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1 Introduction

In the recent papers, matrix polynomials have significant emergence and some
results in the theory of classical orthogonal polynomials have been extended to
orthogonal matrix polynomials, see [I], [2],[3], [4], [5], [6], [7]. For example, Her-
mite matrix polynomials have been introduced and studied in [5], [6] for matrices
in C™*" whose eigenvalues are all situated in the right open half-plane.

Throughout this paper, I and 6 will denote the identity matrix and null matrix
in C™*", respectively. For a matrix A in C™*", its spectrum o(A) denotes the set
of all eigenvalues of A. We say that a matrix A in C"*" is a positive stable matrix,
if Re(A) > 0 for all A € o(A). If f(z) and g(z) are holomorphic functions of the

1Corresponding author

Copyright (© 2015 by the Mathematical Association of Thailand.
All rights reserved.



202 Thai J. Math. 13 (2015)/ B. CEKIM and A. ALTIN

complex variable z, which are defined in an open set 2 of the complex plane and
A is a matrix in C™*" with o(A) C Q, then from the properties of the matrix
functional calculus in [8], it follows that:

f(A)g(A) = g(A)f(A).
Hence if B € C"™*" is a matrix for which ¢(B) C  and AB = BA, then

f(A)g(B) = g(B)f(A). (1.1)

If D is the complex plane cut along the negative real axis and log(z) denotes the
principal branch of the logarithm of z, then z'/2 represents exp((1/2)log(z)). If A
is a matrix in C"™*" with o(A) C D, then A'/? = /A denotes the image by 2'/2
of the matrix functional calculus acting on the matrix A. The hypergeometric
matrix function F'(A, B; C;z) has been given in the form [9]

#4805 = Y Wty i
n=0 ’

for matrices A, B and C in C"*" such that C +n/ is invertible for all integer n > 0
and for |z| < 1.
Let A be a matrix in C"™*" where

Re(p) > 0 for every eigenvalue p € o(A). (1.2)

Then Hermite matrix polynomials H,(z, A) are defined by [B]:

5
H,(z,A) =n! kZ:O ﬁ(a&\/ﬂ)"ﬁk , n>0. (1.3)

Also, these matrix polynomials yield

exp (:zrtv2A—t21) = E %Hn(x,A)t", [t] < 400, (1.4)
n!
n=0

[N

) A
/H (x,A) Hp, (z A)e_Emzd:v f 1 ym#n (1.5)
A e 2" nl (2rA7YE [, m=n

— 00
We organize the paper as follows:

In section 2, we construct multivariable extension of Hermite matrix polynomi-
als and show that these matrix polynomials are orthogonal with respect to weight
matrix function. In section 3, generating matrix function is obtained for multi-
variable Hermite matrix polynomials and with the help of this generating matrix
function, several recurrence formulas for multivariable Hermite matrix polynomi-
als (MHMP) are given. Multilinear and multilateral generating matrix functions
are derived for MHMP in section 4. In section 5, some applications of the result
in section 4 are presented.
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2 Multivariable extension of Hermite matrix poly-
nomials

A systematic investigation of a multivariable extension of the Hermite matrix
polynomials H,, (z, A) is defined by

H, (x,A)=H,, . (21, s, A1, ..., As) = Hy, (21, A1) ... Hy, (s, As)

where x = (21, ...,x5), A = (A41,..., As), A; be a positive stable matrix in C"*"
for 1 <i < sandn=(ng,..ns); ni,..,ns € Ng = NU{0}. The multivariable
Hermite matrix polynomials Hy (x, A) (MHMP) are orthogonal with respect to
the weight matrix function

w(x,A) = w(xl,...,x57A17--'7AS)
= w (Il,Al)---ws (x57As)

oz S
= e 2 e 2 7, (2.1)
over the domain
Q={(z1,...,zs): —oo<z;<o00; i=1,2,..,5s}. (2.2)

In fact, we have

/w (x,A) Hy (x,A) Hy, (x,A)dx
Q

o0 __1:E2
= / I’In1 (‘TluAl)Hml (:vl,Al)e 2 ld:vl X ...
_ s o
2 “dx,

X / H,, (zs,As) Hp, (x4, As) €

= @r) 2 2" nal (A7Y)% Gmem, > (mini €Ng=NU{0} ; i=12.5),
i=1
where dx = dzy...dxs, A; is a positive stable matrix in C"*"and A;A; = A; A, for
i,7=1,...;s.
Thus, the following theorem has been obtained:

Theorem 2.1. The multivariable HMP Hy (x,A) are orthogonal with respect to
the weight matrixz function

2 2

Ay As
w(x,A)=¢e 2. 2
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over the domain
Q={(x1,.,z5): —c0o<mi<oo; i=1,2,...,s},

where A; is a positive stable matriz in C™*" and A;Aj = A;A; fori,j=1,..,s

3 Generating Matrix Function and Recurrence Re-
lations for MHMP

In [5], it was shown that the HMP are generated by

o0 1 N
exp (xtv 24 — t2I) = Z EHn(I,A)t . |t < 400, (3.1)

n=0

where A is a positive stable matrix in C"*".

In this section, we obtain generating matrix function and recurrence relations
for MHMP H, (x,A).
Using the above expression, we can give the following theorem.

Theorem 3.1. For the matriz polynomials MHMP H, (x,A), we have

oo

Z H, (x,A) f 1.. ;— Hexp( 24zt t?]), (3.2)

ni,...,ns=0

where A; is a positive stable matriz in C™*" and |t;| < oo for i=1,...,s

In order to obtain some recurrence relations, we need the following lemma.

Lemma 3.2. Let a generating matriz function for fu,. . n.(X,A) b
U t,A) = Y fun (X A) G0 (3.3)

ni,...,ns=0

where X = (x1,...,x5), A = (A1, ..., As),t= (t1,....,ts) and fn,, . n.(X,A) is a ma-
triz polynomial of degree n; with respect to x;(of total degree n = ny + ... + ng),
provided that

\I/(X,t,A) = \Ifl(l'l,tl,Al)...\ys(xs,ts,As),
V(s ti, A;) = Z Yo, (V2Aizit; —2D)™ | o #0 5 i=1,2,...,s
ni:O

Then we have
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0
€Ty 2Aza_l'lfnl ..... Ns (X, A)
0 /
- 2%fn1 ..... Ni—1,Mi —1,Niq1,...,ng (X, A) +ng 2Aifn1 ----- ns (Xv A)7 n; > 1, (3.4)

where A;A; = AjA; fori,j=1,..,s.

Proof. Differentiating ([B3]) with respect to x; and t;, respectively, and making
necessary arrangements, we obtain the desired relation. (|

As a result of Lemma 3.2, considering (8:2)), we can write that

Hy (x,A)
Fraseoms (6, A) = nil.ng!’
1
TYn; = T i:1,2,...,8.
‘ nz'

Under the light of the Lemma 3.2 and also considering ([B.4]), one can easily obtain
the next theorem.

Theorem 3.3. For the matriz polynomials Hy (x,A), we have

0 0
Tiv 2Ai_Hn1 »»»»» ns (Xv A) - 2ni_Hn1 »»»»» Ni—1,Mi—1,nig1,...,Ns (Xv A)
ox; Ox;
= Ny 2AiHn1,...,ns (Xu A)u n; > 17
where A; is a positive stable matriz in C™*" and A;A; = A;A; fori,j=1,..,s.
Similar to Lemma 3.2, we also get the following lemma.
Lemma 3.4. Let a generating matriz function for fn, . . n.(x,A) be
T Blanty, e tte A) = D fayn, (5 A) £
n,...,ns=0

where X = (L1, ..., Ts), A = (A1, ..., As) and fn, .. n.(X,A) is a matriz polynomial
of degree n; with respect to x;( of total degree n =nq + ... + ns ), provided that

(I)(,Tltl, ceey ,Tsts, A)

(1)1($1t1, Al)---q)s(xstsu As)7

;(witi, Ai) = Z On, (zit)™ , wo#0 ;i=1,2,..,s.
n;=0

Then we have
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nifnl,...,ns (X7 A) + 2fn17~~~7ni71;ni_2;ni+1;~~~;ns (X7 A)
0
- :Eia_xifnl,...,ns (qu) , Ny Z 27 (35)

where A;A; = A;A; fori,j=1,...,s.
As a result of Lemma 3.4, if we choose

_ Ha(x,A)
fn1,~~~7"s (X’A) - W7
24;)™
(pni = Q ? Z':1,27,,.7S,

and also considering (3.]), one can easily obtain the next theorem.

Theorem 3.5. For the polynomials MHMP H.,, . n,(x,A), we have the following
recurrence relation:

0
Ty %Hnl ..... Ns (X; A) 2”1(”1 I)Hnl ..... Mi—1,M5 =2, 41,5+, N (X7 A)
= niHnl Ln (X7 A) , Mg > 27

where A; is a positive stable matriz in C™*" and A;jA; = AjA; fori,j=1,...,s.

By Theorem 3.3 and Theorem 3.5, we can obtain the following corollary.
Corollary 3.6. The MHMP H,,
9

n. (X, A) hold:

ns (Xv A) =N 2AiHn1 »»»»» Ni—1,Mi—1,niq1,...,Ns (Xv A) ;Mg 2> 1

and
ﬁAixiHnl)~~~)ni717ni_17ni+17~~~7ns (X, A)

0
- V AlHnl ..... N (X, A) + \/ia_Hnl ..... ni—1,Mi—1,n541,..., Ns (X7 A) ;s Ny Z 15

T; o

where A; is a positive stable matriz in C™*" and A;A; = AjA; fori,j=1,..,s.

4 Multilinear and Multilateral Generating Ma-
trix Functions

In recent years, by making use of the familiar group-theoretic (Lie algebraic)
method a certain mixed trilateral finite-series relationships have been proved for
orthogonal polynomials (see, for instance, [I0]). In this section, we derive several
families of multilinear and multilateral generating matrix function for the MHMP
without using Lie algebraic techniques but, with the help of the similar method
as considered in [I1], [12].
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Theorem 4.1. Corresponding to a non-vanishing function {Q,(y1, ..., yr )}uec of

non-vanishing functions of r complex variables (r € N) and of complex order p,
let

A (U1, s i 2) 1= D Ak Lk (Y1, 9 ) 25, (4.1)
k=0

(ar #0, p,v € Np) and

[n1/p] H i (x,A)
O YLy e Y C) 1= i —pkin2,. s A 0 k
nvpaﬂav(xv Y1, 7y7“7<) kzzo a (nl —pk)! nal...ng! #+vk(y1a ayr) C )
(4.2)
where A; is a positive stable matriz in C™" fori=1,...;s, n = (ny,...,ng),

ni,...,ns,p € N, x=(x1,....,25), A= (A1,..., As) and (as usual) [N\] represents
integer part in A € R. Then we have

U .
Z @npl“,(x YL, - ,yr,tp> g

n,...,ns=0

{Hexp( 2A;xit; — fI)}AMU(yl,...,yr;n), [ti] < oo for i=1,..,s,

(4.3)
provided that each member of (@3] exists.

Proof. For convenience, let S denote the first member of the assertion [{@3]) of
Theorem 4.1. Then, plugging the polynomials

Ui
6n,p,u,u (X§ Y1y Yrs t_p)
1

from the definition ([@2)) into the left-hand side of ([£.3]), we obtain

0o [n1/p]

Hy, ok (X A) k
S — N1 —PR,MN2,...,Ms U Q y . tnl —-Pp tn2' tns
Z Z @k (n1 — pk)! nal...ny! ptk (Y1 Ur) 77

(4.4)
Upon changing the order of summation in ([£4), if we replace n; by ni + pk, we
can write

x, A
S =Y Sw e o) o
)

oo o0
_ Hpyng,.n, (X, A) n1 o gns k

reeyne=0 k=0

= {Hexp( 2Aixiti—t?I)}Aﬂﬁy(yl,...,yr;n),
i=1

which completes the proof of Theorem 4.1. O
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Remark 4.2. Ifwe setr = s and Qi vk (Y1, -, Ys ) = Hugore (Y1, ¥s s A), (1, v €
Ny ), we obtain result which provides a class of bilinear generating matriz functions
for the MHMP.

5 Further Consequences

By expressing the multivariable function Q,4vx(y1,...,9r ), (k € No, r € N) in
terms of a simpler function of one and more variables, we can give further appli-

cations of Theorem 4.1. For example, consider the case of r =1 and Q,y,x(y) =
(B.A)
pntvk

LB (y) are defined by [4] as:

(y), (u,v € Np) in Theorem 4.1. Here, the Laguerre matrix polynomials

n _ kyk
L;B-“)(y):z:% (B+1), [(B+1),]" v,

in which B is a matrix in C"™*" B + nl is invertible for every integer n > 0 and
A is a complex number with Re (A) > 0. Notice that Laguerre matrix polynomials
are generated as follows

- _ —\

S LEN@) = (=) P ep (22 (5.1)

n=0 1- n
where |n| < 1 and —co < y < oo. Then we obtain the following corollary which
provides a class of bilateral generating matrix functions for the MHMP and the
Laguerre matrix polynomials.

Corollary 5.1. Let A, (y;2) :== > ag Lifrjg(y) 2% where (ar, #0, p,v € Np)
k=0

and

[n1/p]

j : Hn —pk,no,...,ng (qu) B,
Gn,p,u,u(x;y;C) = agk (nl i Iz)' n | n | L§L+Vlz(y) Cku

=0 1 PrR): N2:...Mg:

where x = (21, ...,2s), A= (A1,...,4s), n=(n1,....,n5),n1,....,ns,p € N and A;, B
are matrices in C™*" satisfying condition Re(\;) > 0 for all eigenvalue \; € o(A;)
fori=1,...s and Re(vy) > —1 for all eigenvalue v € o(B) . Then we have

(o] S
Z Onpuv <x; y; t%) .t = {H exp ( 2A;x5t; — t?l) } Ay (yim),
ni,...,ns=0 1 i=1

(5.2)
provided that each member of (B.2) exists, |t;] < oo for i=1,...,s.

Remark 5.2. Taking ar =1, p =0, v = 1, using the generating matriz function
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B for the Laguerre matrixz polynomials and (32), we have

0o [n1/p]

Hpy pkono,..., (%, A) (B -
2 2 (7111 i;]:;)v 7:21 ol LM (y) nb e gy
' ngl..ng!

_ {ﬁexp( 2141.331.151._tlzl)}(l—n)(BJrI)e)<;p<I)\y77>7

i=1 -

where [n] <1, —oo <y < oo and |t;| < oo fori=1,..,s.

Set r =1 and Qu4uk(y) = Péijck) (y), (u,v € Np), in Theorem 4.1, where

the Jacobi matrix polynomials P,(LB’C)(y) are defined by [I] as:
PiF(y)
_ (=" . 14y —1
= ——F B—I—C—i—(n—i—l)[,—nl,C—i—I,? r—(C+1)r(C+ (n+1)I),

n!

where B and C' are matrices in C"*" whose eigenvalues, z, all satisfy the condition
Re(z) > —1. Here Jacobi matrix polynomials are generated by

> (B+C+ Do PEO) [(C+ D)™ 0
n=0
_ B+C+I B+C+2I 2n(y + 1)
Y (B+C+I) p . 2RI T ) .
(1+7) O L e ) (69)

where |n| < 1 and |y| < 1 which were in [11]. Then we obtain the following corollary
which provides a class of bilateral generating matrix functions for MHMP and the
Jacobi matrix polynomials.

Corollary 5.3. Let A, ,(y;2) == > ar (B+C+1); Péfﬁ)(y) [(C+ D)i] " 25,
k=0

where (ar, 20, p,v € Ng) and
On,p,uv (%595 C)

e g k (x,A) (B,C) 1
= PLPR R P (B O+ D)y, P C+ I " ¢
kgo o (n1 — pk)! nal..ny! (B+C+ D vk (v) O+ Dl ¢
where x = (21, ..., %), A =(A1,...,4),n=(ny,...,ns),n1,...,n5,p € N and A, B
and C are matrices in C™*" satisfying condition Re(\) > 0 for all eigenvalue
A € o(A), Re(y) > —1 for all eigenvalue v € o(B) and Re(§) > —1 for all
eigenvalue & € o(C). Then we have

Z On,p,u,v (x;y; t%) oty = {H exp (\/2Aixiti - th) } A (i),
L i=1

(5.4)
provided that each member of (5.4) exists |t;| < oo for i=1,...,s.
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Remark 5.4. Taking ap =1, u =0, v = 1, using the generating matriz function
BE3) for the Jacobi matriz polynomials and (3.3), we have

[n1/p]
ny — na,...,Mg A
> E:{ PR B o RO

ni,...,ns=0 k=0

X [(C+ 1)) o ¢ Pk t;Q...t;‘S}

{Hexp( 2 Azt — tf])}

B I B 21 2 1
(14 m)~(B+C+D +C + 7 +C + CLT n(y+1)
2 2 (1+mn)?
where |n| <1, |yl <1 and|t;] <oo fori=1,..,s

Furthermore, for every suitable choice of the coefficients ax (k € Np), if the
multivariable function €, 4yx(y1,...,4r), (r € N), is expressed as an appropriate
product of several simpler functions, the assertions of Theorem 4.1 can be applied
in order to derive various families of multilinear and multilateral generating matrix
functions for the MHMP.

We set r = 2 and Quq0k(y,2) = Huquk(y, 2, B), (u,v € Np), in Theorem
4.1, where the two-variable Hermite matrix polynomials H,(y, z, B) are defined
by means of the generating matrix function in [6] as:

=1
exp (ynV2B — 1) = 3 — Ha(y, 2 B)"; || < o, (5.5)
n=0 "
where B is a positive stable matrix in C"*". Then we obtain the following corollary

which provides a class of bilateral generating matrix functions for the two-variable
Hermite matrix polynomials and the MHMP defined by ([B.2]).

o0

Corollary 5.5. Let Ay y(y,2;7) == > ap Hyyor(y, 2, B) r* | where
k=0

(CLk 750, [V ZS No)
and

n1/p]

Hpy—phins....n. (X%, A)
On.p.u (%57, 21C) : § e = Hy (v, 2, B)

where x = (x1,...,2s), A= (Al, v Ag), n=(n1,...,ng),n1,...,n5,p € Nand A;, B
are positive stable matrices in C™" for i =1,...,s. Then we have

Z (S 7p7,“/,<x Y, 2 ,E) 7111 {Hexp( 2Aixiti—t?l)}Au,w(y,Z;n),

(5.6)

provided that each member of (B.0) exists, |t;| < oo fori=1,...,s
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Remark 5.6. Taking ar = %, u=0,v =1, using the generating matriz function
(23 for the two-variable Hermite matrixz polynomials and (32), we have

00 [n1/p]

Z Z Hry—phins ..ins (X’A) Hk(y7Z7B) nk tnl—pk the  4hs
(n1 — pk)! nal..ng! k! 1 2.ty

= {f[ exp ( 2A;x:t; — t?]) } exp (yn\/ﬁ — 27721) )

=1

where  |n| < 0o and |t;] < oo fori=1,...,s.
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