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Abstract: Tn this paper, we give the matrix characterizations from the Nakano
vector-valued sequence space £(X,p) into the Orlicz sequence space £y and by
applying this result we also obtain necessary and sufficient conditions for infinite
matrices mapping the sequence spaces F,.(X,p) and My(X, p) into £3s, where p =
(pr) is a bounded sequence of positive real numbers such that py < 1forallk € N
and r > 0.
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1 Introduction

Let (X.||.||) be a real Banach space and p = (pg) a bounded sequence of
positive real numbers. We write = (x) with 2 in X for all K € N. The
X-valued sequence spaces co(X,p). c(X,p), Loo(X,p). 4(X,p), F(X,P),
E.(X,p), and My(X,p) are defined by

o(X,p) = {z = () : Jim || = 0},
(X, p) =4z = (zx) : klim lzg — alP* =0 for some a € X},
— 00

boo(X,p) = {z = (24) : sup |2k |[P* < oo},
0X,p) ={z = (z) : ) _ [zl < oo},
k=1

Fo(X,p) = {z=(z) © Y Kllag|™ < oo},
k=1

B, (X.p) = (o = (zx) = swp [l /K < o0}
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o
My(X,p) = {z = (x) : Zn_l/p"’kaH < oo forsomen e N }.
k=1

When X = R the corresponding spaces are written as ¢g(p), ¢(p), £oo(p).
p), F.(p), E-(p), and My(p), respectively and the first three spaces are
known as the sequence spaces of Maddoz. These spaces were first introduced
and studied by Simons [12], Maddox [6, 7], and Nakano [10]. When p; = 1
for all k € N, the space F,(p) is written as F,.. This space was first definded
by Cooke [2|. The space My(p) was definded by Grosse-Erdmann [3].

The structure of sequence spaces co(p), ¢(p), £(p), and £o(p) have been
investigated in [3]. Grosse-Erdmann [4] has given characterizations of ma-
trix transformations between scalar-valued sequence spaces of Maddox. Wu
and Liu [16] deal with the problem of characterizations of infinite matrices
mapping ¢o( X, p) and £ (X, p) into ¢p(q) and £ (q).

Suantai [13], and Suantai and Sudsukh [15] gave the matrix character-
izations from (X, p) into £s and E,.. The problem of matrix transforma-
tions concerning the Orlicz sequence space was done by Suantai [14]. Tn
that work, he gave necessary and sufficient conditions for infinite matrices
mapping £ (X, p) and ¢g(X) into the Orlicz sequence space. Tn this paper
we consider the problem of characterizing those infinite matrices mapping
X, p), Fr(X,p) and My(X,p) into the Orlicz sequence space. Because the
Orlicz sequence space is a generalization of the £, space, so we also obtain
characterizations of infinite matrices mapping those vector-valued sequence
spaces into the £, space as a special case.

2 Notation and Definitions

Let (X,||.|l) be a real Banach space. the space of all sequences in X is
denoted by W(X) and ®(X) is denoted for the space of all finite sequences
in X. When X = R, the corresponding spaces are written as W and &.

A sequence spaces in X is a linear subspace of W(X). Let FE be any X-
valued sequence space. For z € E and k € N, we write z;, stands for the k"
term of X. For k € N denote by e the sequence (0,0, ...,0,1,0,...) with 1
in the k' position and by e the sequence (1,1,1,...). Forz € X and k € N,
let €¥(z) be the sequence (0,0,...,0,,0,...) with z in the £ position and
let e(x) be the sequence (z,x,z,...). For a fixed scalar sequence p = (uy)
the sequence space E, is defined by

By ={z € W(X) : (upzy) € B} .
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The sequence space E is called normal if z € E and y € W(X) with
llygll < ||zk|| for all K € N implies that y € E.

Let A= (f) with f}’ in X', the topological dual of X. Suppose that E
is a space of X-valued sequences and F a space of scalar-valued sequences.
Then A is said to map F into F, written by A : E — F if for each
= (x) € E, Ap(z) = D02, fi(xk) converges for each n € N, and the
sequence Az = (A,(z)) € F. We denote by (E, F) the set of all infinite
matrices mapping E into F. If 4 = (ug) and v = (vg) are scalar sequences,
let

uW(B, F)y ={A = (i) - (unvfi)nr € (B, F) }

Tf ug # 0 for all k € N, we write u™! = (=)

Suppose that the X-valued sequenceuspace F is endowed with some
linear topology 7. Then F is called a K-space if for each k € N the k'?
coordinate mapping pr : E — X, defined by pi(z) = z, is continuous on
E. Tf, in addition, (F, 7) is an Fréchet (Banach, LF-, 1.B-) space, then E
is called an FK- (BK-, LFK-, LBK-) space. Now, suppose that F contains
®(X). Then E is said to have property ABiftheset {3}, e*(zx) :mn € N }
is bounded in E for every x = (xx) € E. Tt is said to have property AK if
Sr_ef(zr) = 2 in E as n — oo for every 2 = (zx) € E. Tt has property
AD if ®(X) is dense in F.

The space ¢(p) is an FK-space with AK under the paranorm g(z) =
/K

(Zzol $k\pk) , where K = max{l,sip pr} ( see [8] ). The space cy(p)

is an FK-space with AK, ¢(p) is an FK-space and £, (p) is a complete
LBK-space with AB (see [3, 8]). It is known that the space £(X,p) is an

1/K
FK-space with AK under the paranorm g(z) = (ZZO1 |xk||pk> , where
K = max{1,sup p;}.
k

A function M : R — [0,00) is said to be an Orlicz function if it is even,
convex, continuous and vanishing only at 0. We define the Orlicz sequence
space by the formula

O = {z = (z1) €0 = purlex) = ZM(cxk) < oc forsomec >0}
k=1

where £ stands for the space of all real sequences. We consider ¢;; equipped
with the Luxemburg norm

. X
ol = int{e > 0+ par(5) <1}
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Let hps denote the subspace order continuous elements, i.e
hv ={z = (xr) : pulcz) < oo for any ¢ >0 }.

It is known that £, is a BK-space and hjs is a closed subspace of £;4.
We say that an Orlicz function M satisfies the do condition (M € §, for
short ) if there exist constants & > 2 and uy > 0 such that

M(2u) < KM (u)

whenever |u| < uy.

It is known that if M € d9, then has = s (see [1] ). For more details
on Orlicz sequence space we refer to [1], [5], [9], and [11].

Now let us quote some known results that will be used to reduce our
problems into simple forms.

Proposition 2.1 Let E and E,(n € N) be X-valued sequence spaces, and
F and F,(n € N) scalar sequence spaces, and let v and v be sequences of
real numbers with uy # 0, vy # 0 for all kK € N. Then we have

(i) (Uply Bn, F) = N5 (En, F)

(i1) (B, Fn) = M2y (B, )

(iii) (Bu, Fy) = o(E, F)y-1,

(i) (By + By, F) = (Ey, F) N0 (B, F),

(v) (E,F1) = (B, Fy) N (®(X), Fy) if E is an FK-space with AD, Fy is

an FK-space and Fy is a closed subspace of Iy,

Proof. See [14, Proposition 2.1]. O
Proposition 2.2 Let M be an Orlicz function and x € £yy.

(i) If llz]] < 1, then par(z) < |l2|l.

(1) If llz| > 1, then par(x) > [lz|.

(i5i) If M € 09, then ||z|| =1 = pu(x) = 1.

Proof. See [1, Theorem 1.38 and Theorem 1.39 |. O
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3 Main Results

We now turn to our main objective. We begin with giving characteriza-
tions of infinite matrices mapping the Nakano vector-valued sequence space
£(X,p) into the Orlicz sequence space.

Theorem 3.1 Let p = (pi) be a bounded sequence of positive real numbers
with p, < 1 for all k € N and A = (f) an infinite matriz. Then A €
(U(X,p), €n) if and only if

(1) for each k € N, (fi{(x))ee, € €y for all z € X and

(2) there exists g € N such that

sup sup > (M o (my " ) (@) < 1.
TS p=1

Proof. Suppose that A € (4(X,p), far). Since eF(z) € £(X,p) forallz € X
and all & € N, we have Aef(z) € ¢y, so (1) is obtained. Now, we shall
show that the condition (2) is satisfied. By Zeller’s theorem, we have that
A:4(X,p) — Ly is continnous. Then there exists mg € N such that

1
r = (zx) € L(X,p), [lz]l < i [Az| <1. (3.1)

Let z € X with ||z| <1 and k£ € N. We have mgl/pkek(x) € ¢(X,p) and
-1 1 —1 —1
lmg Pk ek ()] < —= By (3.1) we have [[(mg IPe ()20 || = [|A(mg PRk (z))] <

1. By Proposition 2.2 (1) we obtain that > >, M(mal/p’“ Ji(z)) < 1. This
implies that

sup. sup 3 (Mo (my ) (@) < 1.
: z||<1

so that (2) holds.
Conversely, assume that the conditions (1) and (2) hold. By (2), there is
mgo € N such that

n=1

(0.0
ST M ((mg P () <1 forallk € N and all 2 € X with || < L.
n=1

It follows from Proposition 2.2 (1) that

| A(mg P @) = [l (mg P S (@) ] <1
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for all kK € N and all x € X with ||z|| < 1. Hence, for z € X with z # 0,
we have

A(mg PRk @) = || (mg P £2()) | < el (3.2)
Let © = (z) € £(X,p) and k € N. By (3.2), we have
1€k (zp) | = [|A(mg/™* (mg /P e* ()|
= my/P¥|| Amy P eF (24)|
< mg/"* i (3.3)

Since (m(l)/pkxk) € ¢(X,p), we have (m(l)/pkxk) € ¢(X,p) C ¢p(X), hence
there is a kg € N such that m[l)/pk’kaH < 1for all k > kg. Since 0 < pj < 1,

we obtain
1 1
my/P k]| < (mg/ Pzl = molleg ]| (3.4)

for all k£ > kq.
It follows from (3.3) and (3.4) that

00 0 Lo
S A @)l < 3 my Pl

ko fee)
1 , 1 \
=3 my Pz S g
k=1 k=ko+1
ko o0
<3 g ekl +ma Yl
k=1 k=ko+1
< 0.

Hence D77, Ae¥(zx) converges absolutely in £5s. Since £y is Banach,
S0, AeF(xy) converges in £y, Let y = (yx) € €ar be the sum of the series
S22, Aef(zg). By the continuity of py,, we have for each m € N,

Ym = pm(y) = nlggo kzlpm(Aek(xk)) = nlgrolo kz:lflgn(mk)

This implies that Az exists and (Az)m = Y poq [7 (%K) = Ym, so that
Ax € lyy. O

Theorem 3.2 Let p = (pg) be a bounded sequence of positive real numbers
with pp, < 1 for all k € N and A = (f}}) an infinite matriz. Then A €
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(1) for each k € N, (f(x))e>, € har for all z € X and

(2) there exists mg € N such that

o

sup sup Z(Mo (mal/pkf,?))(a;) <1.

Eolwll<t =

Proof. Since hys is a closed subspace of €5, the theorem is obtained
directly by applications of Theorem 3.1 and Proposition 2.1(v). O

When p; =1 for all £ € N, the following result is obtained directly by
Theorem 3.1.

Theorem 3.3 For an infinite matriz A = (f}}), A € (U(X), Lu) if and
only if

(1) for each k € N, (fi(x));l, € £y for all x € X and
(2) there exists mg € N such that

sup sup » (Mo (my'fi))(z) <1

Eooflzll<t 5

O]

When M(t) = |t|", » > 1, we have ¢3; = ¢,. By an application of
Theorem 3.1 the following result is obtained.

Corollary 3.4 Let p = (px) be a bounded sequence of positive real numbers
with py <1 for all k € N and v > 1. Then for an infinite matriz A = (f}),
A e (UX,p),4) if and only if

(1) for each k € N, S >°  |fi(z)|" < oo for all x € X and
(2) there exists mo € N such that

[o. 0]
sup sup > my P fR()T < 1

Eoqlwll<t =

When p = 1 for all & € N, the following result is obtained directly
from Corollary 3.4.
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Corollary 3.5 For r > 1 and for an infinite matric A = (f}), A €
(4(X), 4:) if and only if

(1) for each k € N, > > |fi(z)|" < oo for all x € X and

(2) sup sup Y, | fp ()] < oo
ko lz]|I<1

Theorem 3.6 Let p = (pi) be a bounded sequence of positive real numbers
with pr, < 1 for all k € N and A = (f}}) an infinite matriz. Then A €
(Mo(X,p), €nr) if and only if

(1) for eachm € N and k € N, (m"/Pr f2(2))°%, € las for all z € X and

(2) for each m € N, there ezists ry, € N such that

o

sup sup Z(M o (T;LIml/p"’f,?))(:v) <1.

Eoodl=ll<t .=

Proof. Tt is easy to see that My(X,p) = U;’L":lK(X,p)(n_l/pk), so it implies
by Proposition 3.1 (i) that
Ae(My(X,p),ly) < Ac (K(X)(m_l/pk), lyr) forallm e N .
By Proposition 2.1(iii), we have, for each m € N,
A€ (UX)(-1miy, tr) = (m!Pe f), € (UX), Lar) -
This implies by Theorem 3.3 that
A€ (My(X,p), L) <= (1) and (2) are satisfied.

O

By putting M (¢) = |¢|", where r > 1, Theroem 3.6 yields the following
result.

Corollary 3.7 Let p = (pr) be a bounded sequence of positive real numbers
with py, <1 for all k € N and v > 1. Then for an infinite matriz A = (f}}),
A€ (My(X,p), L) if and only if

(1) for each m € N and k € N, 320, |m'/Px f{(z)|" < oo and
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(2) for each m € N, there exists ry, € N such that

sup sup Z|r l/p’“f" )" <1.

B ll<t o=

Theorem 3.8 Let p = (px) be a bounded sequence of positive real numbers
with prp < 1 for all k € N, r > 0 and A = (f]') an infinite matriz. Then
A € (Fr(X,p),lm) if and only if

(1) for each k € N, (k~"/Px f(x))2%, € las for all z € X and
(2) there exists mg € N such that

sup sup Z (M o (m 1/p’“k:_r/p’“f,?))(:1:) <1.

Eoofl=)I<1 .5

Proof. Since F,.(X,p) = K(X,p)(kr/pk), it follows from Proposition 2.1 (iii)
that

A€ (F(X,p), tu) <= (K" 1), € ((X,p). Lar) -
It implies by Theorem 4.1 that

(k—r/pkf]?)nk € (U(X,p), £yy) < the conditions (1) and (2) hold.
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