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Abstract : The main purpose of this note is to define and to investigate the
generalized Nakano sequence space A(p) and show that the sequence space A(p)
equipped with the Luxemburg norm is rotund and posses property-H when p =
(pr) is bounded with py, > 1 for all £ € N.
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1 Introduction

By w, we shall denote the space of all real or complex valued sequences. Each
linear subspace of w is called a sequence space. A sequence space A with linear
topology is called a K-space provided each of maps p; — C defined by p;(z) = z;
is continuous for all ¢ € N; where C denotes the complex field and N = {0, 1,2, ...}.

A K- space ) is called an F'K- space provided A is a complete linear metric
space. An FK- space whose topology is normable is called a BK- space [2, pp.
272-273).

A lower triangular matrix is called factorable if one can write each A = (anx) =
a, by, where a,, depends only n and by depends only 0 < k < n. A triangle is a
lower triangular matrix with no zeros on the principal diagonal. A matrix A is
called regular if A is limit preserving over ¢, where ¢ denote the space of convergent
sequences. For a Banach space A, we denote by S(A) and B(\) the unit sphere
and unit ball of A, respectively. A point 29 € S()) is called:

(a) an extreme point if for every x,y € S(\) the equality 2z = x + y implies
Tr=1Y;

(b) an H point if for any sequence (z,) in A such that || z ||— 1 as n — oo, the
weak convergence of (z,,) to x implies that || 2, — 2 ||— 0 as n — oo;

A Banach space A is said to be rotund, if every point of S(\) an extreme point. A
Banach space X is said posses property H provided every point of S(A) is H point.
Let A be an arbitrary vector space over C.

(a) A functional m : A — [0, 00] is called modular if

Ml: m(z)=0&2=0,
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M2 : m(az) = m(x) for « € R (or C) with |a| =1, for all 2 € A,
M3 : m(az+ By) <m(z)+m(y)ifa, >0, a+p=1,forall z,y € A
(b) If M3 is replaced by

M4 : m(az + By) = a*m(z) + m(y) if «, B3>0, a®+ =1, with an
s € [0,1] then the modular m is called an s-conver modular; and if
s =1, m is called convex modular.

(¢) A modular m defines a corresponding modular space, i.e, the space A, given
by

/\mz{wa:m(tx)HO as t—>oo}.

Recall that a sequence (x;,) is said to be an e-separated sequence if, for some ¢ > 0

sep(x,) = inf{ | p — g ||: 0 # k} > €.

A Banach space A has property (§ if and only if, for every ¢ > 0 such that, for
each element x € B(A) and each sequence (x,,) € B(\) with sep(z,,) > ¢, there an

index k such that

TR g

The Nakano sequence space #(p) is defined by
{(p) = {x = (x) €w:m(tz) < oo for some t > 0},

where m(z) =), |zx|P* and p = (pi) is a sequence of positive real numbers with
pr > 1 for all k € N . The space ¢(p) is a Banach space with the norm

H;v||:inf{t>0:m<%>§1}.

If p = (pi) is bounded, we have
L(p) = {x cw: Z|xk|p’*‘ < oo} .
k

Also, some geometric properties of £(p) were studied in [1] and [3].
For 1 < p < oo, the Cesaro sequence space is defined by

cesp=(x=(x) EwW: (Z(Tll Z ,’I,‘k|)p> i < 00 (1.1)
k=1

n
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equipped with the norm

I« = <Z(i2|xkl)”> .
k=1

n

This space was introduced by Shue [9]. Some geometric properties of the
Cesaro sequence space ces, were studied in [10]. It is known that ces,, is locally
uniform rotund and posses property H [5]. Cui and Hudzik [3] proved that ces,
has the Banach- Saks of type p if p > 1, and it was shown in [4] that ces, has

property J3.
2  The sequence space A(p)
The space ces(p) [8] is defined by
ces(p) ={r €w: p(tr) <oo for some t >0}, (2.1)
where
1 n Dn
=X (235 im)

n k=1

The space ces(p) is a Banach space with the norm

|z |= inf{t >0 p(%) < 1}

and if p = (pg) is bounded then we have

ces(p) = {x cw: Z <i2|xk|> < oo}.
n k=1

Several geometric properties of ces(p) were studied in [8]. Define the sequence
y = (yn), which will be frequently used, as the A-transform of a sequence x = (xy),
ie.,

(A2)p = yn = an ¥k (2.2)

k=0
where, A = (any) is defined by
| anp, (0<k<n)
ank = { 0, (k S n) ) (n7 ke N) ) (23)

ap > 0 for all n € N, a = (a,,) is monotone decreasing and A is regular.



298 Thai J. Math. 4(2006)/ M. Sengdniil

Now, we wish to introduce the generalized Nakano sequence space A(p) , as
the set of all sequences such that A-transforms of them are in the space £(p), that
is

Ap) = {z = (zx) € w: (Az) € l(p)} (2.4)

or, the other word
A(p) = {x € w:m(tx) < oo for some ¢t >0 },

where

m(z) = Z (an Z z1|> < o0.
=0

n

We consider the space A(p) equipped with the so - called Luzemburg norm

Hz||:inf{t>():m(%)§1}.

If p = (pn) is bounded, then we have

A(p) = {x cw: Z <an2xi> < oo}.
n i=0

The main purpose of this note is to define and to investigate the generalized Nakano
sequence space A(p) and show that the sequence space A(p) equipped with the
Luxemburg norm is rotund and posses property H when p = (py) is bounded with
pr > 1 for all kK € N.

Clearly, in the special cases a,, = (n+1)~! and a,, = 1, we have A(p) = ces(p)
and A(p) = £(p), respectively. Also, throughout this paper we assume that p = (p;)
is bounded with p; > 1 for all ¢ € N and K = sup; p;.

Now, we may begin with the following theorem which is essential in the text:

Theorem 2.1 The set A(p) is the BK - spaces with the norm || z || aip)=| Az ||¢¢p)-

Proof. Since (2.2) holds and ¢(p) is the BK —space [7] with the respect to it
norm and the matrix A is normal, Theorem 4.3.2 of Wilansky [11, pp. 61] gives
the fact that the space A(p) is BK— space. O

Proposition 2.2 The functional m on the space A(p) is a convex modular.

Proof. m(z) =0 < = =0 and m(ax) = m(z) for all scalar o with o] = 1 is
clear so, we omit it. Let z,y € A(p) and « > 0, [ > 0 with a + 5 = 1 by the
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convexity of the function v — |u[P"; n € N, we have:

mlaw + By) =3 (an 3 (s + By

n 1=0

< Z ((anz |laz;]) + (an Z ﬂyiD)

=0

< az (anZ|xi>p +ﬂz (anzm )m

=0 =0

= am(w) + Bm(y).
0

Proposition 2.3 For z € A(p) the modular m on A(p) satisfies the following
properties :

P1. if 0 <r <1 then r¥m(zr=1) < m(z) and m(rx) < rm(z),
P2. ifr > 1, then m(x) < r¥m(zr=1),
P3. ifr > 1, then m(x) < rm(z) < m(rz).

Proof. It is obvious that P3 is satisfied by the convexity of m. It remains to
prove P and P2. For 0 < r < 1, we have

m(x) = Z <an Z |4 > = Z <ran Z |xir—1|>
=0 n =0
= er" (an Z | ) > ZTK <an Z xir_1|>
n =0 n =0

n

_TKZ<QHZ|% 1|> = rEm(xr™1),

and it implies by the convexity of m that m(rz) < rm(z), hence P1 is satisfied.
Now, assume that r > 1. Then we have

m(x) = Z (an Z |xl|> = er" <an Z |xirl|>
i=0 n i=0

n

n Pn
<5 (w30 ) =i
n =0

hence P2 is obtained. O

Pn

Now, we give relations between the Lxemburg norm and the modular m on the

space A(p).
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Proposition 2.4 For any x € A(p) we have
Py if |z |<1 then m(x) <| z ||
P5. if||z||>1 then m(z)>| z ||
P6. ||z ||=1 if and only if m(x) =1
P7. ||z ||<1 if and only if m(x) <1
P8 ||z ||>1 if and only if m(xz)>1
PY. if0<r<1land|x|>r then m(z)>rk
P10. ifr > 1 and || z ||< 7 then m(z) <r¥
Proof. (P{) Let € > 0 be such that 0 < ¢ < 1— | « ||. Then we have

| z || +€ < 1. By definition of || . || there exists u > 0 such that || z || +¢ > p and
m(zp~t) From Proposition 2.3 P1. and P3, we have

m(z) <m (|2 | +e)zp™") < ([= | +e)m (zp™") <[ @ || +e
which implies that m(z) <|| x || so P4 is satisfied.

(P5) Lete>0besuchthat 0 <e< (||z| —1) ||| " then 1< (1—¢)|
x ||<|| || . By definition of || . || and by Proposition 2.3 PI we have

L<m@l(l—¢ |2 ™) <[ —e) [l ] m()

so (1—¢) || z ||< m(z) for all € € (0,(]| = || =1) || = [|7!). This implies that
|| z ||< m(z), hence P5 is obtained.

(P6)  Assume that || « ||= 1. By definition of || = || we have that for ¢ > 0
there exists o > 0 such that 1+¢ > p >|| z || and m(xp~1) < 1. From Proposition
2.3 P2, we have

m(z) < pfm(zp=t) <pf < (14K

S0 (m(:c))K_1 < 1+ € for all € > 0, which implies m(z) < 1. If m(z) < 1, then
we can choose 7 € (0,1) such that m(z) < r < 1. From Proposition 2.3 P1 we
have m(zr=!) < (r®)~'m(z) < 1 hence || z ||< r < 1 which is a contradiction.
Therefore m(xz) = 1. On the other hand; assume that m(x) = 1. Then || z ||< 1. If
| « [[< 1, we have by P4 that m(x) <|| « ||< 1 which contradicts our assumption.
Therefore || z ||= 1.

(P7) follows directly from P4 and P6.

(P8) follows from P6 and P7.
(P9)  Suppose 0 <7 < 1and ||z ||>r Then || zr~! ||> 1. By P5 we have
m(zr~1) > 1. Hence by Proposition 2.3 P1 we obtain that m(z) > rEm(zr=1) >

ri.

(P10) Suppose that 7 > 1 and || = ||< r. Then || zr=! ||< 1. By P7 we
have || zr~! ||< 1. If r = 1, it is obvious that m(z) < 1 = r&. If r > 1, then by
Proposition 2.3 P2; we obtain that m(z) < rfm(zr=1) < rk. O
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Proposition 2.5 Let (x,) be a sequence in A(p).
Pi1. If||z ||— 1 as n — oo, thenm(x) — 1 as n — oc.

P12. If m(x) — 0 as n — oo, then | z ||— 0 as n — oo.

Proof. (P11) Suppose that | z |[— 1 as n — oo. Let € € (0,1). Then there
exists N € N such that 1 — e <|| , ||< 1+ € for all n € N. By Proposition 2.4
P9 and P10 we have (1 —€)® < m(x,) < (1+ €)* for all n > N which implies
m(z,) — 1 as n — oo.

(P12) Suppose that || z, |- 0 as n — oo. Then there is an € € (0,1) and a
subsequence (z,, ) of (z,) such that || ,, ||> € for all k¥ € N. By Proposition 2.4
P9 we have m(z,,) > X for all k € N. This implies m(x,,) - 0 asn — co. [

Now we shall show that A(p) has the property H but we firstly give a lemma:

Lemma 2.6 Letz € A(p) and (™) C A(p). If lim, m(a™) = m(z) and lim,, 2} =
x; for alli € N then lim, 2" = = .

n Pn
Proof. Let ¢ > 0 be given. Since m(z) = Z (anz |xz|) < 00, there is
n =0

ng € N such that

[e%¢] n Pn
> (%Z l) < (2K H13)7, (2.5)
n=no+1 1=0

Since

n=0 0 =0

m(a™) — Z (an |x1|> — m(x) — Z (an Z |xl|>
i=0 n—

as (n — oo) and z' — x; as n — oo as for all i € N, there is ny € N such that

m(z") — Z (an Z |x,|> <m(zx)— Z (an Z |x1|) + (25+13)71 (2.6)

n=0 =0 n=0 i=0

for all n > ng, and

no n Pn
Z (an Z |z} — x1|> <37 te (2.7)
n=0 i=0

for all n > ng. It follows from (2.5), (2.6) and (2.7) that for n > ng
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n Pn
m(z" —x) = Z (an | — 9:1|>
n i=0

n

no Pn oo n Pn
=z(an2w—zz—| s (aanz?—m)
n=0 =0 1=0

n=ng+1
_ n . n Pn
<3 leq oM Z (an2|x"|> + Z <an |I1> ‘|
Ln=no+1 n=no+1 i=0
n Pn
=3 let2M m( ™ —Z <an2x"> + Z <anZ|xl|> ]
L n=0 n=ng+1 =0
B n 00 n Pn
<37 te 2™ [m(an —Z (anZaﬂ) + (253) e + Z (anZ|xz|> ]
L n=0 n=no+1 1=0
=3 le42M Z <an i: |:cz|> +(253)7te 4 Z (an > xl|> ]
Ln=no+1 n=no+1
r n Pn
=3"Te4+2M | (25K3) e+ 2 Z (anZzi|> <3 le+37le+37le=
L n=ngp+1 1=0

This show that m(z™ — ) — 0 as n — oo. Hence by P8 of Proposition 2.5 , we
have || ™ — x ||— 0 as n — oo. O

Theorem 2.7 The A(p) has the property H.

Proof. Let z € S(A(p)) and (2") C A(p) such that || z |- 1 and 2" wz as
n — o0. From Proposition 2.2 we have m(xz) = 1 so it follows from Proposition
2.3 that m(2™) — m(z) as n — oo. Since the mapping p; : A(p) — R, defined
by pi(y) = y; is a continuous linear functional on A(p) it follows that ] — =; as

n — oo for all 4 € N. Thus, we have obtain by Lemma 2.6 that " — = as n — oc.
O

Theorem 2.8 The space A(p) is rotund.

Proof. Let z € S(A(p)) and y,z € B(A(p)) with z = 27! (y+ z). By Proposition
2.2 and convexity of m we have

L= m(x) <27 (mly) + m(=)) <27 (1 + 1),

so that m(z) = 27 (m(y) + m(z)) = 1. This implies that

Pn n Pn n Pn
(anzu y+> i (anzmo ot (g) 2.9
1=0 1=0
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for all k € N. We shall show that y; = z; for all ¢ € N. From (2.8), we have
|21 [Pt = 27 |y | + [P (2.9)

Since the mapping u — |ulP! is strictly convex, it implies by (2.8) that y; = 2.
Now assume that y; = z; for all ¢ = 1,2,....k — 1. Then y; = 2; = z; for all
i=1,2,...,k — 1. From (2.8) we have

n Pn n n Pn
(a” DR+ Zz')|> = (21[% D Iyl +an) Zi|]> (2.10)
1=0 =0 1=0
n Pn n DPn
=271 (%ZM) +27! (anZ|Zz|> (2.11)
=0 =0

By the convexity of the mapping v — |u|P* it implies that a, Y o [Yi| = an D iy |2i]-
Since y; = z; for all i = 1,2,..., k — 1 we get that
lyk| = [2kl- (2.12)

If yx = 0, then we have yr = zx = 0. Suppose that y # 0. Then 2z # 0. If
yrzr < 0 it follows from (2.12) that yj + 2, = 0. This implies by (2.10) and (2.12)

n—1 Pn n—1 Pn
<an Z |Iv|> = (an <Z || + |yz>> )
1=0 =0

which is contradiction. Thus, we have yizx > 0. This implies that by (2.9) that
Yr = 2. Thus we have by induction that y; = z; for all i € N, so y = z. d
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