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Abstract : A generalized hypersubstitution of type 7 maps any operation sym-
bol to the set of all terms of the same type which does not necessarily preserve the
arity. Every generalized hypersubstitution can be extended to a mapping on the
set of all terms. We define a binary operation on the set of all generalized hyper-
substitutions by using this extension. It turns out that this set together with the
binary operation forms a monoid. In this paper, we characterize all unit elements
and determine the set of all unit-regular elements of this monoid of type 7 = (2).
We conclude a submonoid of the moniod of all generalized hypersubstitutions of
type 7 = (2) which is factorisable.
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1 Introduction

The notions of hyperidentities and hypervarieties of a given type 7 without
nullary operations originated by J.Aczel [I], V.D. Belousov [2], W.D. Neumann [3]
and W. Taylor [4]. The main tool used to study hyperidentities and hypervarieties
is the concept of a hypersubstitution which was introduced by K. Denecke, D.
Lau, R. Poschel and D. Schweigert [5]. In 2000, S. Leeratanavalee and K. Denecke
generalized the concepts of a hypersubstitution and a hyperidentity to the concepts
of a generalized hypersubstitution and a strong hyperidentity, respectively [6]. We
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defined a binary operation on the set of all generalized hypersubstitutions and
then proved that this set together with the binary operation forms a monoid.
There are several published papers on algebraic properties of this monoid and its
submonoids. The present paper gives the characterization of all unit elements and
determine the set of all unit-regular elements of this monoid of type 7 = (2) that
leads to a submonoid of this monoid which is factorisable.

2 Preliminaries

Let 7 = (n;)ier be a type indexed by a set I, f; be an operation symbol of
arity n; for n; € N. Let X,, := {z1,22,...,2,} be an n-element alphabet and
X :={x1, 2, ...} be a countably infinite set of variables. An n-ary term of type 7,
for simply an n-ary term, is defined inductively as follows:

(i) The variables 21, zo, ..., 2, are n-ary terms.
(i1) If ¢1,t2, ..., t,, are n-ary terms then f;(t1,ta,...,ty,,) is an n-ary term.

Let W, (X,,) be the smallest set which contains 1, 3, ..., 2, and is closed under
finite application of (ii). Let W, (X) := U W-(X,,) and called the set of all terms
n=1

of type 7.

A generalized hypersubstitution of type 7, for simply a generalized hyper-
substitution, is a mapping o : {fi|i € I} — W,(X) which does not necessarily
preserve an arity. The set of all generalized hypersubstitutions of type 7 is de-
noted by Hypa (7). To define a binary operation on this set, we need the concept of
a generalized superposition of terms S™ : W, (X)™*! — W, (X) which is defined
by the following steps:

(i) Ift==x;1<j<m,then S"(xj,t1,....,tm) :
(ii) ft==x;, m <j €N, then S™(z;,t1,....tm) :

(i) If t = fi(s1, S2,..., Sn; ), then
Sm(t, tl, ...,tm) = fi(Sm(Sl, tl, ...,tm), ceey Sm(Sni,tl, ...,tm)).

For any generalized hypersubstitution o can be extended to a mapping o :
W (X) = W,(X) defined as follows:

(i) ofz] =z € X,

(i) a[fi(t1,ta, ... tn;)] = S™(c(fi),Tt1], ..., Oltn;]), for any n;-ary operation
symbol f; supposed that &[t;], 1 < j < n; are already defined.

t;.

$j.

Then a binary operation og on Hypg(7) is defined by 010G 03 := 1009 where
o denotes the usual composition of mappings. Let o;4 be the hypersubstitution
which maps each n;-ary operation symbol f; to the term f;(z1, 22, ...,zp,). In [6],
S. Leeratanavalee and K. Denecke proved that:

For arbitrary terms t,t1,...,t, € W,.(X) and for arbitrary generalized hyper-
substitutions o, 01,02 we have
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(1) Sn(a[t]va[tl]a 7a[tn]) = U[S (t tl, ceey )]7
(ii) (01 002) =071 00s.

Then Hypg (1) = (Hypa(T); oG, 0ia) is a monoid and the set of all hypersub-
stitutions of type 7 forms a submonoid of Hypg(7).

3 Main Results

To characterize all unit elements and determine the set of all unit-regular ele-
ments of Hypa(2), we first introduce some notations which will be used throughout
this paper.

For a type 7 = (n) with an n-ary operation symbol f and ¢t € W(,)(X), we
denote

= the generalized hypersubstitution o of type 7 = (n) which maps f to the
term ¢,
var(t) := the set of all variables occurring in ¢,
leftmost(t) := the first variable (from the left) occurring in ¢,
rightmost(t) := the last variable occurring in t.

Definition 3.1. For any monoid S, an element u € S is called unit if there exists
u~! € S such that uu~! = e = u~'u where e is the identity element of S. The set
of all unit elements of S is denoted by U(.S).

Lemma 3.2. Let 0y € Hypg(n) where t = f(t1,t2,....tn) € Wiy (X). Ift; €
Wy (X)\X for some i € {1,2,...,n}, then oy is not unit.

Proof. Let t = f(t1,...;ti,....,tn) € Wn)(X) where t; € W,)(X)\X for some
i €{1,2,..,n}. Let o5 € Hypg(n) and s = f(s1,52,...,50) € W,)(X) where
5; € Wiy (X) for all i € {1,2,...,n}. Consider

(orogos)(f) = Tf(s1,525-,8n)

]
= SU(f(t1, s tiy oo tn), Gels1], Ot[52], -y B [5n))
= f(S (tl,O't[Sl], [82],..., [ ]),...,S"(ti,ﬁt[sl],ﬁt[sﬂ,...,Et[sn]),
ey S (b, Ot[51], Tt[s2], -, Tt[Sn]))-
Since t; € W) (X)\X,G¢[si] € W) (X)\X. So (or060s)(f) # f(a1,22,..., @ )

0id- Then oy og o5 # 04 for all o5 € Hypg(n). Hence o is not unit in Hypg(n

D‘-’ I

Lemma 3.3. Let 0y € Hypg(n) where t = f(Tm,, Tmy, -y Tm,) € Winy(X). If
m; > n for some i € {1,2,...,n}, then o, is not unit in Hypg(n).
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Proof. Let t = f(Zmy, s Tmys ooy T, ) Where my; > n for some i € {1,2,...,n}. Let
os € Hypc(n) where s = f(s1, 82, ..., $n). Consider

(octogas)(f) = ailf(s1,s2,...,8n)]

= S™(f(Tmyy ey Tmygs ooy Tiny, ), Ot[S1], Ot[S2], -, Tt[Sn])
F(S™(@my,0¢[s1], Tt[S2]s vy Tt[Sn])ys -ey S™ (T, , Ot[81], Tt[S2],
ey 0t180]); oy S (T, , Ot [51], Tt [52], -, Tt [Sn]))

= f(S™(@m,,0c[s1],0t[S2], -y Tt[Sn])s ooy Tny s oony

S”(xmn,&t[sl],&}[sﬂ, 7875[571]))

#  f(x1,22,...,2,) since m; >n
= oul(f).
Then ot oG 05 # 044 for all o5 € Hypg(n). Hence oy is not unit in Hypg(n). O

Theorem 3.4. An element o; € U(Hypg(n)) if and only ift = f(2x(1), Zr(2), - Tr(n))
where m € Sy, and Sy, is a set of all permutation of {1,2,...,n}.

Proof. Assume that o, € U(Hypg(n)), then there exists o5 € U(Hypg(n)) such
that otog0s = 044 = 050G 0. By Lemma 3.2 and Lemma 3.3, if t = f(t1,t2, ..., tp)

and s = f(s1,52, ..., 8n) thenty, ..., tp, 81,..., 80 € {71, 22, ..., Tn}. Lett = f(@r(1), Tr(2),
oy T(ny) AN 8 = f(Zrr(1), Trr(2), -0y Trr () Where 7" {1,2,...,n} — {1,2,..,n}.
Consider

oia(f) = (otogos)(f)
f($1,$2, ceey xn) = 3t[f(:b,,/(1), .’L'.,r/(g), ceey ,Tﬂ./(n))]
= S"(f(@r1), Tr(2)s s Tr(n) ) Trr (1) Tt (2)5 -5 Tret (m))
= f@r (1), Tr (r(2))5 -+ Trt (m(n)))
= f@@om) 1), L(nron)(2)s = L(n'om)(n))

and

ou(f) = (0s0c0i)(f)
f(fEl,sz,...,fL'n) = a\'S[f(wfr(l)aJ‘.7‘r(2)7"'71:7'r(n))]
- Sn(f(xﬂ"(l)v Lrr(2)s o5 Iﬂ"(’ﬂ))) Lr(1)) Lr(2)s s ‘rﬂ'(’n))
= [(@r(1) Tr(x/(2))s -+ Tr(n (n)))

= f(T(ron)(1)) T(ron')(2)) -+ T(mor’)(n))-

Then mon’ = (1) =7’ o and 7o 7/, 7’ o7 are bijective. Next, we show that 7 is
bijective. Let 7(i) = w(j) for some 4,5 € {1,2,..,n}. Then (7' om)(i) = (7' (n(3)) =
7' (n(j§)) = (7' o m)(j). Since 7’ o 7 is one-to-one, ¢ = j. Thus 7 is one-to-one.
Let i € {1,2,...,n}. Since 7o« is onto, there exists j € {1,2,...,n} such that
(mon’)(j) = i. Then n(n'(j)) = i for some 7'(j) € {1,2,...,n}. Hence 7 is onto,
somweS,.
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Conversely, let o; € Hypg(n) where t = f(2x(1), Tr(2), --» Tr(n)) sSuch that
7 € Sp. Since (Sy, o) is a group, there exists 7’ € S, such that mon’ = (1) = n’om.
Let 05 € Hypg(n) where s = f(2x/(1), Tr/(2), s Tr/(n)). Then

(or00s)(f) = Gelf(@n)s Tr(2)s - Trr(n))]
J (T (rrom)(1)> T(xrom)(2)s s T(nom)(n))
= f(xlv'r27 7'r'n,)

= oal(f)

Similarly, we have o 0 0y = 0;q. Hence o, € U(Hypa(n)). O

Corollary 3.5. |U(Hypg(n))| =n!l.

Corollary 3.6. U(Hypg(Q)) = {Uf(:m,:vg) = 0id, Uf(wz,m1)}~

Definition 3.7. An element a of a semigroup S is called regular if there exists
x € S such that axa = a. A semigroup S is called regular if all its elements are
regular.

Definition 3.8. An element e of a semigroup S is called idempotent if €2 = ee = e,
and we denote the set of all idempotent elements in S by E(S).

Next, we fix a type 7 = (2) with the binary operation f. For o, € Hypa(2),
we denote

Ry = {oy|t = f(x2,t") where t' € W(9)(X) such that x; ¢ var(t')},

Ry = {oy|t = f(t',x1) where t' € W(9)(X) such that xzo ¢ var(t')},

R3 := {o4|t = f(x1,t") where t' € W, (X) such that xo ¢ var(t')},

Ry := {o4|t = f(t',x2) where t' € W, (X) such that x1 ¢ var(t')},
}

Rs = {oyt € {l’lvxzaf(l’la@) f(z2,21)}} and
Rg := {o¢|var(t) N {x1, 22} = 0}.

6
In 2010, W. Puninagool and S. Leeratanavalee [7] showed that : U R; is
i=1
6
a set of all regular elements in Hypg(2) and (U Ri)\{0f(zs,21)} = E(Hypc(2)).
=3

Definition 3.9. An element a of a monoid S is called unit-regular if there exists
u € U(S) such that aua = a. A monoid S is called unit-regular if all its elements
are unit-regular.

6
Proposition 3.10. U R; is a set of all unit-reqular elements in Hypg(2).
i=1
6 6
Proof. Let o, € U R;, then 0, € Ry or 0, € Ry or 04 € (U Ri)\{0f(zs,21)} OF

=1 i=3
Ot = Of(xp,21)
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Case 1: 0y € Ry. Then t = f(x2,t") where t' € W(3)(X) such that x; ¢ var(t').
Consider

(040G Of(zs0) G T)(f) = Tt[Gf(ann)[f(22,1)]]
= Gi[S?(f(w2,%1), 2,5 p(ay,00) [t'])]
= 0[f(Of(an,ant]; z2)]
= S*(f(x2,1), 5[0 f(wo e []]s 22)
f(xo,t') since z1 ¢ var(t')

= o(f).

Hence 01 oG 0f(zs,2,) °G 0t = 0%.
Case 2: 0y € Ry. Then t = f(t',21) where t' € W(5)(X) such that xo ¢ var(t').
Consider

(010G Of(a,01) °G 0t)(f) = Gt[0f(an,en)f(t',21)]]
= G[S?(f(z2,21),0f(wgen) ['], 21)]
= Gi[f (21,0 (a0 [t'])]
= S*f(t' 1), 21,540 p (g0 [t']])
= f(t',z1) since z2 ¢ var(t')

= o(f).

Hence 01 oG 0f(z4,2,) °G 0t = 0%.
6

Case 3: 0, € (| JRi) \{0(wwn)} = E(Hypc(2)). Then o og 0ig oG 01 =
0t 0Gq Ot = O¢. =3

Case 4: 04 = 0f(4y,2,)- Then

Of(22,21) OG O f(z2,21) OG Of(22,21) = 0id OG O f(z2,21) = O f(w2,21)-

6
Therefore, for any oy € U R;, there exists 0, € U(Hype(2)) such that op0q 0, 06

=1
6

oy = oy. Hence U R; is a set of all unit-regular elements in Hypg(2). O
i=1

6 6
Remark 3.11. U R; is not closed under og, i.e. U R; is not a subsemigroup of

1=1 =1
Hypc(2).

Example 3.12. (1) Let oy € R; such that ¢ = f(xo,t’) where t' = f(x3,z2).
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Then

(otoga)(f) = Gi[f(z2, f(x3,22))]
= S*(f(xa, f(w3,22)),0
= S*(f(wa, f(x3,22)), 2, f (2, f(23,22)))
= [(f(za, f(z3,22)), f(3, (22, f(23,22)))).

We see that, if rightmost(t') = zo then xs € var((o: og 0¢)(f)). So ot og ot ¢

UR

(2) Let 0, € Ra such that t = f(t',x1) where t' = f(x1,25). Then

(oroga)(f) = Gu[f(f(z1,25),21)]
= S*(f(f(xr,25),21),04[f (21, 25)], 5e[21])
= S(f(f(z1,25),21), f(f (w1, 25), 21), 71)
= f(f(f(f(z1,25),21), 25), f(f (21, 25), 21)).

(2], 04 [f (w3, 22)])

6
We see that, if le ftmost(t') = x1 then z1 € var((oogo)(f)). So orogo ¢ U R;.
i=1
(3) Let 0y € Ry and o5 € R4 such that ¢t = f(z1,t') and s = f(s',z2) where
t' = f(xs,21) and s’ = f(x2,23). Consider

(orocas)(f) = aulf(f(22,23),22
= S*(f(z1, f(z5,71)
= S*(f(x1, fxs, m1), f (22, f(25,22)), 22)
= [(f(za, f(z5,22)), f(5, (22, f(25,22))))-

Since x1 € var(t) and leftmost(s') = xa, x2 € var((ot og 0s)(f)). So ot o¢ o5 &

]
) 0e[f (w2, 23)], 04 [22])

U R;. Consider
(0socor)(f) = s[f(x1, f(xs,21))]
= S*(f(f(x2,23),22),0s[21],55[f (w5, 21)])
= Sz(f(f(ftg,:rg) ),1171, (f(Il,:E ) ))
= f(f(f(f(z1,23),21),23), f(f(21,73), 21)).

Since zo € var(s) and rightmost(s’) = x1, 1 € var((ot og 0s)(f)). So o5 0g ot ¢
U Ri.
i=1

6

By (1), (2) and (3), we have U R; is not a subsemigroup of Hypa(2).
i=1
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Let 0y € Hypc(2), we denote
Ry := {o¢|t = f(x2,t') where t' € W3)(X) such that x; ¢ var(t’) and
rightmost(t') # x2},
Ry = {oy|t = f(t',x1) where t' € W(3)(X) such that x2 ¢ var(t') and
leftmost( ) x1},
= {o¢|t = f(x1,t") where t' € W(9)(X) such that x5 ¢ wvar(t') and
rightmost(t ) # a1},
= {o¢|t = f(t',22) where t' € W(9)(X) such that x; ¢ wvar(t') and
leftmost( ) xa2},
Rs = {o4|t = x1, T2, f(x1, 22), f(z2,21)} and
Rg := {ot|var(t) N {xl, z2} = 0}.

Denote (UR) prype(2) = U R!)U Rs U Rg.

=1

Proposition 3.13. (UR)gyps(2) s unit-regular submonoid of Hypc(2).

Proof. Since (UR)gypes(2) € Hypa(2) and every element in (UR) gryp (2) i unit-
regular. It suffices to show that (UR)gype(2) is a submonoid of Hypg(2).
Case 1: 0; € R|. Then t = f(x2,t") where t' € W(3)(X) such that z; ¢ var(t')
and rightmost(t') # xo. Let 05 € (UR) grypg (2)-

Case 1.1: 0, € R). Then s = f(x2,s") where s’ € W) (X) such that
x1 ¢ var(s') and rightmost(s’) # x4. Consider

(orogos)(f) = Gilf(z2,s)]

S2(f(x2, 1), 51 [22], ¢ [5])
S2(f(f€2, "), x2,0¢[s])

F(8% (w2, 22,0,[5']), S*(t', 22,54 [5]))
= [(@uls'], S*(t' 22, 5:[5])).

Since x1 ¢ var(s’) and rightmost(s') # xa2, so x1,x2 ¢ var(o[s’]). Since z1 ¢
var(t') and z1, 22 & var(cy[s']), so x1, w2 ¢ var(S?(t', xe,5:[s']). So that o 0q0os €
Rs € (UR)fype (2)-

Case 1.2: 0, € Rj. Then s = f(s',21) where s’ € W(y)(X) such that
x2 ¢ var(s') and leftmost(s’) # x1. Consider

(orog os)(f) = Gilf(s', 1))

= S2(f(f€2, "), 54[s'], 0¢lx1])
F(8% (w2, 04[s'], 21), S*(t', 58], 1))
= fla, S*(t', G [s], 21)).

We have x3 ¢ var(S?(t',54[s'], z1)) and since rightmost(t') # 2, so
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rightmost(S(t',5¢[s'], #1)) # x1. Then oy og 05 € R C (UR) grype(2)- Consider

(0s0coe)(f) = Gslf(xz2,t)]
= S2(f(s,21), 0sl22], 55 [t'])
= [(S*(s',22,04[t]), S* (21, 72, 54[t'])
= [(S%(, 22,04[t']), z2).
We have z1 ¢ var(S?(s’, z2,5[t'])) and since le ftmost(t') # x1, so
le ftmost(S?(s', x2,05[t'])) # 2. Then o, og 0 € R} € (UR) prype (2)-

Case 1.3: 0, € R;. Then s = f(x1,s") where s' € W3 (X) such that
x2 ¢ var(s') and rightmost(s’) # x1. Consider

(aeogos)(f) = Gulf(x1,8")]
= S*(f(w2,t'),5e[x1],04[s'])
= S%(f(w2,t"), 21,5[s])
= [(S(x2,21,54[5']), S* (', 21, 54[5']))
= [(@u[s], S*(t',x1,0[s))

Since z2 ¢ var(s') and rightmost(s') # x1, so x1,x2 ¢ var(o[s’]). Since 1 ¢
var(t') and x1, 12 ¢ var(cy[s']), so 1,22 ¢ var(S?(t',x1,0¢[s'])). So that o, og
05 € R € (UR) Hyp(2)- Consider

(050 ar)(f) = Gs[f(x2,1)]
= 52( (‘Tlv ) [x2]78
= f(S*(21,22,05[t)), S
=[x, 8%(5', 22, 0,[t'])).

[t'])

(s', 22,54 [t']))

N ®

We have z1 ¢ var(S?(s’, z2,05[t'])) and since rightmost(s’) # x1, so
rightmost(S?(s', x2,05[t'])) # x2. So that o5 o 0r € R € (UR) ype (2)-

In case of o5 € R}, we can prove in the same manner as in Case 1.3 that
0t 0G 05,0506 0t € (UR) frype(2)-

Case 1.4: 05 € R5, s=x1 or s =g or s = f(x1,x2) or s = f(x2,21).

If s = x1, then

(01 0 05)(f) = Tt[r1] = 21
(0s 0c 01)(f) = G, [f (w2, )] = S*(21, 22,5, [t']) = @2

If s = x5, then

(01 oG 05)(f) = T¢[x2] = x2
(050G 0t)(f) = G, [f (w2, 1')] = 8% (w2, T2, G, [t']).

Since 1 ¢ var(t') and rightmost(t') # xa, s0 S%(x2, ¥e, 0, [t']) = i & {71,272}
If s = f(x1,22), then o4 = 04 such that o, og 04 = 0¢ = 044 0 0.
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If s = f(z2,21), then

(orogos)(f) = Ts[f(z2,21)]
= S*(f(x2,t),22,21)
= [(8%(x2,m9,21), S’ (', w2, 1))
= f(x1,S*(t' 20, 11)).

Since z1 ¢ var(t') and rightmost(t') # xa, so xa ¢ var(S%(t',z2,21)) and
rightmost(S?(t', x9,71)) # x1. So that o, og 05 € R). Consider

(050G o)(f) = Gs[flx2,t)]
= S*(f(@2,71),22,04[t'])
= f(Gs[t], z2).
Since x1 ¢ var(t') and rightmost(t') # xa, so x1 ¢ var(o,[t']) and le ftmost(c[t']) #
x2. So that o5 og 0+ € Rj.
Therefore o, oG 01,05 0oc 0t € (UR) grype: (2)-
Case 1.5: 05 € Rg. Then s = f(s1,s2) where x1, 24 ¢ var(s). Consider

(gtocas)(f) = ai[f(s1,82)]
= S*(f(w2,t'),5¢[s1],5¢[s2])
= [(S%(x2,0[s1],54[s2]), S*(', Gt [s1], 0 [s2]))
= [(@tlsal, S*(t',5t[s1], 0 [s52])).

Since 1,22 ¢ wvar(s), so x1,x2 ¢ var(oi[s1]) U var(oi[sz]) and then zq,2o ¢
var(S?(t',G¢[s1],5¢[s2])). So that oy o 05 € Rg € (UR) prype,(2)- Consider

(0soc a)(f) = s[f(x2,t)
= S%(f(s1,52),22,04[t])
= f(s1,s2) since x1, w2 ¢ var(s).

So that o5 0og 0 € Rg C (UR)HypG(Q).
4
Case 2: 0, € R} and 0, € (U R}) U R5 U Rg. We can prove similar to Case 1.
i=2
Then we have 0y oG 05,05 0g 0t € (UR) rypg (2)-
Case 3: 0; € R;. Then t = f(x1,t') where t' € Wiy(x) such that x5 ¢ var(t')
and rightmost(t') # x1. Let 05 € R5 U R}y U Rs U Rg.
Case 3.1: 0, € R;. Then s = f(x1,s") where zz ¢ var(s') and rightmost(s') #
x1. Consider

(orogos)(f) = Gilf(x1,s")]

= S*(f(ar,t),21,04[5'])
F(S*(@1,21,5[s7]), S*(', 21,5¢[s']))
= f(z1,t')  since xo & var(t').
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Then oy og o5 € ng - (UR)HypG(Q).
Case 3.2: 05 € R). Then s = f(s', z2) where z1 ¢ var(s') and le ftmost(s’) #
9. Consider

(0soca)(f) = Gslf(21,1)]
= SQ(f(Slaivz) x1,04t']
= f(SQ(SI x1,05[t']), S 5% (2 ,x1,05[t']))
= f(S*(s',21,5[t), s [t

Since xo ¢ var(t') and rightmost(t') # x1, so x1,x2 ¢ var(os[t']). Since x; ¢
var(s') and x1, 2o & var(c,[t']), so 1, w2 ¢ var(S?(s’,x1,54[t'])). Then o 0g0; €
Re © (UR)HYJPG(2)'

Consider

)
(

Gelf(s',22)]

SQ(f(fEh "), 04[5, x2)

= f(S*(z1,04[5'], x2), S*(t', 5[], 22,))
= [@uls], S*(t, i8], 2,))-

Since x1 ¢ wvar(s’) and leftmost(s’) # x2, so x1,x2 ¢ var(oi[s’]). Since xo ¢
var(t') and z1, z2 & var(c[s']), so 1, z2 ¢ var(S3(t',5,[s'], x2)). Then o, 0 05 €
R¢ (UR)HypG(Q)
If o5 € Rs and o5 € Rg, we can prove similar to Case 1.4 and Case 1.5.
Then we have o og 05,05 oG 0t € (UR) Hype (2)-
Case 4: 04 € R} and 0, € R U Rs U Rg. We can prove similar to Case 3. Then
we have 0y oG 05,05 06 0¢ € (UR) fype; (2)-
Case 5: 0; € R; and 05 € R; U Rg. We can prove similar to Case 1.4. Then we
have o; og 05,05 06 0t € (UR) ype (2)-
Case 6: 0; € Rg and 0, € Rg. Then 01 0¢ 05 = 01 € Rg € (UR) frypg (2)-
Therefore ((UR) grype (2); ©c) is a submonoid of Hypg(2). O

(010G 05)(f)

Proposition 3.14. (UR)gype(2) s a mazimal unit-reqular semigroup of Hypg(2).

Proof. Let H be a proper unit-regular semigroup of Hypg(2) such that (UR) gyp (2) €
H C Hypc(2). Let 0x € H, then oy is unit-regular element.

Case 1: 0, € R\ R|. Then t = f(xq,t') where z1 ¢ var(t") and rightmost(t') =
x2. Since zo € var(t) and rightmost(t') = xq, 0¢[t'] = t. Consider

(groga)(f) = Gulf(z2,t)]

S?(f (wa,t'), w2, 04 [t'])
S2(f (w2, t'), x2,t)

= f(Sz(xQ,xQ,t),S2(t',x2,t))
= f(t,S*(t',z2,1)).
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Since zo € var(t'), t occurs in S%(t',z2,t), so that zo € var(S%(t',z2,t)). Since
xy € var(S?(t', xa,t)) Uwvar(t), o og ot is not unit-regular, so oy ¢ H. Hence
{o: € Hypa(2)|t = f(x2,t') where t' € W) (X) such that z; ¢ wvar(t') and
rightmost(t') = xo} € H.

Case 2: 0y € Ry\R,. Thent = f(t',x1) where x2 ¢ var(t') and leftmost(t') = x;.
Since z1 € var(t') and leftmost(t') = x1, 0y [t'] =t. Consider

(oroco)(f) = Gilf(t',z1)]

= SQ(f(f/ 1), 0¢[t'], x1)

= ( (tl,l'l) t ,Tl)

= ( (t ,t Il) (ZEl,t,Il)

= [(S*(,t,1),1).
Since z1 € var(t'), t occurs in S%(¥',t,x1), so that z1 € var(S%(¥',t,z1)). Since
1 € var(S%(t',t,z1)) Uwvar(t), o; og oy is not unit-regular, so oy ¢ H. Hence
{0 € Hypg( )t = f(t',21) where t' € W(3)(X) such that z ¢ var(t') and
leftmost(t') = x1} € H.
Case 3: o, 6 Rs\ R;. Then t = f(x1,t') where zo ¢ var(t') and rightmost(t') =
x1. Choose o5 € Ry C H, then s = f(s',x2) such that z1 ¢ var(s’) and
leftmost(s’) # x3. Consider

(0s0c a)(f) = Gs[f(ar,t)]
= S*(f(s',m2),21,55[t'])
= [(S*(s,21,05[t]), S* (w2, 21,55 [t]))
= [(S*(s',21,55[t]), 74 [t"])

Since z2 € wvar(s) and rightmost(t') = x1,80 1 € var(os[t']). Since x1 €
var(os[t']), os og oy is not unit-regular, so oy ¢ H. Hence {0, € Hypg( NS
f(z1,t") where ' € W5 (X) such that 3 ¢ var(t') and rightmost(t') = z1} € H.

Case 4: 0, € Ry \ R). Then t = f(',x2) where z1 ¢ var(t') and leftmost(t)
x2. Choose o0, € Ry C H, then s = f(z1,s") such that zo ¢ wvar(s’) and
rightmost(s’) # x1. Consider

(05 0c 01)(f) Fs[f (T, 22)]
= S%(f(a1,5"),0,[t], x2)
= [(S%(@1,04[t'], 22), S*(5',55[t'], 22))
= f(as[t/]v 82(5/785[t/]7$2))'
Since 1 € war(s) and leftmost(t’) = x2, so xa € wvar(os[t']). Since zy €
var(cs[t']), os og o¢ is not unit-regular, so oy ¢ H. Hence {0, € Hypg( )t =
f(t',w2) where t € W3y (X) such that x1 ¢ var(t') and leftmost(t') = xa} ¢ H

Therefore H = (UR) fryp; (2)-

Definition 3.15. Let S be a semigroup and F(S) be the set of all idempotents
in S. We say S is left [right] factorisable if S = GE(S) [S = E(S)H] for some
subgroup G[H] of S. S is factorisable if S is both left and right factorisable.
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Theorem 3.16. [8] A monoid S is factorisable if and only if it is unit-regular.

Corollary 3.17. (UR)gype(2) is factorisable.
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