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1 Introduction

Metric projection operators in Hilbert spaces and Banach spaces play an im-
portant role in several fields of mathematics such as functional analysis, optimiza-
tion theory, fixed point theory, nonlinear programming, game theory, variational
inequality and complementarity problem. (see, for example, [I, 2]). In 1994,
Alber [3] proposed the generalized projections from Hilbert spaces to uniformly
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convex and uniformly smooth Banach spaces. Moreover, Alber [I] presented some
applications of the generalized projections to approximately solving variational in-
equalities and von Neumann intersection problem in Banach spaces. In 2005, Li [2]
extended the generalized projection operator from uniformly convex and uniformly
smooth Banach spaces to reflexive Banach spaces and studied some properties of
the generalized projection operator with applications to solve the variational in-
equality in Banach spaces. Later, Wu and Huang [4] introduced a new generalized
f-projection operator in Banach spaces. They extended the definition of the gen-
eralized projection operators introduced by [3] and proved some properties of the
generalized f-projection operator. Fan et al. [5] presented some basic results for
the generalized f-projection operator, and discussed the existence of solutions and
approximation of the solutions for generalized variational inequalities in noncom-
pact subsets of Banach spaces.

In this paper, unless otherwise specified, I stands for an identity mapping.
The mapping T is said to be a strict pseudo-contraction if there exists a constant
0 < k < 1 such that

|7~ Ty|> < lle — yll? + K|[(I — T)a — (I ~ Ty, Va,y € D(T).

In this case, T may be called as k-strict pseudo-contraction. We use F(T) to
denote the set of fixed point of T' (i.e. F(T) = {zx € D(T): Tx = z}). T is said
to be a quasi-strict pseudo-contraction if the set of fixed point F'(T') is nonempty
and if there exists a constant 0 < k < 1 such that

ITx — p|* < & - p||* + |}« — T|]?, Va € D(T) and p € F(T).

There are several attempts to establish an iteration method to find a fixed
point of some well-known nonlinear mappings, for instant, nonexpansive mapping.
We note that Mann’s iterations [6] have only weak convergence even in a Hilbert
space (see e.g., [7]). Nakajo and Takahashi [8] modified the Mann iteration method
so that strong convergence is guaranteed, later well known as a hybrid projection
method. Since then, the hybrid method has received rapid developments. For the
details, the readers are referred to papers [9] [12], 20] 22] 2T] 19} 177, 16} [15] 18] 13|
1Tl T4l [T0] and the references therein.

In 2007, Takahashi et al. [I8] studied a strong convergence theorem by the
hybrid method for a family of nonexpansive mappings in Hilbert spaces as follows:
xo € H, C1 = C and 1 = Pc,xo, and let

Yn = anpTp + (1 - an)Tnmn;
Crt1 ={2€Cp:|lyn — 2| <llwn — 2|}, (1.1)
Tn+1 = PCn+1an n €N,

where 0 < ay, < a < 1 for all n € N and {T,} is a sequence of nonexpansive map-

(o]

pings of C into itself such that (| F (7,,) # 0. They proved that if {7}, } satisfies
n=1

some appropriate conditions, then {x,} converges strongly to Pﬁ;’o:1 F(T,,)T0-
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In 2011, Saewan and Kumam [24] introduced a new hybrid projection method
based on modified Mann iterative scheme by the generalized f-projection operator
for a countable family of relatively quasi-nonexpansive mappings and the solutions
of the system of generalized mixed equilibrium problems. Later, they [25] also
studied the new hybrid Ishikawa iteration process by the generalized f-projection
operator for finding a common element of the fixed point set for two countable
families of weak relatively nonexpansive mappings and the set of solutions of the
system of generalized Ky Fan inequalities in a uniformly convex and uniformly
smooth Banach space.

Recently, Li et al. [27] studied the following hybrid iterative scheme for a
relatively nonexpansive mapping by using the generalized f-projection operator in
Banach spaces as follows:

xg € C, Cy=C,
Yo = J 1 (an oy + (1 — ap) JTxy),
Cpy1={w e, : G(w,Jyn) < G (w,Jzp)},

Tn+1 = 1/

Cpir L0y T > 1.

Under some appropriate assumptions, they obtained strong convergence theorems
in Banach spaces.

Motivated and inspired by the work mentioned above, in this paper, we es-
tablish the significant inequality related to quasi strict f-pseudo contractions in
the framework of Hilbert spaces. By using the ideas of metric f-projection, we
propose an iterative shrinking metric f-projection method for finding a common
fixed point of two quasi strict f- pseudo contractions. Moreover, we also provide
some applications of the main theorem as well as other related results.

2 Preliminaries

In this section, we provide some definitions and some relevant lemmas which
are useful to prove in the next section. Most of them are known others are not
hard to find and understand the proof. Throughout this paper, we will use the
notation — for weak convergence and — for strong convergence.

Lemma 2.1 (Takahashi [28]). Let {a,} be a sequence of real numbers. Then,

lim a, = 0 if and only if for any subsequence {an,} of {a,}, there exists a sub-
n—oo

sequence {aniv} of {an,} such that lim a,, =0.
J j—o0 J
Let H be a real Hilbert space and C' be nonempty, closed and convex subset
of H. Let (-,+); : C x H — (—00, +00] be a functional defined as follows (see [27]
(see also [4])):

(y,2)g = llyll* = 2 (y.) + ll2]” + 20f () = lly — 2 + 20f () (2.1)
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where y € C, ©x € H, p is positive number and f : C' — (—o00,+0o0] is proper,
convex and lower semicontinous. From the definitions of (-, -) 7 and f, it is easy to
see the following properties:

(1) (y,z)y is convex and continuous with respect to z when y is fixed;

(2) (y,z)s is convex and lower semicontinuous with respect to y when = is fixed.

Definition 2.2 (Li et al. [27] (see also [4])). Let H be a real Hilbert space and
C be nonempty, closed and convexr subset of H. We say that Pé :H— 2%isa
metric f-projection operator if

Péx:{ueC

(u, ), :ggg(f,x)f}, Vx € H.

Lemma 2.3 (Li et al. [27, Lemma 3.1(ii)]). Let H be a real Hilbert space and let
() £C C H. Then for everyx € H, & = P(J;x if and only if

(@ —y,x—2)+pfly) —pf() >0, Vy € C.

Lemma 2.4 (Li et al. [27, Lemma 3.2]). Let H be a real Hilbert space, let C' be
a nonempty closed convexr subset of H, and let x € H, & = Péac. Then

ly = &l° + (&,2),; < (y,2);, Yy € C. (2.2)

Lemma 2.5 (Deimling [29]). Let H be a real Hilbert space and f : H — RU{+o00}
be a lower semicontinuous convex functional. Then there exists z € H and a € R
such that

flx) > (z,2) + o, Vx e X. (2.3)

Due to the properties of f, we have the motivation and ideas to create a new
type of mappings which is general and covers a quasi-strict pseudo-contraction as
follows.

Definition 2.6. Let H be a real Hilbert space and f : H — R U {400} be a
proper a lower semicontinuous convez funtional, a mapping T with domain D(T)
and range R(T) in H is called quasi strict f-pseudo-contraction if the set of fixved
point F(T) is nonempty and if there exists a constant 0 < k < 1 such that for each
p € F(T)

(p,T2); < (p2); + & (@, T2); = 2pf () , Y € D(T), (2.4)
It is obvious from above definition that ([24]) equivalent to

Ip = Te|* < lp— 2|® + kllw — Te|* + 2kp (f(x) — £(p)), Vo € C and p € F((T»)
2.5
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Definition 2.7. A mapping T : C — C 1is said to be closed if for any sequence
{z,} C C with x,, » x and Tx, — y, then Tz = y.

Example 2.1 ([23, Example 9]). Let T : H — H. be a mapping defined by
Tx =3z for allz € H. Then, F(T)={x € H:Tx =} = {0} and T is closed
and quasi-strict |||*-pseudo contraction.

Example 2.2 (Saewan and Kumam [24, Example 1.5]). Let X = R3 be provided
with the norm ||(v1, 2, 73)|| = /2% + 22 + /2% + 22.

This is smooth strictly convex Banach space and C = {x € R3|zy =0, 23 = 0}
is a closed and convex subset of X. It is a simple computation; we get

Po(1,1,1) = (1,0,0), Te(1,1,1) = (2,0,0). (2.6)

We set p =1 is positive number and define f : C' — RU {400} by

Fa) = 24+2V5, z<0;
YT —2-2v5, 2>0.

Then, f is proper, convex, and lower semicontinuous. Simple computations show
that

Hé(lvlal) = (4,0,0). (2.7)

Lemma 2.8 (|23] Lemma 15]). Let C be a nonempty closed convex subset of a
real Hilbert space H and T : C — C' be a quasi strict f-pseudo-contraction. Then
the fized point set F(T') of T is closed and convet.

The following lemma provides the significant inequality related to two quasi
strict f-pseudo-contractions in the framework of Hilbert spaces.

Lemma 2.9. Let C be a nonempty closed convex subset of a real Hilbert spaces
H. Let S,T : C — C be two quasi strict f-pseudo contractions such that ) :=
F(T)NF(S)#0. Then

Iz — Tz + ||z — Sa|?
2
1— kg

(x —p,x—Tx) + (x — p,x — Sx)

< 1— kr (2.8)
w20 (2 ) (e - )

forallz € C and p € Q.

Proof Letx € C and p € Q. Since T is a quasi strict f-pseudo-contraction, we
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have

Ip = Tl <|lp — @[ + krllz — Ta||* + 2krp(f () — f(p))
slp—z|?+2p -z, —Tz)+ ||z — Tz|? (2.9)
<|lp — @[> + krllz = Ta|* + 2kzp (f(x) — f(p))
&1 —kr) |z — Tz < 2(x — p,x — Tx) + 2krp (f(2) — £(p))

(&= b = Ta) 4 T2 (7(0) = F(9).

2
2
el —Tol < 7=

Similarly, we can show that

2ksp

2
xz— Szl <
o — S2? < =

(x —p,x — Sz) +

T (f (@) = f(p)- (2.10)
It follows from (Z9) and (ZI0) that we obtain

le = Tal|* + o — Sz

(x —p,x—Tx)+

<
—1—kr
#20 (124 ) (o) - S0,

This completes the proof.

3 Main result

In this section, an iterative shrinking metric f-projection method is provided
in order to find a common fixed point of two quasi strict f-pseudo-contractions.

Theorem 3.1. Let H be a real Hilbert space, C' a nomempty closed convexr subset
of H, let S and T be closed and quasi strict f-pseudo-contractions from C into
itself. Suppose that Q := F (T)NF(S) # (0. Define a sequence {,} in C by the
following algorithm:

xo € H, chosen arbitrarily,
C,=C,
T, = Pl
C; %05
lzn — TmnHQ + [|z7 — an||2
Copr=12€C, Sﬁ(mn—z,acn—Tx@—i—ﬁ(acn—z,xn—Sac@
+20 (£ + 1555) () = £(2))
Tpt1 = Pécnﬂsco.

Then, the sequence {xy} converges strongly to Péaco.
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Proof The proof is divided into six steps.

Step 1. Show that C,, is closed and convex for all n > 1.
For n =1, C7 = C is closed and convex. Assume that C; is closed and convex for
some ¢ € N. For z € Cj41, we have

s = Ta||* + [l — Sz

< ﬁ(wi—z,xi—Txi)—i—ﬁ(xi—z,xi—Sxi>

+ 20 (545 + 245 ) (fle) - £(2)).

It is not hard to see that the continuity and linearity of (-, x; — T'z;) and (-, z; — Sz;)
together with the lower semicontinuity and convexity of f, allow C; 1 to be closed
and convex. Then, for all n > 1, C,, is closed and convex.

Step 2. Show that Q c (,—, C,, := D.
It is obvious that Q := F(T)N F(S) € C = Cy. Suppose that Q@ C C; for

some ¢ € N. For any p € 2, we have p € C; and by Lemma 2.9 we obtain

i — T | + [la; — S

< ﬁ(%‘—pwi—Tfi)+ﬁ<$i—p,fﬂi—5$i>

+2p (154 - 455 ) (@) — £0)).

This means that p € C;1. By mathematical induction, 2 C C,, for all n > 1.
Therefore Q C (o, Cy, := D # 0.

Step 3. Show that {z,} is bounded and the lim (mn,xo)f exists.
n—oo

Since f : X — R is a convex and lower semicontinuous mapping, applying
Lemma 25 we see that there exist 2 € H and « € R such that

fly) > {y,2)+a, VYyeH.
It follows that

(mnaIO)f = [lznll? = 2(zn, o) + [|lzoll* + 2pf (x2)
> [[znll® = 2(zn, x0) + lloll® + 2p(zn, 2) + 2pa
= llzall® = 2(@n, 20 — p2) + llzo||* + 2p0x (3.2)
> [lznll® = 2|20 — p2llzall + llzoll* + 2pa
= (lznll = llwo = pz]1)* + llzoll* — 0 — p2[|* + 2pa.
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Since z,, = P();n:co, it follows from (3.2)) that

2 2 2
[zoll™ = llwo — pzl| + 2pa < ([[#nl] = w0 — pz|))” + llzoll” — [lzo — p2[| + 2pcx
< (l‘n,l'o)f = (ngn(fﬂo),lﬂo)f
= i f
A (& o)y
S (U,Io)f

for each u € Q. This implies that {z,} and (2,,20); are bounded. By the fact
that 2,11 € Cpy1 C Cp, and Lemma 24 we obtain

[Zns1 = @nll” + (@0, 20) § < (Tnt1, 20) -

Since |[zpq1 — zal* > 0, {(xn,xo)f} is nondecreasing. Therefore, the limit of
{(:cn, :L'o)f} exists.

Step 4. Show that x,, — p as n — oo, where p = PIJ;:EO.
Let {zy,} C {zn}. From the boundedness of {z,, } there exists {:Enj } C {xn,}
such that
Tn,, =P as j — oo (3.3)

Write 7 := @y, , it is easy to see that p € 5j where 5j i= Chy,, . Note that

(@5, 20); = (ng (IEO)afEO) = min (§,20); < (p,z0); (3.4)

f fECj

On the other hand, since ; — p, so T; — x¢9 — p — xg and then by weakly lower
. . . 2 .
semicontinuity of ||-||* and f we obtain

Ip = woll® < limint [}&; — o (3.5)
j—o0
and
f(p) < liminf f(Z;). (3.6)
Jj—oo

Combine (3H) and ([B.6]), we obtain
(p.70) s = |lp — woll* + 2pf (p) < liminf [|Z; — zo||* + 2plim inf f ()
J—0 j—o0

<timinf (|17 - xo|* +20(7)) (3.7)
j—o0

linf (5 .
im in (Zj,20);
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It follows from (B4]) and (B.7)), we have

,20), < liminf (Z;,x9), < limsup (Z;,z0) , < (p,z
(p O)f— T (@; O)f j—>oop( J O)f (p O)f

and then

lim (ijamO)f = (pamO)f'

Jj—ro0
Next, we consider
limsup ||Z; — zo||> = limsup ((jj, o) — 2pf(§éj)>
Jj—o0 j—o0
< limsup (Z;, %0) ; + limsup (=2pf(Z;))
Jj—o0 Jj—o0
= (p,x0); — 2pliminf f(;) < (p,wo); —2pf(p)  (3.8)
j—00
2
= [lp = @ol[™.

Combine (B3) and ([B.8)), we obtain

lp = zo]|* < lim inf ||Z; — xo[|* < limsup [|Z; — zo|* < [lp — wo|”
J—r00 j—o0

and then

lim |5 — wo||* = ||p — wo|”. (3.9)
J—00

Note that
~ 1 /.. N 2
1) = 5 (Garwo) = 125 = wol)
Then we have

. - 1. _ _ 1
limsup f(z;) = 7 lim sup ((Ij,xo)f —lz; — x0||2> = % ((p7 z0); — |lp — x0||2)

j—o0 P j—oo
= f(p)- (3.10)
Combine (3:6) and BI0]), we obtain

f(p) < liminf f(&;) < limsup £(z;) = /()

J—o0
and then

lim f(e,, )= lim f(&)= ().

j—o0 j—o0

By Lemma 2] it implies that
lim f (22) = £ (5). (3.11)

n—oo
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On the other hand, we note that
- 2 ~ 2 - 2 ~ 2
[Z; = plI” = [I(Z; — 20) — (p — o) [I” = 17 — woll” = 2(Z; — o, p — wo) + [[p — @0

It follows from (B3] and (3.9), we obtain

. ~ 2 . ~ 2 ~ 2
tim [}; — p|* = Tim (112 - @oll* = 2(&; — 20, p — 20) + Ip — w0l*)
Jj—0o0 Jj—0o0

= lim ||# — wo||* — 2 lim (% — z0,p — z0) + [|p — wo]|”
j—o0 j—oo

2 2
= llp = zoll” = 2{(p — 20, p — o) + [Ip — 0|
=0.

Therefore zn, = &; — p as j — co. This implies by Lemma 2] that
T, —p as m — o0.

Thus,
Ww(mn)::{p}'
oo
It is easy to show that p € C, for all n > 1. Hence p € [\ C,, =: D. Since

n=1

Ty = Pénxo, so by Lemma 2.3] we have
(tn —y,20 —an) + pf(y) — pf(2n) 20, Vye D,
letting n — 00, so we obtain
(p—y, w0 —p) +pf(y) —pf(p) 20, VyeD,
which implies that p = Pg:no.

Step 5. Show that p € Q.
Firstly, we prove that {Tx,} and {Sz,} are bounded. Indeed, taking v € Q =
F(T)N F (S) and then by [29) we have

2 2 2 2
[oll” = 2l [Tznl + [Tzal” = (vl = [Tznl))” < [lv = Tzn|
< v = @al® + krllzn — Taal* + 2krp (f (@0) = £(v))

<o — 2l + kr < (20— v, — T} + 2L (F(a) - f(v))>

1—kp 1—kp
+ 2krp (f(zn) — f(v))
2 QkT kT
<o —zall” + (xn —v, 20 — Twn) + 2krp + 1) (f(zn) — f(v))
1— kT 1- kT
2kT 2kT QkTp

[z — ol [Tl +

(f(@n) = f(v)) .

< v = zal® +

o — ol lall + =

17kT 1*k’T
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By a simple calculation we get

2kr
1—Fkr

9 2krp
o = ol = olP + 222 ()~ 7))

1T < (nv el

2kt
7= lon = vl + 2ol ) ([T
1—kr

— 1 —
<M+ M |Tan| =M+ 5 (2M ||Txn||>

1/~ 1~ 1
<M+ 5 (M2 + | Tal*) = M+ M2+ 3| Ta |,

where M i= sup { [0 = aa|* + 2 [lzn — vllleall = 0]* + EE (f(2a) — f(v)) |n € N}
and
M = sup{ b2, — 0| 4 2 |0l ‘ n e N}. So, we have

lfkT
Tz ||® < 2M + M?

for all n € N. Therefore, {T'z,} is bounded. By the same argument, {Sxz,} is also
bounded. Moreover, we note that

|Znt1 — znll < |@ntr —pll +|lp—2zn|| = 0 as n — oo.
Thus, by the fact that z,11 = ngnﬂlﬂo € Cp41 and (BI0), we obtain
n — Tan|® + 2 — Szl
< ﬁ (Tn — Tpy1, 0n — Twp) + ﬁ (Tp — Tpy1, Tn — STy)
+2p (1EJI;T + 1Eis> (f(@n) = f(@ns1))-

This means that

|xn — Tzp|| — Oand||z, — Szp|| -0 as n — oco.
Next, we have that
1Tz, —pl| < || T2n — Tnll + ||zn —pll = 0 as n — .
That is T'z,, — p as n — co. It follows from the closedness of T', we obtain Tp = p,

thus p € F(T). Similarly, p € F(S). Therefore, p € F(T) N F(S) = Q.

Step 6. Show that p = Pg;xo.
Notice by step 2 that 2 C D, so we have Pg;:co € D and then by Step 5 it
yields

(p,z0); = (Pjéﬂﬂo,mo)f = glng) (& 20)
f —
< (ngco,mo)f = glrelsfz (¢, o)

S (paxo)f
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This shows that (Pé:co, :L'O) = (p, o) 2 It follows from the uniqueness we have
f

p= Pg;:EO. Then {z,} converges strongly to p = Pé:co. This completes the proof.

4 Deduced theorems and Applications

In this section, some applications of the main theorem are provided in order
to find some fixed points or common fixed points. Furthermore, it can be applied
to find zeros of some monotone operators as well.

If S =T, then k7 = ks =: k and by Theorem B.I] we obtain the following
corollary.

Corollary 4.1. Let C, H and T be the same as in Theorem [31. Suppose that
F(T) # 0. Define a sequence {x,} in C by the following algorithm.:

xg € H, chosen arbitrarily,
C, =C,
T, = Pl
C; 40
Crs1 = {2 € Cu |l — Tanll” < 725 (o — 2,50 — Tarn) + 22 (f(2) = £(2)) }
Tn+1 = Péw,+1x0'

Then, the sequence {x,} converges strongly to PKJ;SL'().

If f=1-]? then (@92 = llz —y|I? + 2p|jz|? for all (z,y) € C x H and
P(J;nﬂﬁo = PMPJCO for all n € N then by Theorem [B.I, we obtain the following

corollary.

Corollary 4.2. Let C and H be the same as in Theorem [31], let T and S be
two closed and quasi strict ||-|*-pseudo-contractions from C into itself such that
Q:=F(T)NF(S)#0. Define a sequence {x,} in C by the following algorithm.:

xo € H, chosen arbitrarily,
C1 =C,
A
[|n — TInHQ + [lan — anHQ

2 2
Chi1={2z€C, < % (@0 — 2,00 — Tap) + 1755 (@ — 2,20 — STy)

+ 20 (£55 + 25) (lanll® = 121)

_ plH?
Tpt1 = PC"+1330-

2
Then, the sequence {xy} converges strongly to Pgll"H x0.
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If f is a constant function say f = a € R, then (z,y), = ||z — yH2 + 2pa and
not hard to see that T' coincide with a quasi strict a-pseudo-contraction. Thus by
Theorem [B.I], we obtain the following corollary.

Corollary 4.3. Let C and H be the same as in Theorem [31], let T and S be
two closed and quasi strict a-pseudo-contractions from C' into itself such that Q) :=
F(T)NF(S) #0. Define a sequence {x,} in C by the following algorithm:

xg € H, chosen arbitrarily,

C,=0C,

r1 = P¢, xo,

Crit = {Z cC, |2n — Tm;z”Q + [lzn — SmnHQ , } ’
< 17 (T — 2,20 — Tn) + 157 (T — 2,20 — ST4)

Tpt1 = Pgnﬂxo.

Then, the sequence {xn} converges strongly to Pgxg.
If f =a =0, then Corollary reduces to the following corollary.

Corollary 4.4. Let C and H be the same as in Theorem [31], let T and S be
two closed and quasi strict pseudo-contractions from C into itself such that Q :=
F(T)NF(S) #0. Define a sequence {x,} in C by the following algorithm:

xg € H, chosen arbitrarily,

¢, =C,

z1 = P, wo,

Croir = {z co, [an — TI;L||2 + [len — SInHQ , } 7
< (X — z,xp — Ty + T (X — 2,y — Sxy)

Tny1 = Po, ., To.

Then, the sequence {x,} converges strongly to Pox.

Recall that a mapping A : D(A) C H — H is said to be monotone if, for each
x,y € D(A), the following inequality holds:

<£E'7y,AIL'7Ay> 20

A is said to be r-inverse strongly monotone if there exists a positive real number
r such that

(x —y, Ax — Ay) > r||Ax — Ay||27 Ve,y € D(A).

A is said to be r-quasi inverse strongly monotone if A=1(0) = {z € D(A) : Az =
0} # 0 and there exists a positive real number r such that for each p € A=1(0),
the following inequality holds:

(x —p, Az) > r||Az||?, Yz € D(A).
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Without loss of generality we can assume that the constant r € (0, %} since if
A is 7-quasi inverse strongly monotone (or 7-inverse strongly monotone), then we
can find r € (0, 3] such that # > r and then #[|Az||? > r||Az||* (or #|| Az — Ap|* >
r||Az — Ap||?) for all # > 0 (i.e., A is r-quasi inverse strongly monotone).

Next, A mapping A : C — H is said to be r-quasi inverse strongly f-monotone
if A71(0) = {2 € D(A) : Az = 0} # () and there exists a positive real number
r € (0, 3] such that for each p € A71(0), the following inequality holds:

(@ —p, Ax) + (3 =) p(f(2) = f(p)) = rl|Az|?, Va € D(A),

where p is positive number and f : C — (—o0, +00] is proper, convex and lower
semicontinuous.

Finally, we provide some applications of the main theorem to find a common
zero point problems of a closed and two quasi inverse strongly monotone operators
and via an iterative shrinking metric f-projection method in the framework of
Hilbert spaces.

Theorem 4.5. Let C, H be the same as in Theorem[31], and A,B : H — H be
r4 and rp-quasi inverse strongly f-monotone and closed operators, respectively,
such that p € Q := A71(0) N B71(0) # 0. Define a sequence {x,} in C by the
following algorithm:

xg € H, chosen arbitrarily,
C1 =C,
z1 = P,
1= Clea
2 2
[Azn||” + || Bon ||
Chn=2z2€0C, g%(ycn—z,Axn)—i—%(xn—z,Bx@
+20 (4 45 ) (flan) - £(2)
I'n+1 = Pén+1m0’

Then, the sequence {xy} converges strongly to Pg;avo.

Proof Since A is r4-quasi inverse strongly f-monotone, we obtain

(w —p, Az) + (5 —ra) p(f (@) = f(p)) = ra Az|?

& 2z —p, Az) + (1 = 2ra) p(f(2) = f(p)) > 2ral Az’

& [lz = pl* + [Az|® = |(I = A) 2 = plI* + (1 = 2r4) p(f (z) — £(p)) > 27l Az|?

S l(I= Az —pl* < [e—pl® + (1 —2ra) (I - Az —2|* + (1 — 2ra) p(f(z) — £(p)).

Similarly, by the assumption of B we can show that

(I = B)z = pl|* < l& = p*+(1 = 2rp) (I = B) & — z|*+(1 — 2rp) p(f (z)—f (p))-
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Let T := (I — A) and S := (I — B). Then we have T and S are closed and quasi
strict f-pseudo-contractions such that kr =1—-2r4 < 1—2kT = % and 1—2ks = %
By applying Theorem 3.1l we have the desired results.

If f =0, then Theorem reduces to the following corollary.

Corollary 4.6. Let C, H be the same as in Theorem [31, and A,B : H — H
be r4 and rp-quasi inverse strongly monotone and closed operators, respectively,
such that p € Q := A71(0) N B71(0) # 0. Define a sequence {x,} in C by the
following algorithm:

xg € H, chosen arbitrarily,
C,=C,
z1 = Po, xo,
2 2
o { g, | 14zl + 1B 1 } |
< 5 (@ — 2, Axy) + 5= (Tn — 2, Bay)
Tny1 = P, 1 To0,

Then, the sequence {x,} converges strongly to Poxg.
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