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Abstract : We present a unified local convergence analysis for Jarratt-type meth-
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in this study.
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1 Introduction

In this study we are concerned with the problem of approximating a solution
z* of the equation

F(z) =0, (1.1)
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where F' is a Fréchet-differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space Y.

Many problems in computational sciences and other disciplines can be brought
in a form like (II]) using mathematical modeling [T}, [2, B} []. The solutions of these
equations can rarely be found in closed form. That is why most solution methods
for these equations are iterative. The study about convergence matter of iterative
procedures is usually based on two types: semi-local and local convergence anal-
ysis. The semi-local convergence matter is, based on the information around an
initial point, to give conditions ensuring the convergence of the iterative procedure;
while the local one is, based on the information around a solution, to find esti-
mates of the radii of convergence balls. In particular, the practice of Numerical
Functional Analysis for finding solution z* of equation (L)) is essentially con-
nected to variants of Newton’s method. This method converges quadratically to
x* if the initial guess is close enough to the solution. Iterative methods of conver-
gence order higher than two such as Chebyshev-Halley-type methods [5, [6] [T}, 2],
[7-[15], [4]-[17] require the evaluation of the second Fréchet-derivative, which is
very expensive in general. However, there are integral equations, where the second
Fréchet-derivative is diagonal by blocks and inexpensive or for quadratic equations
the second Fréchet-derivative is constant. Moreover, in some applications involv-
ing stiff systems, high order methods are useful. That is why in a unified way
we study the local convergence of Jarratt-type methods(JTM) defined for each
n=20,1,2,--- by

Yn = Tp — F/(.’L'n)_lF(.’L'n),
Hy = o) [Flan) + 390 — o) — F/(n)], (12)
Fart = gn = S (T G+ B)HL) (4 BH) Halon — 20),

where 1z is an initial point, I is the identity operator and «, 3,7, d are real param-
eters. Many popular iterative methods are special cases of (JTM) method. For
example, if a = 0, we obtain Newton’s method [}, 2, 3, 4, 26], if « =y = 1,6 = 2
and 8 = 0 we obtain the Jarratt method [I8] [19] and for if « = v = 0,6 = %
and 8 = —32, we obtain the inverse free Jarratt method [20]. Other choices of
parameters «, 3,y and § are also possible. The usual conditions for the semi-local
convergence of these methods are (C):

(C1) There exists T'g = F'(z¢)~! and ||| < 5;
(C2)
[ToF (o)l < m;

(C3)
|F"(x)|| < B for each x € D;

(Ca)
|F" (z)]| < B2 for each z € D;
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(Cs)
[F"(x) — F"'(y)|l < Bsllx —yl| for each z,y € D.

The local convergence conditions are similar but zg is * in (C1) and (C2). There
is a plethora of local and semi-local convergence results under the (C) conditions
[1-[31]. The conditions (C4) and (Cs) restrict the applicability of these methods.
That is why, in our study we assume the conditions (A):

(A1) F : D — Y is Fréchet-differentiable and there exists * € D such that
F(z*)=0and F'(z*)" € L(Y, X);

(Az)

| F' ()" (F' ()= F'(z*))| < Lo||z—z*||P for each z € D and some p € (0, 1];
(As)

| F' (z*) " (F'(x)—F'(y))|| < L|z—y||? for each x,y € D and some p € (0,1];
(As)

|F'(z*) "' F'(2)|| < K for each x € D.

and

(As)

2 2
1— A+ 2]y < 1.
| 3ﬂ+yﬂ_

Notice that the (A) conditions are weaker than the (C) conditions. Hence, the
applicability of (JTM) is expanded under the (A) conditions. Moreover, in this
study we extend the local convergence results for (JTM) method by considering
the inexact Newton method (INM) defined for each n = 0,1,2,--- by

Yn = Tn — F/(xn)ilF(xn)a

Tn+1 = Yn — Zn, (13)

where {z,} € X is a null sequence, chosen to force convergence of sequence {z, }
to z*. Notice that if for each n =0,1,2,---

o= 1 G B (4 B o — ), (14)

then (JTM) reduces to (INM). Several other choices of sequence {z,} are also
possible [, 2], 3] [4].
The paper is organized as follows: In Section 2 we present the local convergence
of these methods. The numerical examples are given in the concluding Section 3.
In the rest of this study, U(w, q) and U(w, q) stand, respectively, for the open
and closed ball in X with center w € X and of radius ¢ > 0.
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2 Local convergence

In this section we present the local convergence of method (JTM) under the
(A) conditions. It is convenient for the local convergence of (JTM) to introduce
some functions and parameters. Define parameters R and r4 by

1
1 1+p B
R=(—)? and E L —— 2.1
(Lo) e ra <(1+p)L0+L) @1)
Notice that
ra < R
and
Lt f htel0 2.2
<t .
AT = Lo) = or each t € [0,74] (2.2)
Define function g on [0, R] by
o(t) = (1~ L) — CMy7js 4 gl (2.3)

We have that g(0) =1 > 0 and g(R) = (2M)|5 + B|LK? < 0. Hence, it follows
from the intermediate value theorem that function g has zeros in (0, R) Denote
by 7o the smallest such root. Then, we also have that

g(t) > 0 for each t € [0,79). (2.4)

Define functions f and f; on [0,r¢) by

LtP 3 21|, [(1 = Lot?) + (T”)PLKPWW] LEKPep
1) = T+ o)1 Lot) T 175 )l (1= Lotr)+ 9(0)
(2.5)
and
fit) = f(t) - 1. (2.6)
We have that
f1(0)=f(0)-1=-1<0

and
fit) w0 as t —» 1y .

Hence, function f; has zeros in (0,79). Denote by 71 the smallest such zero. Set

r* =min{ra,r}. (2.7)
Choose
€ [0,7). (2.8)
Then, we have that
f(t) <1 for each t € [0,r]. (2.9)

Next, we show the main local convergence result for (JTM) under (A) conditions.



A unified local convergence for Jarratt-type methods ... 169

Theorem 2.1. Suppose that the (A) conditions and U(x*,r) C D, hold, where
r is gwen by (Z38). Then, sequence {x,} generated by (JTM) method {IL2) for
any xo € U(z*,r) is well defined, remains in U(z*,r) for each n =0,1,2,--- and
converges to x*. Moreover, the following estimates hold for each n =0,1,2,---.

Llwn — a*[|**?
1+p)(1 = Lo|lzn — z*[7)

llyn — z*|| < ( < zn —2*| (2.10)

and
[Zn+1 — 2| < fllzn — 2 Dll2n — 2| < [|2n — 2" (2.11)

Proof. We shall use induction to show that estimates (2.I0), (ZI1I)) hold and
Yny Tnt1 € U(x*,r) for each n =0,1,2,--- . Using (Az) and the hypothesis 2y €
U(z*,r) we have that

| F' ()" (F'(x0) — F'(x*))|| < Lo|lzo — x*||P < Lor? < 1. (2.12)

It follows from (212) and the Banach Lemma on invertible operators [I] 2] [3] [4]
that F'(z¢)~! € L(Y, X) and

1 1
< < .
| - 1—L0||I0—I*||p 1—LOTp

| F" (o) =" F' (2] (2.13)

Using the first substep of method (JTM) for n = 0, (Z13)), (A3), 23) and F(z*) =
0 we get that

yo—a* = xo—a* — F'(x0) ' F(20)
= (P P e (P 7l — o)
—F'(x0))dr(10 — 2%)] (2.14)
"
lo—a*ll < F (o) F'(a")]

1
| (@) / (F'(z* + (20 — o))
0
~F'(ay))drl|llzo — o
Ly — o147

<

- 1—L0||,’E0 —,’E*Hp

__ Lllwo—a™|?

B 1—L0||I0—I*||p

< wo =2 <, (2.15)
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which shows Z.I0) for n = 0 and that yo € U(z*,7). Note that ug = zo + 27(yo —

x0) € U(z*,r). Indeed, we have by (As) that

* * 2 * *
lu—z*] = llzo—= +§7(yo—$ +a* —zo)|
2 2
< 1__ _ * - _ *
< 1= 2llao — 2l + 2alllgo |
2 2
< (|1—§”Y|+§|7|)7"§7"-

We also have by ([ZI3), (L2), (Asz) that

_ % K — 2
[Holl < 1F' (o) F' («*) || F' (%)~ (F" (o + 370 = 20)) = F'(o0) ||
1 2
< L= _ P
>~ 1-— LOHxO - ;I;*Hp || 37(340 'IO)”
L(M)p
< 3 F/ 71F/ * P
= 1= L0||900 — .’L'*”p || (IO) (I )”
1
17 [ =2 ar(ao = )
0
oo ey KP|jzg — |
= 1= Lollwo — a*|? (1 — Lollwo — a*||P)?
2 *
o LCFPEP|fwg —at|?
(1= Lollzo — z*|[p)t+r
. L(@)p[{pﬂ)

(1 - LoTp)l'i'p.

Moreover, we have by (24)), 271, (Z8), I3), (ZI0) that

oy KPL|zo — 2P
5 H < |8 3
0+ Bl < 0t P oy — ae
< |6+ (@)prLTp <1
- (1 — Lorp)ttr

(2.16)

(2.17)

It follows from (Z.I7) and the Banach Lemma that (I + (§ + 8)Hp) ! exists and

1

2vlypgppep
110+ Bl

I(Z+ (6 + B)Ho) || <

(2.18)
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Furthermore, using ([2.I6), we get that

11+ BHol| < 1+ [B][Holl
1+ C)?(BIKP L]z — a7
- (1= Lollwo — *|[P)**»
Bl L
(1 — LOT-P)H-;D ’

Then, using the second substep in (JTM) for n = 0, I5), @3), 1), 3),
&I9), (C2), @I]) and ZI9) we get in turn that

4 3 -
lzs =20l < llyo — 2|l + ZlellI(7 + (5 + B)Ho) M Il + BHo || Holllyo — o]
< flllzo =2 Dlwo — 27| < llwo — 27| <1, (2.20)

< 14 (2.19)

which shows ([ZI1)) for n = 0 and that x; € U(z*,r). To complete the induction,
simply replace in all preceding estimates g, yg, 1 by Tk, Yk, Tx+1, respectively to
arrive at

eksr — ol < flllzn — 2" Dller — 2™ < flzp — 27| <7

and

Lljzg — =[P
L+ p)(1 = Lollzx — 2*[|7)
which complete the induction. Finally, from the estimate ||zp11 —a*|| < [|zr —2*],
we deduce that limg_, o T = x*. O

I ="l < ¢ <o -2 <

Remark 2.2. (a) Condition (Asz) can be dropped, since this condition follows
from (As). Notice, however that

Lo< L (2.21)

holds in general and LLO can be arbitrarily large [6]-[22].
(b) In view of condition (Az) and the estimate

|F' (@) F @) = [F' (@) [F (@) = F' (")) + 1]
< 1+ F'@) T EF (@) - (@)
< 1+ Lollz —a7|?,

condition (A4) can be dropped and K can be replaced by
K(r) =1+ LorP. (2.22)
(¢) It is worth noticing that r is such that

r<ry for a#0. (2.23)
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(d)

(¢)

Thai J. Math. 13 (2015)/ 1. K. Argyros and S. George

The convergence ball of radius r 4 was given by us in [22, 23, [5] for Newton’s
method under conditions (A )- (As). Estimate (Z.23) shows that the conver-
gence ball of higher than two (JTM) methods is smaller than the convergence
ball of the quadratically convergent Newton’s method. The convergence ball
given by Rheinboldt [4] (p=1)for Newton’s method is

2
TR=g57 <TA (2.24)

i
than r4 no matter how we choose Ly, L and K. Finally note that if a = 0,

then (JTM) reduces to Newton’s method and r =14.

if Lo < L and :—i — % as Lo — 0. Hence, we do not expect r to be larger

The local results can be used for projection methods such as Arnoldi’s method,
the generalized minimum residual method (GMREM), the generalized con-
Jugate method(GCM) for combined Newton/finite projection methods and
i connection to the mesh independence principle in order to develop the
cheapest and most efficient mesh refinement strategy [1, [2, [7)].

The results can also be used to solve equations where the operator F' satisfies
the autonomous differential equation [1, 2, [3, [)/:

F'(z) = T(F(z)), (2.25)

where T is a known continuous operator. Since F'(x*) = T(F(z*)) = T(0),
we can apply the results without actually knowing the solution x*. Let as an
example F(x) = e¢® — 1. Then, we can choose T'(x) =z + 1 and z* = 0.

In order for us to present the local results for (INM), let us suppose the (A’)
conditions: (A';)=(A;),i=1,2,3,4;

(A's)

nondecreasing with ¢(0) = 0 and ¢(t) — oo as t —

that

There exists a sequence {z,} in X and ¢ : [0,7) — [0,00) continuous,
7~ for some 7 € [0, R) such

lznll < @(|lzn — 2™|])||2s — 2¥]| for each n =0,1,2,--- .

A possible choice for sequence {z,} is given by (). In this case we can
choose

Ltp

PO =IO A Loy

Define functions ¢ and ), on [0,7) by

and

LtP
1+p)(1 — Lotr)

P(t) = ( + (1)

P1(t) = P(t) — 1.

We have that ¢1(0) = ¥(0) —1 = —1 < 0 and ¢1(t) — oo as t — 7. Then,
function ; has zero in (0, 7). Denote by ro the smallest such zero. Set

7 =min{ro, 74}
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and choose
r €[0,7). (2.26)

Then, we have that
¥(t) <1 for each t € [0,7).

As in the proof of Theorem 2.1 using induction, the conditions (.A’;) and the
estimate

A

[Znts = 2% < lyn — 27| + (|20l

Lijzn —a*|”
(1+p)(1 = Lollzn — a*|[?)
Yllzn — 2" ([len — 27|

we arrive at the following analog of Theorem 2.1 but for (INM) under the (A’;)
conditions.

IN

+¢llzn — ¥ )lzn — 2]

Theorem 2.3. Suppose that the (A') conditions and U(z*,r) C D, hold, where
r is given by (226). Then, sequence {x,} generated by (INM) method (I.3) for
any xg € U(z*,r) is well defined, remains in U(xz*,r) for eachn =0,1,2,--- and
converges to x*. Moreover, the following estimates hold for each n=0,1,2,--- .

L||zn — 2*|| P
1+p)(1 = Lollzn — 2*|[?)

[yn — 2™ < ( < g — 27|

and
[Znt1 — 2" < P(|xn — 2 Dll2n — 27| <[l — 27

Notice that it follows from the definition of function ¥ and the properties of
function ¢ that r < r4 (and r = ry4 if ¢ = 0).

3 Numerical Examples

We present numerical examples where we compute the radii of the convergence
balls.

Example 3.1. Let X =Y = R. Define function F on D =[1,3] by

F(z) = g:v% — . (3.1)

Then, x* =2 =225 F'(2*)"' =2, Ly=1<L=2,p=1and K =2(/3 - 1),
r1 = 0.2144, r € [0,0.2144) and r4 = 0.6840.

Example 3.2. Let X =Y =R3, D =U(0,1). Define F on D for v =xz,y,2) by

F(v) = (e* -1, %f +y,2). (3.2)
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Then, the Fréchet-derivative is given by

e’ 0 0
Fv)y=1] 0 (e—=1)y+1 0
0 0 1

Notice that x* = (0,0,0), F'(z*) = F'(z*)~! = diag{1,1,1}, Lo =e—1 < L =
K=e, p=1.1 =0.1399, r € [0,0.1399) and ra = 0.3599.

Example 3.3. Let X =Y = ([0, 1], the space of continuous functions defined on
[0,1]be and equipped with the max norm. Let D = U(0,1). Define function F on
D by

1
Fle)(e) = ole) =5 | atol0)'as (3.3)

We have that
1
F'(o(O))(z) =&(z) — 15/0 20p(0)?£(0)dd, for each & € D.

Then, we get that x* =0, Lo =75, L=15p=1 and K = K(r) =1+ 7.5r.
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