a—r)

—(n—2)1n(—ln(1—bia)>.
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Thus
Entropy =2In(b—a)+InT'(n—1)— (n—1)In2

b—a 2n—1(b —a— 7«)
—/0 ln(b_a_r)—(bfa)QF(nfl)

x [—In(1 — m)]"&dr

Aba(nQ)ln <ln<1 bia))

2" Y b—a—7) r
X amm oy o,

)" 2dr.

With change of variable y,

b=a 2" (b —a—7) T one2
\A ln(b*a*’l")m[* 1H(1 — m)] er 711'1(1)*0,) —

Also

b—a r i —a—r r
(n— 2)/ In(— 1n(1fb ) (2() — a()bQF(n — 1)) [—In(1 — m)]”ddr

i I(n—1)
I'n—-1)

=(n-2) —In2=n-2)¥(n—1)—1n2

and proof is completed. ([l
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Figure 1: Entropy of R,.



362 Thai J. Math. 13 (2015)/ R. Kazemi

In Figure 1, we show the behavior of entropy of R,, as function of n for some
values a and b (a < b).

3 Joint PDF of R,, and R,

In the following theorem we obtain the joint pdf of R,, and R,, via a Markov
chain.

Theorem 3.1. For2<m<nand0 <z <y <b-—a,
2n! b—a—vy

_G/)QF(m— 1)F(n—m) b—a_x

X [In(b—a—z)—Inb—a— y)]n—m—ll

)

fRor, (2,y) = C [~ In(1 — —
Proof. Let S = II{_,V;, where Vi, ..., V;, are i.i.d with f(v) = 2vl( 1)(v) and V, is

independent of b—a — R,,, then b—a — R, i(b —a)S, where 4 means identical
in distribution. Because, if Y :=b —a — R,,, then

fy(y) = fr,(b—a—y)

2n—1 n—2
S S — —ln( Y ) :
(b—a)’T'(n—1) b—a
Suppose Z = (b —a — R,,)V,, and V,, is independent of b — a — R,,. Then

f22) = | 0, (B)ar

2n—12 b—a 1 r n—2
= - = ~ =1 dr.
(bfa)QI‘(nfl)/Z r( n(ba)) "
With change of variable u = —In (ﬁ),
gn—1,, 0 U2
- ~ —be™")d
fZ(Z) (b _ a)QF(n _ 1) /ln(%) be—u( ¢ ) u

- (0 ()

Thus, b—a— Ry41 i(b— a— R,,)V,. Note that the sequence {(b—a—R,)V,}32,
forms a Markov chain. Since

2 (n(2)

we have b—a— R, g(b —a)S . Now, let

Zy =105, Zy =102 Vin-1)4g-
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Then the joint pdf of S; = (b —a)Z; and Sy = (b — a)Zs is given by

7 271715152 s1 m—2 S9 n—m-—1
fSnS2(51732)*(b_a)4r(m_1)r(n—m)(’mb—a) (’mb—a) '

Now, let 71 = 51 and T, = ﬁslsg, then the Jacobian is b;—la. Thus

2"—1 t2 tl m—2 t2 n—m-—1
to) = = -1 In = .
friz (b te) = o e =T =) tl( nbfa) ( ”t1>

With substituting 7y =b—a— R,, and T = b—a— R, proof is completed. [

Corollary 3.2. Usingm=n—1,a=0andb=1,

2(1 —y)

fRann—l(y|$) = m, O<z<y<l.

Lemma 3.3. Let pP9:=E(RE,RL ), then

m~ m—+1
2 q+3
b— P,q pHq+l _ p,q+1 > (. 3.1
(b —a)pp? + k= e P (3.1)
Proof.
b—a b—a
- a— = [ [0ty -y e )y
0
- / 2P L o= ym2de
0 b—a)’T'm—-1)b—a—x b—a
b—a
X/ yi(b—a —y)*dy.
x
By integration by part with y?dy = dv and (b — a — y)? = u, then

b—a I'Q+1 b—a yq-‘,-l
[ vt—aprdy=-Tne-a-ap 2 [ Loe-a-
x xr

q+1 q+1
Thus
b—a
2m 1
— pg+1l P

(b= a)uin® = i /0 v b—a)'(m—-1)b—a—=x

q+1
x [~ In(1 — ﬁ)]m—2 x *§+ —(b—a—2)’

b—a yq+1
2 b—a—y)dyd
+ A q+1( a —y)dydx

2 b—a prqurl 2m71
2 : b —a—a)
a+1Jo g+1 (b—a)>T’(m—1)

_ _ x m—2
X [ In(1 — 5" *da

ot = et et O

JF
qg+1 q+1 q+1
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Lemma 3.4. Let ph, :=E(R) R]), then

q+3 P,q+1

+1
q4+,1M"1” _'(b )ann'+ +71H£fn 1 Dqg= 0.

Proof.

b—a b—a
(b— a)uB, — upatt = / b— )Py’ — 2Py (2 y)dyde
0

b— /b _
/o [ ’“*y)@—a)%(:z—l)r(n—m)

X [nb—a—z)—Inb—a—1y)|" ™ ‘dydx

J/b—azc gn— 1 1
0 (b—a)?’T(m—-1)T(n—m)b—a—=x

b—a
X / b —a—z)—Inb-—a-—y)* ™!

x y4(b—a —y)3dy.
Let

b—a
S(z) = / b —a—z)—Inb—a—y)]" "yl —a—y)idy.

If yidy = dv and u = (b—a —y)?[In(b —a —z) —In(b — a — y)]" ™!, then

du=—20b—a—y)lnb-—a—2z)—Inb—a—y)]" ™"
+(n—m—1)(b—a—-y)nb-a—z)—Inb-a-y)]" " dy.

Hence
b—a n—1
2 1
b— D, pg+1l _ / D
( a)um,n :u’mn 0 T (b* a)2F( 1) b* a—1
5 b—a yq+1
X [—In(1 — "= —a—
[~ In - / L2y

[ln(b—a—ac) In(b —a —y)" ™!
+n—-—m-1)b-a—y)
X [In(b—a—z) —In(b —a —y)|" "™ dy}dx
2 2
- p,g+1 _ p,q+1
qA+71Mn1n qA+71Nn1n 1

and proof is completed.



On the Record Range 365

4 Some Results

Lemma 4.1. Forn > 2,

2(Fi, (1) = Fros (1)) = (b= a=7) fr.s(r). (4.1)
Proof.
(b—a—1)* . -1
F - F =——>92"" (—In(l — —))"
R, (T) Ry41 (7“) (b — a)QF(n) ( Il( b— a))
— 7fR”+l(r) (b—a—r). O
2
For j > 1,
w, = E(RY)
(b—a)i2n1t fooo(l —e V) e2uyn—2dy
B I'(n—1) '
Since,
J .
1 — € y = Z ( ) Z _ly,
=0
by using j =1 and j =2 [4],
1\n—1 4\ n—1
— (b — )2 — (=
Var(Ry) = (b— a) [(2) (9) }
Lemma 4.2. Forn>2and j=1,2,3, ...,
(G +2)pd, = (b — a)uy * = 2u, . (4.2)
Proof. By definition,
(b —a)ud ™" — ) = j(b— a)i2n! -1y (YT
]((b a):u‘n :u‘n) 2 Z ( > 34+ Z‘)n—l'

1=0

Also

b—a -1
, . 2n N b—a—7) r -
2ud, — 2l | =2 I~ [~ In(1 - n2q
Hn Hn—1 /O r (b _ a)QI‘(n o 1)[ Il( )] r

S > (o1 I I
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Theorem 4.3. The best linear least squares predictor, R/n; of Rn+x based on

Ro, ..., R, is
o-ai-(3)]+(3)" @3
Proof.
Eb=a=Rnlfin =) = r(%:j;) /:_a EZ S fiiz

X [In(b—a—2z)—Inb—a—1y)]" ™ "dy,

By change of variable u = In(b — a — x) — In(b — a — y),
2
Eb—a—Rp|Rn=2)=(b—a— x)(g)”fm

Thus
2

E(Ry|Rm=2z)=b—a—(b— a—x)(g)n_m

2\ n—m 2\n—m
“"”{1(5) }”(g) :
By Markov property of Rs, ..., Ry,
Rtk = E(Rpsi|Ru=2) = (- o)1 - (3] +2(3)". O

Lemma 4.4. For any fized m, lim,_,o, Corr(R,, Ry) = 0.

Proof. Since the sequence {(b—a — Ry,)V,}52, forms a Markov chain,
2 n—m
E(bfafRn|bfame::c)::c(§) , a<zxz<b.

Thus

n—m

Cov(Ry, Rpn) = (;) Var(Rm)

S e [ )

Thus, by definition for any fixed m,

n—m

lim Corr(R,,Ry) = 0. O
n—oo
Lemma [£4] shows that the correlation of between R,, and R,, is independent
of b — a. Table [[] shows the correlations of between R,, and R, for m,n = 2, 3,4,
a=0andb=2.
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Table 1: The correlations.

m,n 2 3 4
2 4/18 | 4/27 8/81
3 4/27 | 68/324 | 68/486
4 8/81 | 68/486 | 872/5862
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