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Abstract : For each n,k € N, let V; = (Y;1,Y52,...,Yik), e = 1,2,...,n, be
independent random vectors in R* such that Y;; are independent for all j =
1,2,..., k. Without assuming the existence of the third moments, a uniform Berry-
Esseen bound for multidimensional central limit theorem on a closed sphere is
presented in this paper.
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1 Introduction

Central limit theorem is one of the well-known theorem is probability the-
ory that can be applied to the area of statistics. This theorem guarantee that,
under some conditions, the distribution of sum or mean of a large number of in-
dependent random variables tend to be close to the normal distribution. The
rate of this convergence was independently quantified by Berry [I] and Esseen
[2]. Their results have been known as the Berry-Esseen inequality and been stud-
ied by many researchers such as Chaidee [3], Chen and Shao [4] [5], Nagaev [0],
Neammanee and Thongtha [7], Paditz [8] and Shevtsova [9]. The extension of
the theorem to multidimension, multidimension central limit theorem, was first
investigated by Bergstrom [10]. Bergstrom proved that for a fixed k € N, the
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distribution of sum of independent and identically distributed random vectors
Y: = (Yi1,Yia,...,Yir), s = 1,2,...,n, where the random vectors Y; satisfy:

EY; =0, ZEYZ_?:lforjzl,z,.,_,k and
i=1
E}/ij}/il :OfOI‘j#l,

converges weakly to the Gaussian distribution in R¥. This means that the dis-
tribution of sum of the random vectors Y; can be approximated by the Gaussian
distribution. A uniform bound of the approximation was first investigated by
Esseen [2]. He gave a bound over the set of closed sphere,

Br(r) ={w e R¥ | w? + w? + - +w? <%}

k
for r > 0, under the assumption that Z E|Y;;|* < oo. His result is
j=1
Cr
[Fn(Bi(r)) — @x(Bi(r))| < —
nk+1

where F, is the distribution of sum of Y;,i = 1,2,...,n, and ®; is the Gaussion
distribution in R*. A few decades later, many researchers put their effort to
find the uniform bound. The bound was improved in many directions such as:
extending the result to more general sets, see [11], ralaxing the assumption about
Yi,i =1,2,...,n, see [12], [13] and [14], improving the rate of convergence, see
[15] and computing the constant Cj, on the bounds of the approximation, see [13],
[16] and [T7]. In the last direction, Gotze[I3] calculated the constant in the case
that the random vectors Y; may not be identically distributed. He assumed the
finiteness of the third moments and used the Stein’s method to find a uniform
bound on any measurable convex set C' in R¥. His estimation is

[Fn(C) = 24 (C)] < Ciys

where v3 = Z E||Y;|3, ||-]| is the Euclidean norm in R* and C = 124.4a;Vk +
i=1

10.7, where a, = 2.04,2.4,2.69,2.94 for k = 2, 3,4, 5, respectively and a; < 1.27Vk

for k > 6. Thongtha and Neammanee [I7] assumed an independence of all com-

ponent of Y; and used the Stein’s method to investigate a constant on a uniform

bound over the set of closed sphere By (r) as shown in the following theorem.

Theorem 1.1. Let Y; = (Yi1,Yi2,...,Yik),i = 1,2,...,n be independent random

vectors in R* with zero means and Yi; are independent for all j = 1,2,...,k.

Define W, = ZYi' Let F,, be the distribution function of W,. Assume that

=1
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n k
ZEY;:lforjzl,Q,...,k andZE|Yij|3<oof0ri:1,2,...,n. Then
i=1

j=1

sup |F(Bi(r)) — @1(Bi(r))| < cB3

455 3 b
where c = —— + —— and B3 = E|Y;:|3.
B2 =33

j=1i=1

All of the above mentioned research, at least the finiteness of the third moments
are assumed. In this work, we will give a constant on a uniform bound of the
approximation over the set of closed sphere without assuming the existence of the
third moments.

The contents of this paper are organized as follows. The Stein’s method which
is a main tool to prove the main result is described in section 2 while the statement
and the proof of the result are given in section 3.

2 Stein’s Method

The Stien’s method, introduced by Stein [I8] in 1972, is now widely used
technique for estimating Berry-Esseen bounds. This technique was initially intro-
duced in order to investigate the bounds in one dimension. Over several decades,
the method have been developed by many researchers in order to find bounds of
multivariate normal approximation such as Barbour [19], Gotze [13], Chatterjee
and Meckes [20], Reinert and Rollin [T4] and Thongtha and Neammanee [I7]. The
Stein’s technique is based on the a partial differential equation. The keys of this
method consist of two parts, the partial differrential equation and its correspond-
ing solution. Thongtha and Neammanee [I7] introduced the Stein’s equation and
the corresponding solution and used it to estimate the bounds over the set of closed
shpere By (r). The equation is

k k
S funlw) = - wifa(w) = Vlhs(w) — (B)) (1)

where w = (w1, ws,...,wy) € R¥, B is a Borel set in R¥,f,. are the partial
derivatives of fp with respect to w; for ¢ = 1,2,...,k, and hp is the indicator
function on B, that is

1 ifweB
hp(w) = :
5(w) {o if wé¢ B.
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The corresponding solution of the equation (21 is given as follows.

—V2mer™® (1 — ®(B))(1 — ®y(w)) if we B, >0,

) V2mer® (1 — @4 (B)) @1 (w) if we B,w<0,
Jolw) = 212 Oy (B)[1 — By (0))] if wé¢ B,w >0, (2.2)
272 @ (B) D1 (w)) if wé B,w<0

k n
1
where w = ﬁ Zwi. It w, = ZYZ and B = Bj(r), we can easily compute
i=1 i=1

from the equation (21)) that

k k
P(Wn € Bk(T‘)) — ‘I’k(Bk(T)) = %E[Z f"‘wi (Wn) - Z Wnifr(Wn)]v (2'3)
i=1 =1

where f, denote the solution in equation (Z2)) in the case that B = By(r). From
the equation (2.3)), we can approximate the left hand side by estimating the right
hand side which depends on the solution f,. Thongtha and Neammanee [17] gave
some properties of f,. which is used to approximate the right hand side of the
equation (23]). Here are the properties.

Proposition 2.1 For k € N, w € R* and r > 0, we have
1
1. |fr(w)] € — for @ # 0,
|w]
2. |fr(w)] <2 and

2
3. |fr., (W) <—fori=1,2,... k.
[ ()] <

In Propostion 2.2, Thongtha and Neammanee [2I] gave a bound of a function
concerning fp in the equation (2.2)).

Proposition 2.2 For k € N, i = 1,2,...,k and any Borel set B in R*, the
function g; : R¥ — R is defined by

PR
o) = g () o)
is bounded by 2.

3 The Main Result

In this section, we give a constant on a uniform Berry- Esseen bound for
multidimensional central limit theorem over the set of By(r) for r > 0. The used
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technique is the Stein’s method together with the concentration inequality.
For n € N let X;,i=1,2,...,n, be independent random variables with zero

means and ZEX2 = 1. Define S,, = ZX and S = 5, — X;, and let

i=1 i=1
a= ZEX;IOXJ >1) and § = ZE|X1'|BI(|X¢| <1).
i=1 i=1

The following proposition is a concentration inequality which is presented in
Chen and Shao [4].

Proposition 3.1. If a + 3 <0.14, then for a < b,
Pla < SY <b) <1.50b—a)+3.30

1
where 61 = 5(0.280& + ).

The concentration inequality has an important role in proving the main result.
To charpen the result, we decide to create a new concentration inequality which
is proved by using the same idea as in Proposition Bl Here is our concentration
inequality.

Proposition 3.2. If a + 8 < 0.25, then for a < b,
Pla < 8% <b) <1.67(b— a) +4.775,

1
where 0z = 5(0.504 +5).
Proof. Follows an idea of Proposition 311 O

The Proposition 3.2]is used to prove the main result which is stated as follows.

Theorem 3.3. Let Y; = (Yi1,Yia,...,Yik),i = 1,2,...,n, be independent random

vectors in R¥ with zero means and Yi; are independent for all j = 1,2,... k.

Define W,, = ZY}. Let F,, be the distribution function of W,. Assume that
i=1

ZEYi?:lforjzl,Z...,k. Then,

[Ea(By(r) — ®4(Bi(r))] < (% ; 4) 5

for all polsitive real numbers r where

k n
=3 S {BY2I(Yy| > 1) + ElYy PI(Yy| < 1)}

j=1i=1
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Theorem is proved by combining the ideas in [4] and [I7]. To prove the
theorem, we introduce the following notations.
For kkneN, i =1,2,...,nand j =1,2,...,k, let

nj

— — o —() = —
Vi =Yyl(|Yyl <1), Wa =) Vi, Wy =W =Yy,
=1

a; =Y EYZI(Y,| > 1), B;=> EYiPI(Vy|<1) and
i=1 =1

for t € R where [ is an indicator function on 2. We can easily compute that

Kij(t) >0 forallteR, (3.1)
i/oo Kij(t)ydt =1—a; and (3.2)
=17 00
S [Tl = 3, (33)
i=1 -0
for all j =1,2,...,k, see an idea in [5].

We are now ready to prove Theorem [3.3
Proof. 1f there exists an element i € {1,2,...,k} such that
a; + B; > 0.25,
then the theorem is done by the fact that |P(W,, € B (r)) — ®1(Bk(r))] < 1 and
7.2 7.2
— +4 52(—4—4) a; + Bi) > 1. 3.4
(Z24a)oz (B2 ra)@rn (3.4)

Next, we assume that a; + 3; < 0.25 for all i € {1,2,...,k}. Let f, be the solution
defined in (22)) in the case that B = By(r) and f., the derivative of f, with
respect to w; for i =1,2,..., k. By equation (23],

P(Wn S Bk(T‘)) — (I)k(Bk(T)) = [Si — Tz] (3.5)

k
=1

Sl-

K2

where

Si :Efrwi(thWn%---aWnk)u and Ti:EWnifr(thWnQu---aWnk)-

To prove the theorem, we claim that for all ¢ € {1,2,...,n}

|S; — T3] < (7—\/2 + 4) (a; + Bi) (3.6)
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This equation will be proved in case of k = 2. For multidimension, we can prove
it by using the same argument. Follows an idea in [5], we can show that

$1 = ZE / Frw, (W 4 ¥is Wia) Ko (1)t

+041Efrw1( nl,WnQ) and

T = ZE/ Froy (WS 41, Wo) K (t)dt

+ZEK1[ |}/zl| > 1)[fr( nlv ) fT( nl’ 2)]

=1

Thus,
S1 — =Ri+ Ra+ Rs+ Ry (3.7)
where

R1:ZEI(|YZ-1|§1)/ iy WD+ Yir, Waa) = fro (WS 44, Wio) | K (t)dt
=1 -

=S BI(Yi| > 1) / o, W ¥t W) — fro (WD 4, W) o (1)
=1 -

Rs = alEfrwl( n1s Wh2)

ZEYMI [Yii| > 1)[fr(Whi, Wha) — fr(W, 77,17 Wha)l.

=1
By Proposition 2.1(3) and (3:2)),

n

4 o _ )
Ry + R3| < — EI(Y; >1/ K (t)dt + —«
| R 3|_\/§Z (IYa| )_ 1(t) N
<— I([Yia| > 1)
6
< —ag. 3.8
< o (3.8)
By Proposition 2.1(2),
Ryl <4 EYnI(|[Ya| > 1) < 4on. (3.9)
i=1
By the same argument as of (3.7) in [I7], we write
1 1
R, = —2R11 + §R12 (3.10)
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where
R =Y E[I(|[Ya] <1) / BBy (ry (WY + Yir, Waz) — higy oy (W, + 8, Wia2) Ko (¢)dt]

=1 -

Rip = ZE[IOYM < U/ [(Wv(zll) + Y + Wn2)fT(W7(Lil) + Y, Waz)

i=1 -
— (W 4+t + W) fr (W + t, Wo2)| K1 (t)dt].
Fori=1,2,...,n,let
Ap = {w e Q| —t+n(w) < W (w) < —Yii (w) + n(w)},
By ={we Q| -Ya(w) —n(w) < Wr(Lll) (w) < =t —n(w)}

n(w) = \/r2 — W2 (w)I(w € A) and A = {w € Q| WE(w) < 7},

Using the argument of (3.9)—(3.11) in [I7] together with PropositionB2land (32)),
we obtain that

oo

R < iE[IﬂYiﬂ < 1)/ (I(An) + I(Bin) K (t)dt]

=1 -

n 0
=Y EIYal < 1) [ P | Vi W) K (0
i=1 —oo

+ZE1|YZ-1|<1)/OOO P(Bi1 | Yir, Wy2) K (t)dt

=1

<y el |1q1|<1/ (1670 — 1] + 4772 R (1)

— — 00

< 1.672 EI(|Ya| < 1)/ (|Yir| + [t K1 (t)dt + 1.201 + 2.396,
i=1 -
<4.96, + 1.2 (3.11)

where we used the equation (B3] in the last inequality. Similarly, we can show
that

o0

R > - ZE (Yal<1) [ (1(Cu)+ D) Ka(tid]

(4 951 +1.201) (3.12)
where
Ci = {w e Q| =Y (w) +n(w) < W (w) < —t +n(w)} and
Diy = {we Q| —t —n(w) < WY (w) < —Yir (w) —n(w)}.
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By (BI1)) and [B.12]), we have
|R11| <4981 + 1.2a4. (313)

To prove the equation (Z.4]), it remains to estimate |Ry3|. Since g; in Proposition
2.2 is piecewise continuous, by Proposition 2.2, B.1),33) and the fundamental
theorem of calculus,

n oo rYin ) B
|Rio| = | S EI(|Ya| < 1)/ / G (WD +u, W) duK i (t)dt|
i=1 oo vt
<2 BI(Yal<1) [ (Yal+l)Ka(0d
i=1 -0

< 36:. (3.14)

Combining B7)-EI10), BI3) and BI4) yields

1S, - T| < (% +4) o1 + (% 4 g) B < (% +4) (1 +B)  (3.15)

Similarly, we have the same conclusion as in [BI5) for the other elements ¢ in
{2,3,...,k}. Hence, the equation ([B.6]) is proved. By equations (B4)—@.4), we
have the theorem. g

Corollary 3.4. Assume the assumption as in Theorem[33 If a; + B; < 0.25 for
alli=1,2,...,k , then

|Fo(Bi(r)) — D1 (Bi(r)] < (% i %) 5

for all polsitive real numbers r.

Proof. If a; + 8; < 0.25 for all 4 = 1,2,...,k, the result is done by the equation

B3) and BH). O
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