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The Distributional Products by
the Laurent Series
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Abstract : Applying the following formulas

(x —i0)F =z7F 4 m((gl)kl_)j 6(’“_1)(1;)

and

e

I 2
A T+ 1)
due to Gel’fand, we evaluate the distributional product H(z) - §*)(z) for k =

0,1,2,... and hence we are able to derive 6™ (x) - 6()(x) by induction.
Furthermore, using the Laurent series of xi and 7, we directly compute the

products a:jrk -6®) () of one variable and r="=2™ . §(2%)(7) of n variables. Finally,
!

= (17156 D)

we imply ™ -2, = x;m_l by Fisher’s result, where

v = lim oy (A m)as),
the regular part of the Laurent expansion of o:f; about A = —m.
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1 Introduction

One of the well-known problems in the theory of generalized functions is
the lack of definitions for products and convolutions of distributions in general,
although they are in great demand for quantum field theory. In elementary particle
physics, one finds the need to evaluate 62 when calculating the transition rates of
certain particle interactions [1]. The sequential method (Antosik, Mikusinski, and
Sikorski 1972 [2]) and complex analysis approach (Bremermann 1965 [3]), including
non-standard analysis, have been the main tools in dealing with products, powers
and convolutions of distributions. Fisher, with his collaborators [4-8], has actively
used Jone’s d-sequence I, (z) = np(nz) for n = 1,2,..., where p(z) is a fixed
infinitely differentiable function on R with four properties :
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(i) pla) > 0,
(i) pla) = 0 for |z] > 1,

(ili) p(x) = p(—2),

1
(iv) / plx)dx =1,
-1
and Van der Corput’s neutrix limit (in order to abandon unwanted infinite quanti-
ties from asymptotic expansions) to deduce numerous products, powers, convolu-
tions and compositions of distributions on R since 1969. One of Fisher’s definitions
for multiplication is given as follows [5] :

Definition 1.1 Let f and g be distributions in D’ and let g,, = g * §,,. We say
that the neutrix product f o g of f and g exists and is equal to h if

N — lim(fga, 6) = (1, )
for all functions ¢ in D, where N is the neutrix (see [9]) having domain N’ =
{1,2,---} and range the real numbers, with negligible functions that are finite
linear sums of the functions

nn" tn, n"n A>0,r=1,2,---)

and all functions of n that converge to zero in the normal sense as n tends to
infinity.

The following theorem due to Fisher [5] is easily proved from the above definition.

Theorem 1.1 Let f and g be distributions in D’ and suppose that the non-
commutative neutrix products fog and fog' (or f’ og) exist. Then the product
f'og (or fog') exists and

(fog) =fog+fog.

It is obvious to see that the product of definition 1 is not symmetric and hence
fog # go fin general. Furthermore, such products are dependent on the choice
of function p(z), which, unfortunately, does not seem a property of distributional
products [8].

To extend multiplications from one-dimensional to m-dimensional, Li [10-11] con-
structed several workable d-sequences on R™ for non-commutative neutrix prod-
ucts such as 7" F oV as well as 7~¥ o Al§, where A denotes the Laplacian. Aguirre
[12] used the Laurent series expansion of 7* and derived a more general (natural)
product r =% . V(A!§) by calculating the residue of 7*. His approach is an interest-
ing example of using complex analysis to obtain products of distribution on R™
[13-16].



The Distributional Products by the Laurent Series 307

The objective of this paper is to obtain natural products of distributions with the
help of Laurent series and some of Gel’fand’s identities [17]. In particular, we will
employ the following two expansions.

A (=1F! (k—1) —k —k
= 1
T RSS! k)(S (@) +2"+ A+ k)2 "Inzy +

and
A a-1

= 4=t A 2m) + -+ .
/\+n+2m+ao+a1( +n+2m) +

This approach is not only simpler than the sequential method but also without
recourse to Van der Corput’s neutrix limit nor to a delta sequence (an idea that
requires a bit more machinery).

2 The Product 6 (z) - 6" (z)

In the following, let D be the space of infinitely differentiable functions with com-
pact support and let D’ be the space of distributions defined on D. We define the
locally summable functions o:f;_ and z* for A > —1 by

T amd TE=000 e

[ ifz>0 A lz|* ifz <0
0 ifz<0O -

The distributions 2 and 2z are then defined inductively for A < —1 and A #
—2,-3,... by
(z3) =A™ and (2}) = —dat

It follows that if r is a positive integer and —r — 1 < A < —r, then

r—1

°° (i)
(. o) = [ l¢<x>_z¢ 0)

1!
=0

1;11 dr and

0 it ()] .
@, o) = [ ol [¢<x> -y x] ds.
—o© i=0 ’
Lemma 2.1  The products xﬁ‘r cx=F N and 2 -x;k_/\ ezist and
ANoo—k-x_ _T COSECAT (k—1)
v ke (=D 7 cosechr (k—1)
. = 7 2.2

where A #0,£1, 42, ... and k=1,2,....
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Proof. The following two formulas can be found in [17]

(=D

k—1
(x—i0)F =27% +ir ) 61 ()

and _
(z —i0)* = 2 +e g,
Furthermore, (z —i0)* is an entire function of .

Using the following Gel’fand’s identities [17]

—1)n—1 i
7} = (n(n?mn) SR+ Fonlar )
2 = ; (=D (g z
= CERIETIN V(@) + Fon(a-, V),

eii)\ﬂ' _ (—1)"[1:& ()\+n)7r+--~]

where F_, (24, ) and F_,(x_, A) are the regular parts of the Laurent expansions

A

of xi and x* respectively, we arrive at

Alir{lk(x —i0)* = Alir{lk(xi + e Amigh)
N e ) (k—1)

X + ZWW(S (l‘)
= (z —i0)7*.

It follows that
(z —i0)* - (x — i0)* = (x — i0) .

In particular, we have
(z —i0)* - (x — i0) "% = (x — i0) 7"
by letting u — —\ — k.
Hence, we come to
7k iﬁmd(k_l)(x) = (z —i0)7F
= (z —i0)(z —i0) " F

— (xi + e—)ﬁrixi)(xjr)\fk + e()\—ﬁ—k)m’xf)\fk)

= [acfrk + (—1)kx:k] + [(—1)’“3:?r AR R

+i[(=1)*ad - 2T — 2t a7 R sin

which clearly implies

—A—k
P

COS AT
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(=) 2T P4} e R =0

)

and

- Ak —k
(~D)fa} -2 =2 a7 smAw=w_)1>!5(k V(a).

Therefore, we obtain

2(—=1)ka 2= Fsin A = ﬂﬂé(k_l)(a:)
s (k-1 '

This completes the proof of equation (2.1), and equation (2.2) follows from

k
Ao A=k _ oyl A=k _ (=1)" m cosecAm (k—1)
x7'1'+ —( 1) .T+'£L'_ —Wé (SU)

O

Remark : Equation (1) was first obtained by Fisher in [5] with a much longer
and more complex proof by Definition 1.1. His work was based on the J-sequence
and the neutrix limit.

Lemma 2.2 The products z', - §" 5= (2) and 6" +*=1 () - 2", exist and

(1) (r+ & — 1)!
2(k—1)!

'y TR () = gD () xh = 5k ()

forr=0,1,2,... and k =1,2,.... In particular, we have

=D (x)

H(z)- 6%V (z) = 5

Proof. Let s be a positive integer. By the following two identities

T TA-ANT1+)

sin \r A

if A is near —s and A # —s,

2

: - — (_1\s—1g5(s—1)
Jm ragn T T @)

as well as equation (2), we have

—1)ktL (s — 1)
(_1)5716(571)(1,) . xi-_k _ ( 1;(]{ _(1)' 1)’6(1@71)(1:)

It follows from setting r = s — k that

1) —1)!
5(r+k71)(x) l‘:_ _ ( 1) (7’+k 1)5(’671)(.’5)
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With a very similar argument, we can show that

QTTJF .6(r+k—1)($) — <_1);((;+f)r 1)!(5(k_1)($(}).

This completes the proof of Lemma 2.2. O

Theorem 2.1 The product 5 (z) - 61 () exists and
§(m) (z) - 5(1)(33) =0

form,1=0,1,2,....

Proof. From Lemma 2.2, we have H(x) - 6(x) = 0(x)/2 and differentiate both
sides to get

5(w) - 5(a) + H(z) - () = 3/()

which shows that §%(z) = 0. Similarly we can derive §(x)-&'(z) = §(z) - d(x) =0
by noting that

8 (x)-8(x) +d6(x) - §'(z) =0,
Hz)-8'() = 58/ (2),

1
5(z) -8 (x) + H(x) - 6" (x) = 55”(@.
The theorem obviously follows by induction. O

Remark 1 : Li used a different approach [18] to show that §?(z) = 0 for z € R
by applying the Hilbert transform

_ 1 e()
where ¢ € D(R) and Im z > 0.

From Cauchy’s representation of distribution, we have

(6*(2), ¢(x)) = lim Re(6*(z —ic), d(2))

e—0t
1
2 lim Re - ]{ L’Z_)dz.
=0t (2m0)? J), =g (2 —i€)?
By Cauchy’s integral formula, we come to

2 T L ¢'(ie) _
(0°(x), ¢(x)) = lim Regmm—5 = Reg

Therefore §2(x) = 0.
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Remark 2 : Using the normalization, Giittinger [20] obtained the product of
improper operators

50 - Hz) = 3 0,60 (a),
=0

where by, by, ..., b, are arbitrary constants. Furthermore, he derived a similar type
of product of 6™ (x) - §()(z) under certain conditions.

3 The Product 27" - §?)(x)

Theorem 3.1 The product 7" - §%)(x) exists and

1)k
xj . 5(19)(@ - Z((pl—)klf)!!é(km (x)

forp=0,1,2,... and k = 1,2,.... In particular, we have H(z)-0®) (z) = §®)(z)/2
again by letting k — 0.
Proof. From the Laurent series of xﬁ‘r

(-1

3 = Ty LN (k_l) 2k —k oo
o s T L O R T

we have
6PV () = (=1)P"Hp—1)! lim (u+p) k.
n—=p

We define distribution w;k as the regular part of the Laurent expansion of xi
about A = —k by

0
—k_ A
zy" = lim, o\ A+ F)ai]

Hence, we get

lim lim 9 A+ k) (n+p) xiﬂ‘ ,

-k, 5(p—1) — (1" 1(p_ 1)
:L‘+ 5 (z) ( ]‘) (p 1)')\~>7k/t~>7p 8)\

due to the facts 27, 2/} and xj‘_"’“ are analytic for A\, g, A+ pu # —1,-2,... and
xf‘“ =z} - ah.

Obviously,

K)o+ 9) = IO+ b+ )2 = (A4 )2 = ()7,
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It follows that

1Py —1)! o
-k s(p—1) _ ( I)P (p 1) : . 2 A+p
) (x) s Al_l)r{lkﬂlingp—a/\ [(/\+k+u+p) x }

(=D 'ep-1! . 2 2, A
- 2 s, lim 23 [(A R }

( 1)1) 1(]) 1)! . : 0 2 Ap
5 Almkuhmp X (uw+p)x
= Il—|—12+]3.

Since
Ap (—1)k+r—t

— §k+p=1) R
T+ (k+p—1)!\+p+k+p) @ +e

we have

_ =yt npto 0 2
e CYO i 2k

(_1)k+p_1 5(k+p—1)($) 4. ]
(k+p—D!'A+p+k+p)

(_l)k(p - 1! 5(k+p—1)(x).

2lp+k—1)!
As for I, we arrive at
=yt 0 2
L= = lm, lm o3[O +E)
(_1)k+p—1

§(k+p—1)
k+p—-D!'A+p+k+p) (@) + }

_ (71)k(p — 1)' 6(k+p71)(z)'
2(p+k—1)!
due to the following fact

. ) A+ k)?
lim lim —{—— " L1
/\—l>—kul>—p5)\{/\+,u+k+p

With a very similar argument, we can show that

(_1>k(p - 1)' (5(k+p_1)((£).

I =
ST 2(p+k—1)!

Replacing p — 1 by p, we complete the proof of Theorem 3.1. O

Remark 1 : It is easy to derive the products =% - §®)(z) and 2=* - ) (z) from
our result, where x =% = x;k + (=1)k2=%. We leave them for interested readers.
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Remark 2 : One may attempt to construct the following entire function

A

T+
Ay o) A#£—1,-2,...,
fat) {5(4—1)7 A=—1,-2,....

Then
an DOV 4+ D) f(a3)

which can be used to show Theorem 2.1. Indeed, we have

(m) ) 7} 74
m . - 1 it S I ot
or@) - 00 @) = | Mm ma Ty L M T
) xh
oy . . +
Aot ps AT+ 1) T(u+ 1)
. DA+ p+ Dyt
= lim lim 0,
Am—m—1p——i-1T(p+ HTA+ )TN+ p+ 1)

since
1

i
po i1 T+ 1)

and the limit of other terms exists by using the formula

L(z) (D" T (—z+n+ 1)'

['(z—n) I'(1-2)

However, it is impossible to obtain Lemma 2.2 and Theorem 3.1 along the same
line because it does not produce a term x, or x;k at all.

4 The Products r—2m". 5(25)(r) and 27 . 5(25)(r)
Theorem 4.1 The product r=2™=" . §29)(r) exists and
T—Qm—n . 6(23) (7,) =0

fors, m=0,1,2,... andn=1,2,....
Proof. From the Laurent series of r*

A -1

=" A 2
)\+n+2m+a0+al( +n+2m)+

0,,6(2m) (r)
(2m)!
hypersurface area of the unit sphere).

where a_1 = , ag = Qur~?™7" and a; = Q,r 2" "Inr (Q, is the
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The distribution »~2™~" as the regular part of the Laurent expansion of r* about
A = —n — 2m is defined by

1 0
—2m-n _ _~ : -~ A
r I RPN L5\ (Ot 2m) . (4.1)
Clearly, for s =0,1,..., we have
2m)!
6@ (r) = @m)! lim [(u +n+2s) r“} (4.2)
QTL H—)—TL—QS

from the the Laurent series of r*.
It follows that

p2m—n 5(25) (T)
0
A

2m)!
((;Z) \ lim2 . lim2—[(/\+n+2m)rk-(u+n+28)r“}
2 ——n—2m p——n—2s

>

0
(Qm)! : ; 9 Atp
o 5 O 20,

Applying the following two identities
A+ n+2m)(pu+n+2s)
1
= 5{()\—l—,u—l—n—l—2m—i—n—|—25)2 — (A +n+2m)®>— (p+n+2s)°},

b_
Mp 1 b bi(\ 2 9
)\+u+n+2m—|—25+ o+bi(A+p+n+2m+2s)+---,

r

we come to

T—Qm—n . 5(28) (’I“)

(2m)! . O [(AN+p+n+2m+n+2s)?
= lim — b_14+---
02 x—Zn—2mp——n—2s O\ 200+ p+n+2m+ 2s)
(2m)! . . 0 (A +n + 2m)?
— | 1 — b_
Q% A—)—l’gl—27rL u**ir?}b’l*QS o\ 2()\ =+ ) +n+2m+ 28) Lt
(2m)! . . 0 (i +n+2s)?
- | 1 — b_
02 Ao A\ 20 it 2mt2s) T
=0 +1;+ Is.

By direct computation, we obtain

O [(A+u+n+2m+n+2s)? b

li li = 10 =0 4.3
A2 28 O { 200+ p+n+2m+ 2s) 1} (43)

and the rest in I; is zero since there is only one n in the denominators after
taking the partial derivative, which will never vanish after the two limits, while all

numerators disappear.
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Similarly, we get Is = I3 = 0. This completes the proof of theorem 4.1. O

Theorem 4.2 The product r—>™ - §29)(r) exists and

—2m | 5(2s) _ (Qm)' (2m+2s)
PO = S am 21 ()

form, s=0,1,2,... andn=1,2,....
Proof. By equations (4.1) and (4.2), we have

T—Qm . (5(23)(7“) _ rnT—Qm—n . 6(25) (7")

~(2m)! . . n O A "
=Tt g (O G20
_(@2m)! : 0 [ A+u+n}
- Q% A—»l—lgﬂ—Qm uﬂlgrll*% o\ (/\ Tt 2m) (,u Tt 28) " '

Using the following two identities

A+n+2m)(p+n+2s)
1
:5{()\+/,L+n+2m+n+25)2—()\+n+2m)2—(M+n—|—2s)2},

Aptn -1 A ) ) .
r )\+/L+n+n+2m+28+co+01( +ptntn+2m+2s)+---,
where @29y
Qpotemt=s)(p
= n d _ Qn —n—2m—28.
C—1 —(2m n 28)' ana co r
We infer
,r72m . 5(23) (7,)
(2m)! . . O [(A+pu+n+2m+n+2s)?
= lim lim — c_1+ -
02 r-—n—2mpu——n-2s IX | 20\ + p+n+n+2m+2s)
(2m)! . . 0 (A +n+2m)?
— lim li — 14
02 ro—n—2mpu——n-2s OX | 2(A+ p+n—+n+2m+ 2s)
2m)! . 0 (p+n + 2s)?
— 1 1 = 4
02 A n2m 25 O 2A+ p+n+n+2m+ 2s) ¢t

=10+ I+ Is.
By direct computation, we obtain

(2m)! I : s, {()\+u+n+2m+n+2$)2 1} (4.4)

1 =
202 A2 28 O A+ p+n+2m+n+2s) ¢
(2m)!

= c_1
202
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and the rest in I is zero. Notice that there is a 2n term in the denominator of
equation (6), while there is only one n in the denominator of equation (5).

As for I, we can see that

lim lim —
A——n—2m p——n—2s O\

0 (A +n + 2m)? _
A pu+n+2m+n+2s)

which clearly allows us to deduce

_ (2m)!
202

I =

C_1

as the other terms in Iy are zero after the partial derivative and the two limits.
Similarly, we have

2
im  lm > (tn + 29) -1
A——n—2mp——n—-2s OX | A+ pu+n+2m+n+2s

which claims

(2m)! (2m)!
Is == (me-1) = 5 v
This completes the proof of theorem 4.2. O

5 The Product 27" -z}’

In 2004, Fisher and Tag [19] proved the following theorem by definition 1.1 and
theorem 1.1.

Theorem 5.1 The non-commutative neutriz products of xi InP z; and zi In?x,
and of 22 InP z_ and =" In%x_ exist and

ey P ryoah nta, = xf\ﬁ” InPtg,

A
2Pz ozt vz =2 T InPt_

forA+pu<—-1land A\, p, N\+p#—-1,-2,-3,---
The key step to show the theorem in their work is to derive

zy ol = xfr“ (5.1)
for A\ + p < —land A\, p, A+ p # —1,—-2,—-3,---, based on the d-sequence and
the neutrix limit. However, it seems infeasible to compute the product ;™ and
a:jrl along the same line because of the singularity of 27" and :erl. In this section,
we make use of the Laurent series of xi+“ to show the following theorem.

l l

Theorem 5.2 The product x7™ - x7 = x;m_l form, | =

1,2,....

. -
exists and "y
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Proof. From the definition, we have
-m 9 A —1 : 9
= Jim oy [Ocemad], adt = i oo (e et

By equation (7)

0 [o
-m .=l — Ap
x" e xl ,\1—1>mmuli)ni178)\ [8 A +m)(p+ Dy ] .

Using the Laurent series
>\+/L _ (_1)m+171 5(m+171)(

T - DIOtptmt)
= A +Ay+--,

x).‘.m;m l+...,

and the identity

Obm) (1) = [ m 4 407 = b m)? = (a4 1)7)

we come to

o0
-m =l _ A
vy ray = lim - lim 23 [a A+ m)(+ )y ]

2

1 li li 9
2 )\—l>mm, ,ui»ml 6)\8

2

0
,\1_{ mullnil oo [(A+m) (A71+A0+m)}

2

0
L v [+ A+ Ao )

=0 +1+ Is.

[Q+m+u+D%A4+Awk~ﬂ

\»—\ N | —

Obviously,

2

9 2
Agmmﬂliml YN [()\erJr,qul)

(_1)m+l71 B
(m+l—DNA+M+m+D]Q

and
2

1 0
ikgmmﬂli{nla)\a A+m+p+1)?=
We can show that
Il —l'_T_m l.

With a very similar technique as above, we can reach that

Iy = I = 0.
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This completes the proof of theorem 5.2. O

To end this paper, we would like to mention that one can derive more natural
products of distribution of one or n variables by following our approach, which is
simpler than the sequential method.

Acknowledgements : The first author was partially supported by the Natural
Sciences and Engineering Research Council of Canada (NSERC) and the second
author was partially supported by Comisiéon de Investigaciones Cientificas de la
provincia de Buenos Aires (C.I.C.) Argentina.

References

[1] S. Gasiorowicz, Elementary Particle Physics, J. Wiley and Sons, Inc., N.Y.
1966.

[2] P. Antosik, J. Mikusinski and R. Sikorski, Theory of Distributions, the Sequen-
tial Approach, PWN-Polish Scientific Publishers, Warsawa, 1973.

[3] J.H. Bremermann, Distributions, Complex Variables, and Fourier Transforms,
Addison-Wesley, Reading, Massachusetts, 1965.

[4] B. Fisher, The product of distributions, Quart. J. Math., 22(1971), 291-298.

[5] B. Fisher, A non-commutative neutrix product of distributions, Math. Nachr.,
108(1982), 117-127.

[6] C. K. Li and B. Fisher, Examples of the neutrix product of distributions on
R™, Rad. Mat., 6(1990), 129-137.

[7] L. Z. Cheng and C.K. Li, A commutative neutrix product of distributions on
R™, Math. Nachr., 151(1991), 345-356.

[8] A. Kilicman and B. Fisher, Further results on the non-commutative neutrix
product of distributions, Bulgaricae mathematicae publicationes, 19(1993),
145-152.

[9] J. G. van der Corput, Introduction to the neutrix calculus, J. Analyse Math.,
7(1959-60), 291-398.

[10] C. K. Li, The product of »—* and V&, Int. J. Math. Math. Sci., 24(2000),
361-369.

[11] C. K. Li, An approach for distributional products on R™, Integral Transform.
Spec. Func., 16(2005), 139-151.

[12] M. A. Aguirre T., A convolution product of (25)-th derivative of Diracs delta
in 7 and multiplicative distributional product between r—* and V(A7§),Int. J.
Math. Math. Sci., 13 (2003), 789-799.



The Distributional Products by the Laurent Series 319

[13] M. A. Aguirre T., The expansion in series (of Taylor Types) of (k—1) deriva-
trive of Diracs delta in m? + P, Integral Transform. Spec. Func., 14(2003),
117-127.

[14] M. A. Aguirre T., The series expansion of §*)(r —c), Math. Notae, 35 (1991),
53-61.

[15] M. A. Aguirre T., A generalization of convolution product of the distribu-
tional families related to the diamond operator, Thai Journal of Mathematics,
2(2004), 97-106.

[16] M. A. Aguirre T., The expansion of §*)(m? 4 P), Integral Transform. Spec.
Func., 8(1999), 139-148.

[17] I. M. Gel'fand and G. E. Shilov, Generalized Functions, Vol. I, Academic
Press, 1964.

[18] C. K. Li, The products on the unit sphere and even-dimension spaces, J.
Math. Anal. Appl., 305(2005), 97-106.

[19] B. Fisher and K. Tag, On the non-commutative neutrix product of the distri-
butions z} and 2}, Acta. Math. Sin. (Engl. Ser.), 22(6)(2006), 1639-1644.

[20] W. Giittinger, Products of improper operators and the renormalization prob-
lem of quantum field theory, Progr. Theoret. Phys., 13(1955), 612—626.

(Received 15 February 2006)

C. K. Li

Department of Mathematics and Computer Science
Brandon University

Brandon, Manitoba, Canada R7A 6A9.

e-mail : 1ic@brandonu.ca

Manuel A. Aguirre T.

Ntcleo Consolidado Matematica Pura y Aplicada
Facultad de Ciencias Exactas

Paraje Arroyo Seco,Campus Universitario
Universidad nacional del Centro

Tandil, Argentina.

e-mail : maguirre@exa.unicen.edu.ar



