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1 Introduction

A continuous complex-valued function f = u+iv defined in a simply-connected
domain D is said to be harmonic in D if both u and v are real harmonic in D. In
any simply-connected domain we can write f = h 4+ g, where h and g are analytic
in D. We call h the analytic part and ¢ the co-analytic part of f. A necessary
and sufficient condition for f to be locally univalent and sense-preserving in D is
that |h/(2)] > |¢'(2)|, z € D. See Clunie and Sheill-Small [2].
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Let Sy denotes the class of functions f = h 4+ g which are harmonic univalent
and sense-preserving in the open unit disk U = {z : |z| < 1} for which f(0) =
f2(0) —1=0. Then for f = h+ g € Sy we may express the analytic functions h
and g as

h(z):z—l—Zakzk,g(z):Zbkzk, |b1] < 1. (1.1)
k=2 k=1

We note that for g = 0, the class Sy reduces to the class S of analytic univalent
functions for which f can be expressed as

fz)= z—|—Zakzk. (1.2)
k=2

Further, we denote the class A of functions of the form ([.2]) which are analytic
in the open unit disc U.

The following definitions of fractional derivatives are due to Owa [3], Owa and
Srivastava [4], (see also [3]).

Definition 1.1. The fractional derivative of order X is defined for a function f(z)
of the form ([L2), by
1 d [ fQ)
D) f(z) = — d L.
O -t E | g (13)

where 0 < X < 1, f(z) is an analytic function in a simply-connected region of
the z-plane containing the origin and the multiplicity of (z — ¢)™> is removed by
requiring log(z — ¢) to be real when (z —¢) > 0.
Definition 1.2. Under the hypothesis of Definition L1l the fractional derivative
of order n+ X is defined for a function f(z) of the form ([L2) by
d’ﬂ
DI f(z) = d—nDé\f(Z) (1.4)
z
where 0 < A< 1 andn € No ={0,1,2,...}.
Using these definitions Owa and Srivastava [4] introduced the operator
I A— Aby

IMf(2) =T(2 = N2 DX f(2), (AN#2,3,4,..). (1.5)
Now we define the operator I* for functions f of the form (L)) as
I f(2) = I’h(z) + TP g(2). (1.6)

Recently, Dixit and Porwal [6], by using the Definition [[LT] and introduce a
new fractional derivative operator for function f of the form (2],

Qf(2) = f(2)

Qf(2) = T(1 = N)ADf(2)
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We note that -
O f(2) =24 Y _[o(k, )] ax2", (1.7)
k=2

where

Lk+1DT'(1-N)

INCEEDY

It is interesting to note that for A = 0, Q" f(z) reduces to familiar Salagean
operator defined by Salagean in [7].

Now for 0 < a<1,0< A< 1,n €N and z € U, suppose that Sy (n, \, @)
denote the family of harmonic univalent functions f of the form (L)) such that

. { O"h (2) + Qg (z)} a 18

(b(kv)‘) =

z

where Q" f(z) defined in (7).
Further, let the subclass Sz (n, A, a) consisting of harmonic functions f = h+7
in Sy (n, A, @) such that h and g are of the form

—Z—Z|ak|z and g(z Z|b;€|z (1.9)

The classes Sg(n, A, ) and Sg(n, A, ) with by = 0 will be denoted by S%(n, A, @)
and S%(n, A, a), respectievely. We note that Sy (1,0,a) = HP (), Sy (1,0,a) =
HP* (a) studied by Karpuzogullari et al. in [I], (see also [§]) and for n =1,A =0
with g = 0 the class Sg(n, A, a) reduce to the class B(a). The functions in B(a)
are called functions of bounded turning (cf. [9]).

In the present paper, results involving the coefficient inequalities, extreme
points, distortion bounds, fractional calculus, convolution, partial sums and neigh-
borhood are determined for the classes Sy (n, A\, ) and Sy (n, A\, ). It is worthy
to note that our results not only generalizes the results of Karpuzogullari et al. [I]
but also some new results are investigated which are not explored in the literature
so far.

2 Main Results

We first mention a sufficient condition for the function f of the form (LII) be-
long to the class Sy (n, A, @) given by the following result which can be established
easily.

Theorem 2.1. Let the function f = h+7 be such that h and g are given by (LII).
Furthermore, let

> o |ak|+z 1™ bk <1 —a, (2.1)

k=2
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whereO§a<1,0§)\<1,n€Nand¢(k,)\)=%. Then [ is

harmonic univalent, sense-preserving in U and f € Sy (n, \, a).

In the following theorem, it is proved that the condition (Z1J) is also necessary
for functions f = h + g, where h and g are of the form (L9)).

Theorem 2.2. Let f = h + g be given by (LA). Then f € Sy (n, A, a), if and
only if

oo

Z |+Z |b <1, (2.2)

whereO§a<1,0§A<1,n€Nand¢(k,)\)=W

Proof. The if part follows from Theorem [Z1] so we only need to prove the ”only
if” part of the theorem. To this end, for functions f of the form (9], we notice

that the condition
Re{Q h(z)+Q g(z)} e

z

is equivalent to

" {1 = 2160 ] el 1 = 3k M I } ~a.

k=2 k=1

The above required condition must hold for all values of z in U. Upon choosing
the values of z on the positive real axis and making z — 17, we must have

oo o0

L= ok, NI™ fax] = D [o(k, N)]™ bi] > o
k=2 k=1
which is the required condition. o

Next, we determine the extreme points of closed convex hulls of Sg (n, A, @)
denoted by clco Sy (n, A, a).

Theorem 2.3. Let the functions f = h+g be given by (LI). Then f € Sy (n, \, ),
if and only if

Z (wphe (2) + yrgr (2)) 5

k=1

where hy (z) = z, hi (2) = z — Wlk%f‘)]nzk, (k=2,3,4....), gx (2) =z — mzk

(k=1,2,3....), ok > 0, yp > 0, Y7o (xx +yx) = 1. In particular, the extreme
points of Sg (n, A\, a) are {hi} and {gx}.

The following theorem gives the bounds for functions in Sg (n,\, o) which
yields a covering result for this class.
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Theorem 2.4. Let f € Sy (n,\,a). Then for |z] =r < 1 we have

FEI< @b+ (152) 0=l - e,

and
1—A

1= A== (F52) @ inl- o),

Proof. The proofs of the above Theorems and [Z4] are analogues to the corre-
sponding similar Theorems proved in [I] and therefore we omit details involved. [

The following covering result follows from the left hand inequality in Theorem

24
Corollary 2.5. Let f of the form [L9) be such that f € Sy (n,\,a). Then

o< B0 1 (2}

Theorem 2.6. Let the functions f = h+g be given by (L)) with by = 0 satisfies
the inequality

E:Eﬁggyﬁq%pﬂmng2—u, (2.3)

= !
for0<a<1,0<A<1,0<u<1andn € N, then I"f (z) belongs to the class
Su (n,/\,a).

Proof. Using the definition of fractional derivative, we have

IMf(2) = I"h (2) + IHg (2), (2.4)

=z+ Z EM (k, p1) apz® + Z kM (k, p) by 2",

k=2 k=2
where TAT (2 )
—
M (k) = —— 27 H ps o
A P
Since M (k, i) is non-increasing on k, we see that
1
0<M(k7M)SM(2aN)=m' (2.5)
Therefore
[k, N = E[o(k, )"
O g g e o+ ) < 2 (2) 3 OB 1oy oy <1
k=2 k=2

Hence applying Theorem 211 we have I*f (2) € Sy (n, A, a).
Thus the proof of Theorem is established. O
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3 Application of the Hadamard Product

Let fj(2) = 2+ ey ak 2%, (j = 1,2), be analytic in U. Then the convolution
(or Hadamard product) of f1(z) and fa2(z), denoted by (f1 * f2) (2), is defined as

(ixf))=f(R)*xfa(2) =2+ Z anag 22"

k=2

Similarly, the convolution of two harmonic functions is defined as:

Let fi(z) (i =1,2) in Sy be given by
filz) =z + Z alm'Zk + Zbk,izk'
k=2 k=1

Then the convolution (f1 * f2)(z) is defined by

(fi*f2)(2) =2+ Z ak,1ak22" + Z bi,1bk 22

k=2 k=1
and the quasi-convolution for two harmonic functions of the form

o0 o0

OETE SIIEI SINEL

k=2 k=1

and - -
F(z) =z |Ag|" = |Byl#,
k=2 k=1

is defined as

(f*F)(2) = f(2)* F(2) =2 =Y larAr|z" = |bp Bi|2*.
k=2 k=1

(3.1)

(3.3)

(3.6)

In order to study some applications of convolution to the classes Sy (n, A, @)
and Sy (n, A, @), we shall require the following lemma due to Ruscheweyh and

Sheil-Small [10], (see also [I1]).

Lemma 3.1. Let ¢ (2) and q(2) be analytic in U and satisfy the condition ¢ (0) =
q(0) =0, ¢ (0) =1, ¢’ (0) = 1. Suppose that for each o (|| =1) and p(|p| =1)

we have L+
gz
—q(@) £ 0,0 <2 < 1).

Then for each function F (z) analytic in U, satisfying
Re{F (z)} >0, (z € U), we have

p* F'q(2)
Re{ ©*q(2)

We now obtain the following result:

@ *

}>0, (zeU).
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Theorem 3.2. Let f € E(n, A a), d <1 and

14 poz
1—0z

U f(2)#0, (0<]z[<1),

for each o (Jo| =1) and p(|p| = 1), where

i (k+1)T(2-9) 4
k+1—® '

k=
Then I° f(2) is also in the class E (n, A, ).

Proof. From definition of I°f(z), we have

7 2 T(k+1)T(2-9) 2 T(k+1)T(2-9),
- kz:; T(k+1-0) |“’“|Zk_kz::2 T(k+1-09) L
=1 (2) xh(2) + ¥ (2) x g (2).

Letting ¢ (2) =¥ (2), q¢(2) =z, F (z) = w — « in Lemma B1] we
see that

« Fq(z) P * (Q"h(z)—i—Q"g(z)Z_a)Z
Re{i)*qq(z) }zRe P * z

z

_Re{Q”d)*h(z)—l—Qndj*g(z)}_a

_ Re{Q”I‘sh(z)—ZI—Q"I‘Sg (z)} .

> 0,
which implies I’ f € g (n, A, ). O

Several authors such as ([8], [12], [13], [1] and [14]) studied the convolution
properties for the functions with negative as well as positive coefficients only. Their
result do not say anything for the function of the form (I1I). It is therefore natural
to ask whether their results can be improved for function of the form (II]). In our
next theorem, we establish a result on convolution which improves the results of
previous authors ([8], [12], [13], [1] and [14]) to the case when f is of the form (IT).
It is worth mentioning that the technique employed by us is entirely different from
the previous authors.

For this, we shall require the following definition and lemmas.
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Definition 3.3. A sequence {ck}go of non-negative numbers is said to be a convex
null sequence if cx, — 0 as k — oo and

cp—C>2C —C 2> ...2Ck—Cht1 = ... 2 0.

Lemma 3.4. Let {ci}, be a convex null sequence. Then the function
C o0
0
ql(z) = 5 + ;Ckzk

is analytic in U and Re q1(z) >0, z € U.

Lemma 3.5. Let P (z) be analytic in U, P(0) = 1 and Re{P (2)} > % in U.

For functions F' analytic in U, the convolution function P x F takes values in the
convex hull of the image on U under F.

Lemmas B4l is due to Fejér [I5]. The assertion of Lemma readily follows
by using the Herglotz representation for P(z).

Lemma 3.6. Let f(z) € S%(n,\,«). Then

RG{M}>%’ zeU.

Proof. Let f(z) be given by (L) with by = 0. Since f(z) € S%(n, A, @), hence by

definition
Re {Q”h(z) +Q"g(z)
z

}>a, zeU,

which is equivalent to

" {1 = 380k " a4 39k N bkzkl} >0,
k=2 _

k=2
and hence
1o [0k, M)]" k1 1
Re<d1+ = _ b —. 3.7
e{ +2k222 el C R DL (37)
We observe that the sequence {¢;}o~ defined by ¢ =1, ¢ = %, k>1,1is

a convex null sequence, we have in view of Lemma [3.4]

e 1
Re{1+2kz_2wzk }>§. (3.8)

5 G Zk_ll \

o~ l-a
20 G
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and making use of (B7), (3.8) and Lemma B3] we conclude that

Re{h(2)+g(2)} S %

z

O
Theorem 3.7. If the functions f;(z) (i =1,2) defined by B2) with b1, =0 (i =

1,2) are in the classes Sp(n, A\, «;), where 0 < as < a1 < 1, and satisfy the
condition ag1bk2 + ar2bp1 =0, (k=2,3,...), then

P(z) = H(2)+ G(2) = (f1 * f2)(2) € Sa(n, A\, a1).
Proof. To prove that P(z) € Sg(n, A, a1) we have to show that

RG{Q"H(Z) + Q”G(z)} .

z

which is equivalent to

1 [(b(kv )\)]" k—1 1 [(b(kv A)]n k—1
P oS A
Re { 5 2 - Ak, 10k,2% 5 . T k10,22 >

Since f1(z) € Su(n, A\, 1) from (B71) we have

= LTS BN, )
1+ = k=14 ~ 2 p k=1 —. 1
{ —|—2Z 1—a1 12 —|—2Z . k1% >2 (3.10)

and since fa(z) € Sp(n, A, az2), from Lemma [3.6 we have

o0 B o0 B 1
Re {1 + ;akﬂ’“ 1y kzﬂbkgzk 1} > 5 (3.11)

From (I0), BI1)) and Lemma B3 we immediately have ([B.3]).
This establishes the proof of the Theorem [B.71
O

Motivated with the work of Kumar [16], Porwal et al. [I7], we improve the
result of Theorem 37 for functions of the form (LA). For this we shall require the
following lemma which can be established easily.

Lemma 3.8. Si(m, A\, 8) C Sg(n,\,a), if0<a<B<1andm>n.

Theorem 3.9. Let the functions f(z), F(z) defined by B4), BI) are in the
classes Sg(m, \, B), Sg(n, \, @), respectively, wherem,n € N,0< 3 <1,0<a<
1, then f* F defined by [B.6) is in the class Sg(m~+mn, \,n), where n = a+B—af.
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Proof. Since f(z) € Sg(m, A\, 8), then by Theorem 2.2l we have

> k, M) Bk, N
Z Lotk I |ax| + Z otk I |bi| < 1. (3.12)
2 T3 =5
Similarly F(z) € Su(n, A, o), we have
— [p(k, \)]
Z |A |+Z |B <1 (3.13)
=2
Therefore b
PRI g <1, k=23, (3.14)
l-a
and A
M'B <1, k=1,2,3,.. (3.15)
Now, for the convolution function f * F' we have
k )\ m—+n m+n
y [ N )] lak A |+Z |br B
k=2
— [o(k, /\ k, A ,
D > Wl—” bl (nsing @TDand 1)
k= k=1
<1, (using(m)).
Thus the proof of Theorem [3.9] is established. O

Remark 3.10. From LemmalZ.8, it is easy to see that
Su(m+n,\n) C Sg(m, A B)

and
Sa(m+n. A n) € Sa(n, A a).

Thus the result of Theorem [3.9 provides smaller class in comparison to the class
given by Theorem [37

Theorem 3.11. Let the functions f;(z) defined as

o0 o0 o
2)=2z— Z g i|2" — Z bk s | 2%,
k=2 k=1

belong to the class Sg(ni, \, ;) for every i = 1,2,...,q, then the convolution fy *
fo % ...fq belongs to the class S (D1, ni, A\, €), where e =1 — T, (1 — ;).

Proof. The proof of the above theorem is much akin that of Theorem Hence
we omit the details involved. O
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In our next result, we study mapping properties of the integral operator
Je(f(2)) on the class Sy (n, A, @) in which we show that J.(f(z)) € Su (n, A, B) if
f(2) € Su (n, A\, a), the result is sharp.

For this purpose, we define the function ¢ (a, ¢; z) by

oo
a
(@), 2+,

¢la,c2) =2+ (c#0,-1,-2,...), (3.16)
2 (g1

where (a), is the Pochhammer symbol defined in terms of the Gamma function,
by
~T(a+k)
(a)), = T(a)

1 (k=0)
S lala+1D)(a+2)(a+k—1), (ke N=1{1,23.}).

The function ¢ (a,¢; z) is an incomplete function related to the Gauss hyper-

geometric function by
o (a,c;2) =2zF (1,a;¢; 2) . (3.17)

Carlson and Shaffer [I8] defined a linear operator L (a,c), corresponding to
the function ¢(a,c; z) on A via the convolution as:

L(a,c)h(z) = ¢(a,c; z) * h(z), (h(z) € A). (3.18)

If ¢ >a >0, L(a,c) has the integral representation

L(a,c)h(z) = L(e) ] /0 w1 —u) " h(uz)du. (3.19)

(@) (c—a
Clearly, L (a,a) is the identity operator and
L(a,c¢) = L(a,b).L(b,c) = L(b,c).L(a,b), (bye #£0,—-1,-2,...).

Moreover if a # 0,—1,—2, ..., then L(a,c) has an inverse L(c,a) and is a one-
one mapping of A onto itself, (see Owa and Srivastava [4]).
Bernardi [19] defined the integral operator J. by

() = / e dn, (> 1)

ZC

- c+1
_z—|—kzzzc+kakz

=L(c+1,c+2)f(2) (3.20)

J(f)=¢d(c+1,e+2;2)% f(2). (3.21)
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Now, we define the Bernardi integral operator J.(f) on the class Sy of har-
monic univalent functions of the form (III) as follows:

Jc(f) = Jc(h) + Jc(g)

e+l KNet 1,
_z+zc+kakz —|—Zc+kbkz (3.22)
k=2 k=1
=L(c+1,c+2)h(z) + L(c+ 1,c+2)g(2) (3.23)
=dlc+1,c+2;2)xh(z) + ¢p(c+ 1,c+ 2;2) * g(2). (3.24)

Theorem 3.12. If the function f (z) defined by [LI) with by = 0 is in the class

Su (n,\,a). Then J.(f) defined by B.22) is in the class Sy (n, )\, B), where

B=2a—-1)+2(1 —a)(c—l—l)iﬂ
e+k+1

(3.25)

The result is sharp.
Proof. By using ([3.24]), we have
NI (h(2)) + Q"I (9(2)) = dlc+ 1,c+ 2;2) « {Q"h(2) + Q"g(2)}.
A simple calculation shows that
Qe (h(z)) + 9" Je (9(2))
z
Using (319), we obtain that
RG{Q"JC (h) +Q"J, (g)} e+ 1)/1 UCRe{Q"h(zu) + ()|
0

z zZU

— E[L(c +1,¢+2)(Q"h(z) + Q"g(2))].

(3.26)
Since f(z) € S (n, A, ), we put

O"h(z) + Q"g(z)

z

=G(2),

then G(z) = 1+p12+pez?+... is analytic in U and Re{G(z)} > a. It is known that
[20] if q(2) = 1+ c12 + c222 + ... is analytic in U and Re{q(2)} >, (0 <~y < 1),
then 4@ D
+@2y-=1)r
R >
efa()) = L2

Hence by using (3:26) and ([B:27)), we have

Re{ch (h) +Q"J, (g)} . (C+1)/01 et Co—1u

;o (2l =7 < 1). (3.27)

z 1+u
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1 c
_(2a_1)+2(1_a)(c+1)/0 ]
=(2a—1)+2(1—a)(c+1)iﬂa

kzoc—i-k—i—l

that is J.(f(2)) € Su(n, A, B), where 3 is defined by (B.25).
Further to show that the result is sharp, we consider the function f(z) =
h(z) + g(z), where h(z) and g(z) are connected by the relation

2+ (1 —2a)2?

Q"h(z) + Q"g(z) = T

(3.28)

O

4 Partial Sums of the Libera Integral Operator

For f(z) of the form (2], the Libera integral operator F(z) is given by

o0

2 z
:;/(; f)ds =2+ Z

k=

akz (4.1)

For f = h4+ g in Sy, where h and g are given by (ILI)), the Libera integral
operator led us to define integral operator given by

2 [F 2 [F = 2
F -z h(c)de+ 2 dc = b k. (4.2
(2) Z/O (s) <+Z/O g(s)ds =z+ T +§ k k? )

The jth partial sums Fj (z) of the integral operator F (z) for functions f of
the form (1)) are given by

A3
Pt k+1

3
Hj (2) + G (2).

The jth partial sums F; (z) of the Libera integral operator F'(z) for analytic
univalent functions of the form (I2)) have been studied by various authors in ([21],
[22]), see also ([23]). Very recently, motivated with the work of Jahangiri and
Farahmand [21], Porwal and Dixit [24] and Porwal et al. [25] studied the analogues
results on harmonic univalent functions. Here we give a systematically study on
the partial sums of harmonic univalent functions for the classes Sy (n, A, a) and
Su (n, \, ).

To derive our first main result of this section, we shall require the following
lemma which is due to Jahangiri and Farahmand [21].



100 Thai J. Math. 13 (2015)/ S. Porwal
Lemma 4.1. For z € U,
gk 1
R — ——. 4.4
¢ (; k+ 2) ~ 73 (44)

Theorem 4.2. If f of the form (1)) with by = 0 and f € Sy (n,\,a) , then
F; ESH(n,/\,‘lO‘B_l) ,for%§a<1.

Proof. Let f be of the form (L) and belong to Sy (n, A, a) for § < a < 1.

Since ann on
P EUGES FIOY SN
z
we have
1 > > _ 1
Re {1 + m (Z [¢(k )\ akzk ! + Z bkzk 1)} > 5 (45)
k=2 k=2
Applying the convolution properties of power series to w, we
may write
QnHJ‘( z) + QnG _ ! k1 ! 2[g k—1
P B 2 k + 1 + kZ:Z k: + 1 ke

P na )

<1+(1—0¢)Zki12_> (4.6)
k=2
= P(2) x Q(z).

From Lemma [£.1] for m = j — 1, we obtain

Re zjj A B (4.7)
2 kT 3 '

By applying a simple algebra to inequality (7)) and Q(z) in (L), one may

obtain
J
Re(Q(2)) = R{l—i—l—azk 1} 46“3_1.
k=2

On the other hand, the power series P(z) in (@6) in conjunction with the
condition ([&H]) yields

Re (P (2)) > %

QU H; (2)+Q" G4 (2) 40-1
Therefore, by Lemma, [3.5] Re{ z } > 2=

This completes the proof of Theorem O
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Remark 4.3. If we put n = 1, = 0 in in Theorem then we obtain the
corresponding result of Porwal and Dizit [2]]].

Neat, if f of the form (L2) with n = 1,\ = 0 in Theorem [{-3, we obtain the

corresponding result of Jahangiri and Farahmand in [21)].

Theorem 4.4. Let f be of the form (LI) with by =0 and f € Su (n, A, a) , then
the functions F (z) defined by {@2) belongs to Su (n,\,p) , where p=1£2¢  The

result is sharp. Further, the converse need not to be true.

Proof. Since f € Sy (n, A\, a) , Theorem 2.2 ensures that

o0 n

> % (lar] + [bx]) < 1. (4.8)

k=2
Also, from ([2]) we have

o0

—-3

k=2

2
|ak|zk— E —|bk|2k.
k+1
k=2

Let F'(z) € Sy (n,\,0) , then, by Theorem 2.2, we have

i <[¢§ki?]n> <ki1 lal + 557 |b’“|>

k=2

Thus we have to find largest value of o so that the above inequality holds.
Now this inequality holds if

> (52 (g ont+ iy ) < S 0 G+ .

k=2 k=2

or, if

<[¢(k,k)1n> 2 . [‘b(k”\)]n, for each k = 2,3,4......

l-0 k+1~ 11—«

which is equivalent to

k—1+2a
o< -7
- k41

= pr, k=234...

It is easy to verify that pj is an increasing function of k. Therefore, p =
Iir>1f2 pr = p2 and, hence

14 2a
3
To show the sharpness, we take the function f (z) given by

fz)=z=(1=a) (%)nuw—u_@ (?)

p:

ly| 22, where |z|+|y| = 1.
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Then
Flo)mpo 200N (d-a)U=N" o
3.2n—1 3.2n—1
=H(z) + G (2)
and therefore
Q" (2) + Q"G (2 2(1 -« 2(1 -«
@+2CE) | 2= 20-a)
z 3 3
_3—2(1—a) (el + Iy 2
3
1+2
= _;a, for z — 1.

Hence, the result is sharp.
We now show that the converse of above theorem need not to be true. To this
end, we consider the function

P = 2= (1-) (SN oo gy (AR

where
200 + 1

3

Theorem 2.2 guarantees that F (2) € Sy (n,\, o) .
But the corresponding function

Pl =2=2(1—o) (BN g 1) (BN 20

le| +lyl =1, o=

6 6

does not belong to Sy (n, A\, a) , since, for this the function f () does not satisfy
the coefficient inequality of Theorem O

In our next theorem, we improve the result of Theorem for functions f of

the form (9.

Theorem 4.5. Let f of the form [[9) with by =0 and f € E(n,)\,a) . Then
— 2 1

the function F; (z) defined by [@3) belong to SY (n, A, ot )

Proof. Since
Fl2)=2=lar| 2" = |bx| 2.
k=2 k=2

Then

oo

=2 2
F(z2)= —E F_NT 2| 2R
(Z) ’ k:2k+1|ak|z k:2k+1|k|z
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By using Theorem [£.4] we have

2 1
F(z) € 8% (n,\,0), where o= a;— ]
Now _
i AN )
Fiz)=2-% . .
j(2)=2 k:2k+1|ak|z ki2—k+1|k|z

(o, N (2 2
;( s )(k+1|“’“|+k—+1|b’“|)
— [ [¢(k,N)]" 2 2
Skz_z( - )(k+1|“’“|+k—+1|b’“|)
<1

Thus F; (z) € Su (n, A, 0).
O

In the following corollary, we improve a result of Jahangiri and Farahmand
in [21] when f has form f(z) = z — > _;2, |ag| 2* , for this we need the following
Lemma.

Lemma 4.6. If 0 < a3 < as <1, then
B(a2) € B(ay).
Proof. The proof of the above lemma is straightforward, so we omit the details. [
If we put n =1, A =0,¢ = 0 in Theorem then we obtain the following
Corollary 4.7. Let f(z) = z — Y207, |ax| 2% . If f(2) € B(a) , then Fj(z) =

2= Y h—s o1 lar| 2& belongs to
B (2a + 1) '
3
Remark 4.8. For 1 <a <1, f(z) € B(a) Jahangiri and Farahmand [2)] shows
that F;(z) € B (2%=) and our result states that F; (z) € B (2%).

Since % > 0‘3_1 , for ¥ <a <1, and using Lemmal[{-6, we have

B(2a+1) CB(4Q_1).
3 3

Hence our result provides a smaller class in comparison to the class given by
Jahangiri and Farahmand [21]].
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5 Inclusion Relationship Involving Neighborhoods

In this section, we study some neighborhood properties for the class Sg (7, A, a).
The earlier investigation were done by Altintas and Owa [26], Altintas et al. [27]
and Ruscheweyh [28], ( see also [29], [I]). Now we define the ¢- neighborhood of
f is the set

Ns(f) = {Fl PPy (2)=2— Y |Akl2" = |Bi ¥ and Y k(|ak — Ax| + bk — Bi|) < 6

k=2 k=1 k=1
(5.1)

Theorem 5.1. Let f € Sy (n, M a). If§ < (1—a—[bi|)(1— (552)"7), then
Ns(f) € HP*(a).

Proof. Let

oo oo

Fy (Z)ZZ—Z|A]§|ZI€—Z|B]€|§]€ (5.2)

k=2 k=1
belongs to Ns(f).
Now

|Bil + > k(| Ax] +|Bxl)
k=2

<|By—bi|+ 1]+ > k(| Ak — ak| + B — bl) + Y k(lak| + |bx])
k=2 k=2

<ol (5] D 6l A" ol + ]

k=2
1- 2\ n—1
s5+wu+(7;) (1=a—lb) < 1-a,

i6<(I—a—|pu)1- (52"
Thus Fi(z )GHP* (). O

Theorem 5.2. Let f € Sy (n,\, ). If § < (1 —a — |by|) (1 - (%)niz),
then Ns(I"f) C HP* (o).

Proof. Let
(2) =2— > |A[2F = > |By| & (5.3)
k=2 k=1

belongs to Ns(I*f).
Now

|Bil+ > k(| Ax| + | Bel)
k=2

}
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< By — by + [ba] + S k(1 Ak — kM (k, p)ar| + | By — kM (k, 1)by])
k=2

+ ) k(M (k, )k |ax| + M (k, )k [by])
k=2

1 (1-20\"?&
<6+ 1b +—<—> o(k, M) (|a| + [bx
|b1 | T kzﬂ[( N (lak] + [bx])
1 1-A\"?
<GS+ ||+ — [ —Z l—a—|l|)<1—
o4+ g (57)  (-a-mbsi-a
. _\\n—2
it 5 < (1-a—n) (1- 55 (52)").
Thus Fi(z) € HP* (). O
References
[1] S.Y. Karpuzogullari, M. Oztiirk, M. Yamankaradeniz, A subclass of har-

monic univalent functions with negative coefficients, Appl. Math. Comput.
142 (2003) 469-476.

J. Clunie, T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci.
Fenn. Ser. AI Math. 9 (1984) 3-25.

S. Owa, On the distortion theorem I, Kyungpook Math. J., 18 (1978) 53-59.

S. Owa, H.M. Srivastava, Univalent and starlike generalized hypergeometric
functions, Canad. J. Math. 39 (1987) 1057-1077.

H.M. Srivastava, S. Owa, An application of the fractional derivative, Math.
Japon. 29 (1984) 383-389.

K.K. Dixit, Saurabh Porwal, A new subclass of harmonic univalent functions
defined by Fractional calculus, General Math. 19 (2) (2011) 81-89.

G.S. Salagean, Subclasses of univalent functions, Complex Analysis-Fifth Ro-
manian Finish Seminar, Bucharest. 1 (1983) 362-372.

K.K. Dixit, Saurabh Porwal, A subclass of harmonic univalent functions with
positive coefficients, Tamkang J. Math. 41 (3) (2010) 261-269.

A.W. Goodman, Univalent functions, Vol. I, II, Marnier Publishing, Florida,
(1983).

S. Ruscheweyh, T. Sheil-Small, Hadamard products of schlicht functions and
the polya-schoenberg conjecture, Comment. Math. Helv. 48 (1973) 119-135.

P.L. Duren, Univalent Functions, Grundleherem der Mathematischen
Wissenchaften 259, Springer-Verlag, New York, Berlin, Heidelberg, Tokyo,
(1983).



106 Thai J. Math. 13 (2015)/ S. Porwal

[12] K.K. Dixit, Saurabh Porwal, Some properties of harmonic functions defined
by convolution, Kyungpook Math. J. 49 (2009) 751-761.

[13] B.A. Frasin, Comprehensive family of harmonic univalent functions, SUT J.
Math. 42 (1) (2006) 145-155.

[14] S. Yalcin, A new class of Salagean-type harmonic univalent functions, Appl.
Math. Lett. 18 (2005) 191-198.

[15] L. Fejér, Uber die positivitat von summen die nach trigonometrischen order
Legendreschen funktionen fortschreiten, Acta Litt. Ac Sci. Szeged. (1925) 75-
86.

[16] V. Kumar, Hadamard product of certain starlike functions, J. Math. Anal.
Appl. 110 (1985) 425-428.

[17] Saurabh Porwal, K.K. Dixit, S.B. Joshi, Convolution of Salagean-type Har-
monic Univalent Functions, Punjab University J. Math. 43 (2011) 69-73.

[18] B.C. Carlson, D.B. Shaffer, Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal. 15 (1984) 737-745.

[19] S.D. Bernardi, Convex and starlike univalent functions, Trans Amer. Math.
Soc. 135 (1969) 429-446.

[20] M.S. Robertson, On the theory of univalent functions, Ann. of Math. 37
(1936) 374-408.

[21] J.M Jahangiri, K. Farahmand, Partial sums of functions of bounded turning,
J. Inequal. Pure Appl. Math. 4 (4) (2003) 79, 1-3.

[22] J.L. Li, S. Owa, On partial sums of the Libera integral operator, J. Math.
Anal. Appl. 213 (2) (1997) 444-454.

[23] M. Darus, R.W. Ibrahim, Partial sums of analytic functions of bounded turn-
ing with applications, Comput. Appl. Math. 29 (1) (2010) 81-88.

[24] Saurabh Porwal, K.K. Dixit, Partial sums of harmonic univalent functions,
Studia univ. Babes-Bolaya Mathematica 58 (1) (2013) 15-21.

[25] Saurabh Porwal, B.A. Frasin, Ajay Singh, Partial sums of certain integral
operator on harmonic univalent functions, Analele Universitatii Oradea Fasc.
Matematica. (2) (2013) 145-152.

[26] O. Altintas, S. Owa, Neighborhoods of certain analytic functions with nega-
tive coefficients, Int. J. Math. Math. Sci. 19 (4) (1996) 797-800.

[27] O. Altintas, O Ozkan, H.M. Srivastava, Neighborhoods of a class of analytic
functions with negative coefficients, Appl. Math. Lett. 13 (3) (2000) 63-67.

[28] S. Ruscheweyh, Neighborhoods of univalent functions, Proc. Amer. Math.
Soc. 81 (1981) 521-528.



Some properties of a subclass of harmonic ... 107

[29] K.K. Dixit, Saurabh Porwal, On a subclass of harmonic univalent functions,
J. Inequal. Pure Appl. Math. 10 (1) (2009) 1-18.

(Received 4 July 2014)
(Accepted 24 October 2014)

THAI J. MATH. Online @ lhttp://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Main Results
	Application of the Hadamard Product
	Partial Sums of the Libera Integral Operator
	Inclusion Relationship Involving Neighborhoods

