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1 Introduction and Preliminaries

Hyperstructure theory was born in 1934 when Marty [1] defined hypergroups,
began to analysis their properties and applied them to groups, rational algebraic
functions. Now they are widely studied from theoretical point of view and for their
applications to many subjects of pure and applied properties. In 1965, Zadeh [2]
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introduced the notion of a fuzzy subset of a non-empty set X , as a function from X
to [0, 1]. Fuzzy set theory has been shown to be a useful tool to describe situations
in which the data are imprecise or vague. Fuzzy sets handle such situations by
attributing a degree to which a certain object belongs to a set. In 1971, Rosenfeld
[3] defined the concept of fuzzy group. Since then many papers have been published
in the field of fuzzy algebra. Recently fuzzy set theory has been well developed
in the context of hyperalgebraic structure theory. A recent books [4,5] contains a
wealth of applications. In [6], Davvaz introduced the concept of fuzzy hyperideals
in a semihypergroup, also see [7–10]. But in fuzzy sets theory, there is no means
to incorporate the hesitation or uncertainty in the membership degrees. As an
important generalization of the notion of fuzzy sets on a non-empty set X , in
1983, Atanassov introduced in [11] the concept of intuitionistic fuzzy sets on a
non-empty set X which give both a membership degree and a non-membership
degree. The only constraint on these two degrees is that the sum must be smaller
than or equal to 1. The relations between intuitionistic fuzzy sets and algebraic
structures have been already considered by many mathematicians. In [12], using
Atanassov idea, Davvaz established the intuitionistic fuzzification of the concept of
hyperideals in a semihypergroup and investigated some of their properties. Also,
see [13–21].

In this paper, using Atanassov idea, we introduce the concepts of intuitionis-
tic fuzzy hyperideal extension of semihypergroups and intuitionistic fuzzy prime
(semiprime) hyperideal of semihypergroup. We discuss the properties of them and
study the relationship between prime (semiprime) hyperideals and intuitionistic
fuzzy prime (semiprime) hyperideals by means of the extensions of intuitionistic
fuzzy hyperideals of semihypergroup. Since intuitionistic fuzzy sets theory is a
generalization of fuzzy sets theory, the fuzzy sets can be seen as a special situation
of the intuitionistic fuzzy sets.

Recall first the basic terms and definitions from the hyperstructure theory.

Definition 1.1. A map ◦ : H × H → P∗(H) is called hyperoperation or join
operation on the set H , where H is a non-empty set and P∗(H) = P(H)\{∅}
denotes the set of all non-empty subsets of H .

Definition 1.2. A hyperstructure is called the pair (H, ◦) where ◦ is a hyperop-
eration on the set H .

Definition 1.3. A hyperstructure (H, ◦) is called a semihypergroup if for all
x, y, z ∈ H , (x ◦ y) ◦ z = x ◦ (y ◦ z), which means that

⋃

u∈x◦y

u ◦ z =
⋃

v∈y◦z

x ◦ v.

If x ∈ H and A,B are non-empty subsets of H then

A ◦B =
⋃

a∈A,b∈B

a ◦ b, A ◦ x = A ◦ {x}, and x ◦B = {x} ◦B.
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Definition 1.4. A non-empty subset B of a semihypergroup H is called a sub-
semihypergroup ofH if B◦B ⊆ B andH is called in this case super-semihypergroup
of B.

Definition 1.5. A non-empty subset I of a semihypergroup H is called a right
(left) ideal of H if for all x ∈ H and r ∈ I,

r ◦ x ⊆ I(x ◦ r ⊆ I).

A non-empty subset I of H is called a hyperideal (or two-sided hyperideal) if it is
both a left hyperideal and right hyperideal.

Atanassov introduced in [11,22] the concept of intuitionistic fuzzy sets defined
on a non-empty set X as objects having the form:

A = {〈x, µA(x), λA(x)〉 |x ∈ X},

where the functions µA : X → [0, 1] and λA : X → [0, 1] denote the degree of
membership (namely µA(x)) and the degree of non-membership (namely λA(x))
of each element x ∈ X to the set A respectively, and 0 ≤ µA(x) + λA(x) ≤ 1 for
all x ∈ X .

Obviously, each ordinary fuzzy set may be written as

A = {〈x, µA(x), 1 − µA(x)〉 |x ∈ X}.

Let A and B be two intuitionistic fuzzy sets on X . The following expressions
are defined in [22, 23].

1. A ⊆ B if and only if µA(x) ≤ µB(x) and λA(x) ≥ λB(x) for all x ∈ X .

2. A = B if and only if if A ⊆ B and B ⊆ A.

3. Ac = {〈x, λA(x), µA(x)〉 |x ∈ X}.

4. A ∩B = {〈x,min{µA(x), µB(x)},max{λA(x), λB(x)}〉 |x ∈ X}.

5. A ∪B = {〈x,max{µA(x), µB(x)},min{λA(x), λB(x)}〉 |x ∈ X}.

6. �A = {〈x, µA(x), 1 − µA(x)〉 |x ∈ X}.

7. ♦A = {〈x, 1− λA(x), λA(x)〉 |x ∈ X}.

For the sake of simplicity, we use the symbol A = (µA, λA) for intuitionistic
fuzzy set A = {〈x, µA(x), λA(x)〉 |x ∈ X}. Im(µA) denote the image set of µA and
similarly, Im(λA) denote the image set of λA.

For a non-empty family {Ai = (µAi
, λAi

) : i ∈ I} of intuitionistic fuzzy subsets
ofX , the inf Ai = {(inf µAi

, supλAi
) : i ∈ I} and the supAi = {(supµAi

, inf λAi
) :

i ∈ I} are the intuitionistic fuzzy subsets of X defined by:
inf Ai : X → [0, 1], x → {(inf µAi

(x), sup λAi
(x)) : i ∈ I},

supAi : X → [0, 1], x → {(supµAi
(x), inf λAi

(x)) : i ∈ I}, where inf µAi
(x) =

inf{µAi
(x) : i ∈ I} and supλAi

(x) = sup{λAi
(x) : i ∈ I} and similarly for

supµAi
(x) and inf λAi

(x).
For any t ∈ [0, 1] and a fuzzy set µ of a semihypergroup H , the set
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U(µ; t) = {x ∈ H : µ(x) ≥ t} (resp. L(µ; t) = {x ∈ H : µ(x) ≤ t})

is called an upper (resp. lower) t-level cut of µ.

Definition 1.6. Let A,B be two intuitionistic fuzzy sets in a semihypergroup H .
Then,

A ⊆ B if and only if (∀x ∈ H), (µA(x) ≤ µB(x) & λA(x) ≤ λB(x)),

A ∩B = {〈x,min{µA(x), µB(x)},max{λA(x), λB(x)}〉 |x ∈ H},

A ∗B = {〈x, µA∗B(x), λA∗B〉 |x ∈ H},

where

µA∗B(x) =

{

sup
x∈y◦z

{min{µA(y), µB(z)}} if x ∈ y ◦ z

0 otherwise,

λA∗B(x) =

{

inf
x∈y◦z

{max{λA(y), λB(z)}} if x ∈ y ◦ z

1 otherwise.

Definition 1.7. Let H be a semihypergroup. An intuitionistic fuzzy set A =
(µA, λA) in H is called an intuitionistic fuzzy semihypergroup in H if for all x, y ∈
H ,

inf
z∈x◦y

{µA(z)} ≥ min{µA(x), µA(y)} and sup
z∈x◦y

{λA(z)} ≤ max{λA(x), λA(y)}.

Definition 1.8. Let H be a semihypergroup. An intuitionistic fuzzy set A =
(µA, λA) in H is called a left (resp. right) intuitionistic fuzzy hyperideal of H if
for all x, y ∈ H ,

1. µA(y) ≤ inf
z∈x◦y

{µA(z)} (resp. µA(x) ≤ inf
z∈x◦y

{µA(z)}).

2. sup
z∈x◦y

{λA(y)} ≤ λA(y) (resp. sup
z∈x◦y

{λA(z)} ≤ λA(x)).

An instuitionistic fuzzy set A in H is called an intuitionistic fuzzy two-sided
hyperideal of H if it is both an intuitionistic fuzzy left and an intuitionistic right
hyperideal of H .

Let H be a semihypergroup. For x ∈ H , we define

Xx = {(y, z) ∈ H ×H : x ∈ y ◦ z}.

Definition 1.9. Let H be a semihypergroup. An intuitionistic fuzzy set A =
(µA, λA) in H is called an intuitionistic fuzzy prime hyperideal if for all x, y ∈ H ,

inf
t∈x◦y

µA(t) = µA(x) ∨ µA(y)

and
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sup
t∈x◦y

λA(t) = λA(x) ∨ λA(y).

Definition 1.10. Let H be a semihypergroup. An intuitionistic fuzzy set A =
(µA, λA) in H is called an intuitionistic fuzzy semiprime hyperideal if for all x, y ∈
H ,

inf
t∈x◦x

µA(t) ≤ µA(x)

and

sup
t∈x◦x

λA(t) ≥ λA(x).

Definition 1.11. Let H be a semihypergroup. Then, a hyperideal I of H is called

1. prime if for the hyperideals A,B of H , A ◦ B ⊆ I implies that A ⊆ I or
B ⊆ I.

2. semiprime if for a hyperideal A of H , A ◦A ⊆ I implies that A ⊆ I.

Proposition 1.12. Let H be a semihypergroup and ∅ 6= I ⊆ H. Then, I is a
prime hyperideal of H if and only if X = (ΦI ,ΨI) is an intuitionistic fuzzy prime
hyperideal of H, where X = (ΦI ,ΨI) is the characteristic function of I.

Proof. Let x, y ∈ H . If x ◦ y ⊆ I, then x ∈ I or y ∈ I. Thus ΦI(x) = 1 or
ΦI(y) = 1. Thus we have

inf
t∈x◦y

ΦI(t) = 1 = ΦI(x) ∨ΦI(y)

and

sup
t∈x◦y

ΨI(t) = 0 = ΨI(x) ∧ΨI(y).

If x ◦ y /∈ I, then x /∈ I and y /∈ I. Thus ΦI(x) = 0 and ΦI(y) = 0. Thus we have

inf
t∈x◦y

ΦI(t) = 0 = ΦI(x) ∨ΦI(y)

and

sup
t∈x◦y

ΨI(t) = 1 = ΨI(x) ∧ΨI(y).

Conversely, suppose that X = (ΦI ,ΨI) is an intuitionistic fuzzy prime hyper-
ideal of H and x ◦ y ⊆ I. It follows that

1 = inf
t∈x◦y

ΦI(t) = ΦI(x) ∨ ΦI(y).

Hence, ΦI(x) = 1 or ΦI(y) = 1, i.e., x ∈ I or y ∈ I. Thus, I is prime hyperideal.

In similiar way it can be proved the following proposition:
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Proposition 1.13. Let H be a semihypergroup and ∅ 6= I ⊆ H. Then, I is a
semiprime hyperideal of H if and only if X = (ΦI ,ΨI) is an intuitionistic fuzzy
semiprime hyperideal of H, where X = (ΦI ,ΨI) is the characteristic function of
I.

2 Intuitionistic Fuzzy Hyperideal Extensions

Definition 2.1. Let H be a semihypergroup, A = (µA, λA) an intuitionistic fuzzy
subset of H and x ∈ H . Then,

〈x,A〉 (y) = {(y, 〈x, µA〉 (y), 〈x, λA〉 (y)) : x ∈ H}

is the intuitionistic fuzzy subset of H , where the function 〈x, µA〉 : H → [0, 1]
and 〈x, λA〉 : H → [0, 1] defined by 〈x, µA〉 (y) = inf

t∈x◦y
µA(t) and 〈x, λA〉 (y) =

sup
t∈x◦y

λA(t) is called the extension of A by x.

Proposition 2.2. Let H be a commutative semihypergroup, A = (µA, λA) be an
intuitionistic fuzzy hyperideal of H and x ∈ H. Then, 〈x,A〉 is an intuitionistic
fuzzy hyperideal of H.

Proof. Let A = (µA, λA) be an intuitionistic fuzzy hyperideal of commutative
semihypergroup H and p, q ∈ H . Then,

inf
t∈p◦q

〈x, µA〉 (t) ≥ inf
s∈x◦p◦q

µA(s) ≥ inf
k∈x◦p

µA(k) = 〈x, µA〉 (p)

and

sup
t∈p◦q

〈x, λA〉 (t) ≤ sup
s∈x◦p◦q

λA(s) ≤ sup
k∈x◦p

λA(k) = 〈x, λA〉 (p).

Thus 〈x,A〉 is an intuitionistic fuzzy right hyperideal of H . Since H is a com-
mutative semihypergroup, we have 〈x,A〉 is an intuitionistic fuzzy hyperideal of
H .

Proposition 2.3. Let H be a commutative semihypergroup, A = (µA, λA) be an
intuitionistic fuzzy prime hyperideal of H. Then, 〈x,A〉 is an intuitionistic fuzzy
prime hyperideal of H for all x ∈ H.

Proof. Let A = (µA, λA) be an intuitionistic fuzzy prime hyperideal of H . By
Proposition 2.2, 〈x,A〉 is an intuitionistic fuzzy hyperideal of H . Let y, z ∈ H .
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Then,

inf
t∈y◦z

〈x, µA〉 (t) = inf
t∈y◦z

inf
s∈x◦t

µA(s)

= inf
t∈y◦z

{µA(x) ∨ inf
t∈y◦z

µA(t)}

= µA(x) ∨ inf
t∈y◦z

µA(t)

= µA(x) ∨ µA(y) ∨ µA(z)

= (µA(z) ∨ µA(y)) ∨ (µA(x) ∨ µA(z))

= inf
k∈x◦y

µA(k) ∨ inf
l∈x◦z

µA(l)

= 〈x, µA〉 (y) ∨ 〈x, µA〉 (z)

and

sup
t∈y◦z

〈x, λA〉 (t) = sup
t∈y◦z

sup
s∈x◦t

λA(s)

= sup
t∈y◦z

{λA(x) ∧ sup
t∈y◦z

λA(t)}

= λA(x) ∧ sup
t∈y◦z

λA(t)

= λA(x) ∧ λA(y) ∧ λA(z)

= (λA(z) ∧ λA(y)) ∧ (λA(x) ∧ λA(z))

= sup
k∈x◦y

λA(k) ∧ sup
l∈x◦z

λA(l)

= 〈x, λA〉 (y) ∧ 〈x, λA〉 (z).

Hence, by Definition 1.9, 〈x,A〉 is an intuitionistic fuzzy prime hyperideal of
H .

Definition 2.4. Let H be a semihypergroup and A = (µA, λA) be an intuitionistic
fuzzy subset of H . Then, we define supp µA = {x ∈ H : µA(x) > 0} and
inff λA = {x ∈ H : λA(x) < 1}.

For the sake of simplicity, we denote for all x ∈ H , xn = x ◦ x ◦ x ◦ .... ◦ x
(n-copies).

Proposition 2.5. Let H be a semihypergroup, A = (µA, λA) an intuitionistic
fuzzy hyperideal of H and x ∈ H. The following statements hold true:

1. A ⊆ 〈x,A〉.

2.
〈

xn+1, A
〉

⊆
〈

xn+2, A
〉

, ∀n ∈ N .

3. If µA(x) > 0 and λA(x) < 1, then supp 〈x, µA〉 = H and inff 〈x, λA〉 = H.

Proof. (1). Let y ∈ H . Then, since A is an intuitionistic fuzzy hyperideal of H ,

〈x, µA〉 (y) = inf
t∈x◦y

µA(t) ≥ µA(y)
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and

〈x, λA〉 (y) = sup
t∈x◦y

λA(t) ≥ λA(y).

Hence, A ⊆ 〈x,A〉.
(2). We have to prove that

(
〈

xn+1, µA

〉

) ≤ (
〈

xn+2, µA

〉

) and

(
〈

xn+1, λA

〉

) ≥ (
〈

xn+2, λA

〉

).

Now

(
〈

xn+2, µA

〉

)(y) = inf
t∈xn+2◦y

µA(t)

= inf
t∈x◦xn+1◦y

µA(t)

≥ inf
s∈xn+1◦y

µA(s)

=
〈

xn+1, µA

〉

(y)

and

(
〈

xn+2, λA

〉

)(y) = sup
t∈xn+2◦y

λA(t)

= sup
t∈x◦xn+1◦y

λA(t)

≤ sup
s∈xn+1◦y

λA(s)

=
〈

xn+1, λA

〉

(y).

Hence,
〈

xn+1, A
〉

⊆
〈

xn+2, A
〉

, ∀n ∈ N .
(3). Since 〈x,A〉 is an intuitionistic fuzzy subset of H , by the definition,

supp 〈x,A〉 ⊆ H . Let y ∈ H . Since A is an intuitionistic fuzzy hyperideal of H ,
we have

〈x, µA〉 (y) = inf
t∈x◦y

µA(t) ≥ µA(x) > 0

and

〈x, µA〉 (y) = inf
t∈x◦y

µA(t) ≥ µA(x) > 0

and also

〈x, λA〉 (y) = sup
t∈x◦y

λA(t) ≤ λA(x) < 1.

Then, 〈x, µA〉 (y) > 0 and 〈x, λA〉 (y) < 1. So y ∈ supp 〈x, µA〉 and y ∈
inff 〈x, λA〉.
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Definition 2.6. Let H be a semihypergroup, M ⊆ H and x ∈ H . We define
〈x,M〉 = {y ∈ H : x ◦ y ⊆ M}.

Proposition 2.7. Let H be a semihypergroup, ∅ 6= M ⊆ H. Then, 〈x,ΦM 〉 =
Φ〈x,M〉 and 〈x,ΨM 〉 = Ψ〈x,M〉 for every x ∈ H, where (ΦM ,ΨM ) denotes the
characteristic function of M , where

ΦM (x) =

{

1 if x ∈ M
0 if x /∈ M

ΨM (x) =

{

0 if x ∈ M
1 if x /∈ M.

Proof. Let x, y ∈ H . We have the two following cases:
Case 1. y ∈ 〈x,M〉. Then, x ◦ y ⊆ M . This means ΦM (t) = 1, ∀t ∈ x ◦ y

and ΨM (t) = 0, ∀t ∈ x ◦ y. Hence, inf
t∈x◦y

ΦM (t) = 1 and sup
t∈x◦y

ΨM (t) = 0 whence

〈x,ΦM 〉 = 1 and 〈x,ΨM 〉 = 0. Also Φ〈x,M〉 = 1 and Ψ〈x,M〉 = 0.
Case 2. y /∈ 〈x,M〉. Then, x ◦ y * M . So there exists t ∈ x ◦ y,ΦM (t) = 0 and

ΨM (t) = 1. Hence, inf
s∈x◦y

ΦM (s) = 0 and sup
s∈x◦y

ΨM (s) = 1. Thus 〈x,ΦM 〉 = 0 and

〈x,ΨM 〉 = 1. Again Φ〈x,M〉 = 0 and Ψ〈x,M〉 = 1. Thus we conclude 〈x,ΦM 〉 =
Φ〈x,M〉 and 〈x,ΨM 〉 = Ψ〈x,M〉.

Proposition 2.8. Let H be a semihypergroup and A = (µA, λA) be a non-empty
intuitionistic fuzzy subset of H. Then, for every t ∈ [0, 1], 〈x,At〉 = 〈x,A〉t for all
x ∈ H, where At denotes U(µA : t) and L(λA : t).

Proof. Let y ∈ 〈x,A〉t. This means y ∈ U(〈x, µA〉 : t) and y ∈ L(〈x, λA〉 : t).
Then, 〈x, µA〉 (y) ≥ t and 〈x, λA〉 (y) ≤ t. Hence, inf

s∈x◦y
µA(s) ≥ t and sup

s∈x◦y
(s) ≤ t.

This gives µA(s) ≥ t and λA(s) ≤ t for all s ∈ x ◦ y and hence x ◦ y ⊆ U(µA : t)
and x ◦ y ⊆ L(λA : t). Consequently, y ∈ 〈x, U(µA : t)〉 and y ∈ 〈x, L(λA : t)〉, i.e.
y ∈ 〈x,At〉. It follows that 〈x,A〉t ⊆ 〈x,At〉. Reversing the above argument we
can deduce that 〈x,At〉 ⊆ 〈x,A〉t.

Proposition 2.9. Let H be a commutative semihypergroup and A = (µA, λA) be
an intuitionistic fuzzy subset of H such that 〈x,A〉 = A for every x ∈ H. Then,
A = (µA, λA) is a constant function.

Proof. Let x, y ∈ H . Then, by hypothesis we have

µA(x) = 〈y, µA〉 (x)

= inf
t∈y◦x

µA(t)

= inf
t∈x◦y

µA(t)

= 〈x, µA〉 (y) = µA(y)
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and

λA(x) = 〈y, λA〉 (x)

= sup
t∈y◦x

λA(t)

= sup
t∈x◦y

λA(t)

= 〈x, λA〉 (y) = λA(y)

Hence, A = (µA, λA) is a constant function.

Corollary 2.10. Let H be a commutative semihypergroup and A = (µA, λA) be
an intuitionistic fuzzy prime hyperideal of H. If A = (µA, λA) is not constant,
then A = (µA, λA) is not a maximal intuitionistic fuzzy prime hyperideal of H.

Proof. Let A = (µA, λA) be an intuitionistic fuzzy prime hyperideal of H . Then,
by Proposition 2.3, for every x ∈ H , 〈x,A〉 is an intuitionistic fuzzy prime hyper-
ideal of H . By Proposition 2.5(1), A ⊆ 〈x,A〉 for all x ∈ H . If 〈x,A〉 = A for all
x ∈ H , then by Proposition 2.9, A is constant which is not the case by hypothesis.
Hence, there exists x ∈ H such that A ⊂ 〈x,A〉. This completes the proof.

Proposition 2.11. Let H be a commutative semihypergroup. If A = (µA, λA) is
an intuitionistic fuzzy semiprime hyperideal of H, then 〈x,A〉 is an intuitionistic
fuzzy semiprime hyperideal of H for every x ∈ H.

Proof. Let A = (µA, λA) be an intuitionistic fuzzy semiprime hyperideal of H
and x, y ∈ H . Then, inf

t∈y◦y
µA(t) = inf

t∈y◦y
inf

s∈x◦t
µA(s) ≤ inf

t∈y◦y
inf

s∈x◦t
inf

k∈s◦x
µA(k) =

inf
t∈y◦x

inf
s∈x◦t

inf
k∈s◦y

µA(k) = 〈x, µA〉 (y). Also, sup
t∈y◦y

λA(t) = sup
t∈y◦y

sup
s∈x◦t

λA(s) ≥

≥ sup
t∈y◦y

sup
s∈x◦t

sup
k∈s◦x

λA(k) = sup
t∈y◦x

sup
s∈x◦t

sup
k∈s◦y

λA(k) = 〈x, λA〉 (y).

By Proposition 2.2, 〈x,A〉 is an intuitionistic fuzzy hyperideal of H . Conse-
quently, 〈x,A〉 is an intuitionistic fuzzy semiprime hyperideal of H for all x ∈
H .

Corollary 2.12. Let H be a commutative semihypergroup, {Ai}i∈I be a non-empty
family of intuitionistic fuzzy semiprime hyperideals of H and let A = (µA, λA) =
(inf µAi

, supλAi
)i∈I . Then, for every x ∈ H, 〈x,A〉 is an intuitionistic fuzzy

semiprime hyperideals.

Proof. Since each Ai = (µAi
, λAi

)(i ∈ I) is an intuitionistic fuzzy hyperideal,
µAi

(0) 6= 0 and λAi
(0) 6= 1, ∀i ∈ I. (Each µAi

and λAi
are non-empty, so there

exists xi ∈ H such that µAi
(xi) 6= 0 and λAi

(xi) 6= 1, ∀i ∈ I. Also µAi
(0) =

inf
t∈0◦xi

(t) ≥ µAi
(xi and λAi

(0) = sup
t∈0◦xi

(t) ≤ λAi
(xi, ∀i ∈ I. Hence, ∀i ∈ I, µAi

(0) 6=

0 and λAi
6= 1). Consequently, µA 6= 0 and λA 6= 1. Thus A is non-empty. Let
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x, y ∈ H . The we have

inf
t∈x◦y

µA(t) = inf
t∈x◦y

{µAi
: i ∈ I}(t)

= inf{ inf
t∈x◦y

µAi
(t) : i ∈ I}

≥ inf{µAi
: i ∈ I}

= µA(x)

and

sup
t∈x◦y

λA(t) = sup
t∈x◦y

{λAi
: i ∈ I}(t)

= sup{ sup
t∈x◦y

λAi
(t) : i ∈ I}

≤ sup{λAi
: i ∈ I}

= λA(x).

Hence, H is a commutative semihypergroup, A is an intuitionistic fuzzy hyperideal
of H .

If a ∈ H , then we have

µA(a) = inf{µAi
: i ∈ I}(a)

= inf{µAi
(a) : i ∈ I}

≥ inf{ inf
t∈a◦a

µAi
(t) : i ∈ I}

= inf
t∈a◦a

{inf{µAi
(t) : i ∈ I}}

= inf
t∈a◦a

{inf{µAi
: i ∈ I}(t)}

= inf
t∈a◦a

µA(t)

and

λA(a) = sup{λAi
: i ∈ I}(a)

= sup{λAi
(a) : i ∈ I}

≤ sup{ sup
t∈a◦a

λAi
(t) : i ∈ I}

= sup
t∈a◦a

{sup{λAi
(t) : i ∈ I}}

= sup
t∈a◦a

{sup{λAi
: i ∈ I}(t)}

= sup
t∈a◦a

λA(t).

This means that A = (µA, λA) is an intuitionistic fuzzy semiprime hyperideal of
H . Hence, by Proposition 2.11, for every x ∈ H, 〈x,A〉 is an intuitionistic fuzzy
semiprime hyperideal of H .
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Proposition 2.13. Let H be a commutative semihypergroup, {Hi}i∈I be a non-
empty family of semiprime hyperideal of H and A =

⋂

i∈I

Hi 6= ∅. Then, 〈x,XA〉

is an intuitionistic fuzzy semiprime hyperideal of H for all x ∈ H, where XA =
(ΦA,ΨA) is the characteristic function of A.

Proof. Since A 6= ∅, for any hyperideal P of H , P ◦ P ⊆ A implies P ◦ P ⊆
Hi, ∀i ∈ I. Since each Hi is a semiprime hyperideal of H , P ⊆ Hi, ∀i ∈ I. So
P ⊆

⋂

i∈I

Hi = A. Hence, A is a semiprime hyperideal of H . So the characteristic

function XA = (ΦA,ΨA) of A is an intuitionistic fuzzy semiprime hyperideal of
H . By Proposition 2.12, for all x ∈ H , 〈x,XA〉 is an intuitionistic fuzzy semiprime
hyperideal of H . This completes the proof.

In the following we present another alternative proof of the above proposition:
Since A =

⋂

i∈I

Hi 6= ∅, XA 6= ∅ and ΨA 6= ∅. Let x ∈ H . Then, x ∈ A or x /∈ A.

If x ∈ A, then ΦA(x) = 1, ΨA(x) = 0 and x ∈ Hi, ∀i ∈ I. Then, we have

inf{ΦHi
: i ∈ I}(x) = inf{ΦHi

(x) : i ∈ I} = 1 = ΦA(x)

and

sup{ΨHi
: i ∈ I}(x) = sup{ΨHi

(x) : i ∈ I} = 0 = ΨA(x).

If x /∈ A, then ΦA(x) = 0,ΨA(x) = 1 and there exists i ∈ I, x /∈ Hi. It follows
that ΦHi

(x) = 0,ΨHi
(x) = 1. Thus we have

inf{ΦHi
: i ∈ I}(x) = inf{ΦHi

(x) : i ∈ I} = 0 = ΦA(x)

and

sup{ΨHi
: i ∈ I}(x) = sup{ΨHi

(x) : i ∈ I} = 1 = ΨA(x).

So we have that ΦA = inf{ΦHi
: i ∈ I} and ΨA = sup{ΨHi

: i ∈ I}. Therefore, for
all i ∈ I, XHi

= (ΦHi
,ΨHi

) is an intuitionistic fuzzy semiprime hyperideal of H .
Consequently, by Corollary 2.12, for all x ∈ H, 〈x,XA〉 is an intuitionistic fuzzy
semiprime hyperideal of H .

Theorem 2.14. Let H be a semihypergroup. If A = (µA, λA) is an intuitionistic

fuzzy prime hyperideal of H and x ∈ H such that A(x) =

(

inf
y∈H

µA(y), sup
y∈H

λA(y)

)

,

then 〈x,A〉 = A. Conversely, if A = (µA, λA) is an intuitionistic fuzzy hyperideal
of H such that for all y ∈ H, 〈y,A〉 = A with A(y) not maximal in A(H), then
A = (µA, λA) is prime.

Proof. Let A = (µA, λA) be an intuitionistic fuzzy prime hyperideal of H and
x ∈ H be such that µA(x) = inf

y∈H
µA(y) and λA(x) = sup

y∈H

λA(y). Let z ∈ H .

Then, µA(x) ≤ µA(z) and λA(x) ≥ λA(z). Hence,

µA(x) ∨ µA(z) = µA(z) (1)
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and

λA(x) ∧ λA(z) = λA(z) (2)

Now 〈x, µA〉 (x) = inf
t∈x◦z

µA(t) and 〈x, λA〉 (x) = sup
t∈x◦z

λA(t). Since A = (µA, λA) is

an intuitionistic fuzzy prime hyperideal of H , we have inf
t∈x◦z

µA(t) = µA(x)∨µA(z)

and sup
t∈x◦z

λA(t) = λA(x)∧λA(z). Using (1) and (2), it follows inf
t∈x◦z

µA(t) = µA(z)

and sup
t∈x◦z

λA(t) = λA(z). Hence, 〈x, µA〉 (x) = µA(z) and 〈x, λA〉 (x) = λA(z).

Consequently, 〈x,A〉 = A.
Conversely, let A = (µA, λA) be an intuitionistic fuzzy hyperideal of H such

that for all y ∈ H , 〈y,A〉 = A with A(y) not maximal in A(H) and let x1, x2 ∈ H .
Since A = (µA, λA) is an intuitionistic fuzzy hyperideal of H , we have

inf
t∈x1◦x2

µA(t) ≥ µA(x1) and sup
t∈x1◦x2

λA(t) ≤ λA(x1) (3)

and
inf

t∈x1◦x2

µA(t) ≥ µA(x2) and sup
t∈x1◦x2

λA(t) ≤ λA(x2) (4).

We have the two following cases:
Case 1. Either (µA(x1), λA(x1)) or (µA(x2), λA(x2)) is maximal in A(H).

Suppose that (µA(x1), λA(x1)) is maximal in A(H). Then, inf
t∈x1◦x2

µA(t) ≤ µA(x1)

and sup
t∈x1◦x2

λA(t) ≤ λA(x1). Consequently, inf
t∈x1◦x2

µA(t) = µA(x1) = {µA(x1) ∨

µA(x2)} and sup
t∈x1◦x2

λA(t) = λA(x1) = λA(x1) ∧ λA(x2).

Case 2. Neither (µA(x1), λA(x1)) nor (µA(x2), λA(x2)) is maximal in A(H).
By hypothesis 〈x1, A〉 = A i.e. 〈x1, µA〉 = µA, 〈x1, λA〉 = λA, 〈x2, µA〉 = µA and
〈x2, λA〉 = λA. Hence, 〈x1, µA〉 (x2) = µA(x2) and 〈x1, λA〉 (x2) = λA(x2). This
implies inf

t∈x1◦x2

µA(t) = µA(x2) and sup
t∈x1◦x2

λA(t) = λA(x2). So, using (3) and (4),

we have inf
t∈x1◦x2

µA(t) = µA(x1) ∨ µA(x2) and sup
t∈x1◦x2

λA(t) = λA(x1) ∧ λA(x2).

Therefore, we have that A = (µA, λA) is an intuitionistic fuzzy prime hyperideal
of H .

Corollary 2.15. Let H be a semihypergroup and I a hyperideal of H. Then, I is
prime if and only if for x ∈ H such that x /∈ I, 〈x,XI〉 = XI , where XI = (ΦI ,ΨI)
is the characteristic function of I.

Proof. Let I be a prime hyperideal of H . Then, by Proposition 1.12, XI =
(ΦI ,ΨI) is an intuitionistic fuzzy prime hyperideal of H . For x ∈ H such that
x /∈ I, we have

ΦI(x) = 0 = inf
y∈H

ΦI(y)

and
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ΨI(x) = 1 = inf
y∈H

ΨI(y)

Then, by Theorem 2.14, 〈x,XI〉 = XI .
Conversely, let 〈x,XI〉 = XI for all x ∈ H such that x /∈ I. Let y ∈ H be

such that XI(y) is not maximal in XI(H). Then, ΦI(y) = 0 and ΨI(y) = 1, so
y /∈ I. Thus 〈y,XI〉 = XI . By Theorem 2.14, XI is an intuitionistic fuzzy prime
hyperideal of H . So I is prime hyperideal of H .
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