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1 Introduction

The first result in the existence of a fixed point for contraction type of map-
pings in partially ordered metric spaces has been considered recently by Ran and
Reurings [1] in 2004. Following this work, Nieto and lopez[2, B] extened the results
in [I] for non-decreasing mapping. Later, Agarwal et al.[4] presented some new
results for contractions in partially ordered metric spaces.

A notion of coupled fixed point theorem was defined by Guo and Lakshmikan-
tham [5]. After that, Bhaskar and Lakshmikantham [6] introduced the concept of
mixed monotone property. Furthermore, they proved the existence and uniqueness
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of a coupled fixed point theorems for mappings which satisfy the mixed mono-
tone property in partially ordered metric space. Since 2006, many authors have
studied coupled fixed point theorems in partially ordered metric space and their
applications have been established. The results in [6] were extend by Lakshimikan-
tham and Ciric in [7] by defining the mixed g-monotone and to study the exis-
tence and uniqueness of coupled coincidence point for such mapping which satisfy
the mixed monotone property in partially ordered metric space. As a contin-
uation of this work, several coupled fixed point and coupled coincidence point
results have appeared in the recent literature ([8, @, 10, I1]). Work noted in
(121 @3] 14, 15} 16l 7, 17, 18, 19, 20l 21, 22| 23] 241 25] 206], 27]) are some examples
of these works.

In 2004, Mustafa and Sims [28] introduce a G-metric spaces which is a gen-
eralization of the concept of a metric space . They developed and introduced a
new fixed point theory. After the publication of this work, many authors proved
the existence and uniqueness of a fixed point and a coupled fixed point theorem
dealing with G-metric space. For coupled fixed point theorem, Choudhury and
Maily [29] proved the existence of a coupled fixed point theorem of nonlinear con-
traction mappings with mixed monotone property in partially ordered G-metric
space. Abbas and et al. [30] extended the results of coupled fixed point theorem
for a mixed monotone mapping obtained by Choudhury and Maily [29] .

In the case of the coupled coincidence point theory has developed in partially
ordered G-metric space, Aydi and et al. [3I] establish coupled coincidence and
coupled common fixed point results for a mixed g-monotone mapping satisfying
nonlinear contractions in partially ordered G-metric space. They generalize the
results obtained by Choudhury and Maily [29]. Later, Karapinar and et al. [32]
extend the results of coupled coincidence and coupled common fixed point theorem
for a mixed g-monotone mapping obtained by Aydi and et al.[31] and several fixed
point theorems have appeared in recent literatures ( see, e.g., [33] 34} [35] [32] 36,
37, 38, [39, (40, (411 [42] [43] [44] [45, [46]).

In 2012, Samet et al. [47] defined the concept of a-t) contractive mappings
and proved that including the Banach fixed point theorems. Later, Alghamdi and
karapinar [48] introduce a S-admissible and a G-3-1 contractive mapping which
is a characterization a-1 contractive mappings in the context of G-metric spaces.
They also proved the existence and uniqueness of a fixed point for such mappings
in the complete G-metric spaces.

In this work, We introduce the notion (/3)-admissible and (8, g)-admissible for
mapping F': X x X — X and g : X — X. We also prove the existence of a
coupled coincidence point theorem and a coupled common fixed point theorem for
a (B, g)-t-contractive mapping in G-metric spaces.

2 Preliminaries

In this section, we give some definitions, proposition, examples and remarks
which are useful for main results in this paper. Throughout this paper, (X, <)
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denotes a partially ordered set with the partial order <. By x < y, we mean y > x
. A mapping f: X — X is said to be non-decreasing (resp., non-increasing) if for

all 7,y € X, x <y implies f(z) < f(y) (vesp. f(y) = f(x)).

Definition 2.1 ([28]). Let X be a non-empty set, and G : X x X x X — RT be
a function satisfying the following properties:

(G1) G(z,y,2)=0ifz=y==z.

(G2) 0< G(z,z,y) for all z,y € X with x #y.

(G3) G(z,z,y) < G(z,y,2) for all x,y,z € X withy # z.

(G4) G(z,y,2) = G(z,z,y) = Gy, z,x) = - -+ (symmetry in all three variables).
(G5) G(z,y,2) < G(z,a,a)+G(a,y, z) for allz,y, z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or, more specially, a G-
metric on X, and the pair (X, G) is called a G -metric space.

Example 2.2. Let (X,d) be a metric space. The function G : X x X x X —
[0, +00), defined by G(x,y,2) = d(z,y) + d(y, 2) + d(z,z), for all x,y,z € X, is a
G-metric space on X.

Definition 2.3 ([28]). Let (X, G) be a G -metric space, and let (z,,) be a sequence
of point of X. We say that (xy,) is G-convergent to x € X iflimy, o0 G(T, T, Tp,)
0, that is, for any € > 0, there exists N € N such that G(x,zn,zm) < €,
for all nym > N. We call x the limit of the sequence and write x, — x or
lim,, oo Tn, = .

Proposition 2.4 ([28]). Let (X, G) be a G-metric space, the following are equiv-
alent:

(1) () is G-convergent to x.
(2) G(xp,zn,z) = 0 as n — +oo.
(8) G(zp,z,x) = 0 as n — +o0.
(4) G(Xn,Tm,x) = 0 as n,m — +00.
Definition 2.5 ([28]). Let (X, G) be a G-metric space. A sequence (z,,) is called a

G-Cauchy sequence if, for any e > 0, there exists N € N such that G(xy, Tm,x;) <
g, for all n,m,l > N. That is, G(xyn, Tm,x;) = 0 as n,m,l — +oo.

Proposition 2.6 ([28]). Let (X, G) be a G-metric space, the following are equiv-
alent
(1) the sequence () is G-Cauchy

(2) for any € > 0, there exists N € N such that G(xy, Tm,Tm) < €, for all
n,m > N.
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Proposition 2.7 ([28]). Let (X,G) be a G-metric space. A mapping [ : X — X
is G-continuous at x € X if and only if it is G-sequentially continuous at x, that
is, whenever (xy,) is G-convergent to x, (f(xy)) is G-convergent to f(z).

Definition 2.8 ([28]). A G-metric space (X, Q) is called G-complete if every G-
Cauchy sequence is G-convergent in (X, G).

Definition 2.9 ([29]). Let (X,G) be a G-metric space. A mapping F: X x X —
X is said to be continuous if for any two G-convergent sequences (x,) and (yn)
converging to x and y respectively, (F(xn,yn)) is G-convergent to F(x,y).

Let (z,<) is a partially ordered set, the partial order <5 for the product set
X x X defined in the following way

(z,y), (u,v) € X x X, (x,y) <2 (u,v) <=z <u and y>v.

We say that (z,y) is comparable to (u,v) if either (z,y) <5 (u,v) or (x,y) > (u,v).
The concept of a mixed monotone property and a coupled fixed point have
been introduced by Bhaskar and Lakshmikantham in [6].

Definition 2.10 ([6]). Let (X, <) be a partially ordered set and F: X x X — X.
We say F' has the mized monotone property if for any x,y € X

x1,m9 € X, x1 < x9 implies Fx1,y) < F(xa,y)

and
y1,y2 € X, y1 < yo implies F(x,y1) > F(x,y2).

Definition 2.11 ([6]). An element (z,y) € X x X is called a coupled fized point
of a mapping F: X x X —» X if F(z,y) =« and F(y,x) = y.

Lakshmikantham and Cirié¢ in [7] introduced the concept of a mixed g-monotone
mapping and a coupled coincidence point.

Definition 2.12 ([7]). Let (X, <) be a partially ordered set and F: X x X — X
and g : X — X. We say F' has the mized g-monotone property if for any z,y € X

1,22 € X, gx1 < gxo implies F(x1,y) < F(za,y)

and
y1,y2 € X, gy1 < gy implies F(x,y1) > F(x,y2).

Definition 2.13 ([7]). An element (z,y) € X x X is called a coupled coincidence
point of a mapping F : X x X — X and g : X — X if F(x,y) = gz and
F(y,x) = gy.

Definition 2.14 ([7]). Let X be a non-empty set and F : X x X — X and

g: X — X. Wesay F and g are commutative if gF(x,y) = F(gz,gy) for all
T,y € X.
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The following class of functions was considered by Lakshmikantham and Cirié
in [7].
Let ® denote the set of functions ¢ : [0, 00) — [0, c0) satisfying

1. ¢~'({0}) = {0},
2. ¢(t) < tforallt>0,
3. lim, 4+ ¢(r) < t for all ¢ > 0.
Lemma 2.15 ([7]). Let ¢ € &. For all t > 0, we have lim,—, ¢"(t) = 0.

Karapinar and et al. [32] proved the following theorem.

Theorem 2.16 ([32]). Let (X, <) be a partially ordered set and G be a G-metric
on X such that (X,G) is a complete G-metric space. Suppose that there exists
ped®, F: X xX —> X and g: X — X such that

G(F(z,u), F(y,v), F(z,w)) < ¢(G(gz, gy, 92) + G(gu, gv, gw))

for all x,y, z,u,v,w € X for which gr > gy > gz and gu < gv < gw.

Suppose also that F is continuous and has the mixed g-monotone property,
F(X x X) C G(X) and g 1is continuous and commutes with F. If there exist
0, Yo € X such that

gxo < F(zo,0) and gyo > F(yo, o),
then there exist (x,y) € X x X such that gz = F(z,y) and gy = F(y,x).

Definition 2.17 ([31]). Let (X, <) be a partially ordered set and G be a G-metric
on X. We say that (X, G, <) is regular if the following conditions hold :

1. if a non-decreasing sequence (x,) — x, then x, < x for all n,

2. if a non-increasing sequence (y,) — y, then y <y, for all n.

Theorem 2.18 ([32]). Let (X, <) be a partially ordered set and G be a G-metric on
X such that (X, G, <) is reqular. Suppose that there exists p € &, F: X x X —» X
and g : X — X such that

G(F(x,u), F(y,v), F(z,w)) < ¢(G(gz, 9y, 92) + G(gu, gv, gw))

for all x,y, z,u,v,w € X for which g(x) > g(y) > g(2) and g(u) < g(v) < g(w).

Suppose also that (9(X), G) is complete, F' has the mized g-monotone property,
F(X x X) C G(X) and g 1is continuous and commutes with F. If there exist
o, Yo € X such that

gxo < F(x0,y0) and gyo > F(yo, xo),

then there exist (z,y) € X x X such that gr = F(z,y) and gy = F(y, z).
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Alghamdi and Karapinar [48] introduced an S-admissible as follows.

Definition 2.19 ([48]). Let T : X — X and f: X x X x X — [0,00). We say
that T is B-admissible if and only if, for all x,y,z € X, we have

B(z,y,2) > 1= B(Tx, Ty, Tz) > 1.

Now, we give the notion of (3)-admissible and (3, g)-admissible which is useful
for our main results.

Definition 2.20. Let F: X x X — X and 3: X? x X% x X2 = [0,00). We say
that F is (B8)-admissible if and only if, for all x,y, z,u,v,w € X, we have

B(z,u), (y,v), (z,w)) = 1= B((F(x,u), F(u, 2)), (F(y,v), F(v,9)), (F(z,0), F(w, 2))) > 1.

Definition 2.21. Let F: X xX — X, g: X — X and B : X?>xX?xX? — [0, 00).
We say that F is (8, g)-admissible if and only if, for all z,y,z,u,v,w € X, we
have

B((g9z, gu), (9y, gv), (92, gw)) = 1 = B((F(z,u), F(u,z)), (F(y,v), F(v,y)), (F(z, w), F(w,z))) > 1.
Remark

1. Every (8)-admissible is (8, Ix )-admissible when Iy denote identity map on
X.

2. Notice that Definition 2.20is exactly the same with Definition Z.I9 by choos-
ing X* and T'(z,y) = (F(2,y), F(y,v)).

Example 2.22. Let F : X x X — X, g : X — X . C(Consider a mapping
B:X?x X?x X%~ [0,00) be such that

1 ife>y>zandu<v<w,
B, u), (y,), (z,w)) = { 0 ofthe;wzijse_. -

It is easy to see that, if F' has the mized monotone property on X, then F
is (B)-admissible and if F has the mized g-monotone property on X, then F is
(8, g)-admissible.

Next example, we will show that F' is (3, g)-admissible but not (8)-admissible.

Example 2.23. Let F: X x X — X, g: X — X . Define by F(x,y) = 1 — 2?
and g(x) = 1 — x. Consider a mapping B : X? x X2 x X? — [0,00) be such that

B((CL‘,U), (yvv)v (va)) = { (1) :)fﬂ?ejwlz)se: y=z=0,
It is easy to show that F is (3, g)-admissible.
Let B((gx,0),(0,0), (0,9w) )=8((g9x, g1), (91,91), (g1, 9w)) > 1 implies that
ﬁ((F(CL‘, 1)7F(1=I)) (F(l 1) ( ( ’ ))7( ( ) F(wv 1))):ﬁ((1—1‘2,0), (070)7 (07 1-

w?)) > 1.
Nezxt, we show that F not (3)-admissible. Consider 5((1,0
B((F(1,0), F£(0,1)), (F(0,0), (£(0,0)), (F(1,0), F(0,1))) =

~~

,(0,0),(0,1)) >

=
—~
—
=
—_
~—
—
—_
—_
~—
—
—_
\.o —
=
~
Il
s}
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3 Main Results

Let ¥ denote the family non-decreasing and right continuous functions v :
[0,00) — [0,00) such that 322 ,9™(t) < oo for all ¢ > 0, where ¢" is the nth

n=1
iterate of v satisfying the following conditions:

L ¢~({0}) = {0},
2. ¢Y(t) <tforallt>0,
3. lim, 4+ ¥(r) < t for all t > 0.

Theorem 3.1. Let (X, <) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space. Let F: XxX — X andg: X - X
be mapping having the mized g-monotone property on X. Assume that there exists
eV and B: X% x X2 x X% — [0,00) ,such that for all x,y,z,u,v,w € X, the
following holds

ﬁ((gw, gu), (9y, gv), (gz, gw))[G(F(m, u), F(y,v), F(z, w)) + G(F(uv z), F(v,y), F(w, 2))]
< ¥(G(gz, 9y, 92) + G(gu, gv, gw)) (3.1)

for all gx > gy > gz and gu < gv < gw.
Suppose also that

(i) F is (8, g)-admissible.

(ii) F is continuous.
(i11) F(X x X)) C g(X) and g is continuous and commutes with F.
(iv) there exist xo,yo € X such that

B((F (0, y0), F'(yo, x0)), (920, 9y0), (920, gy0)) = 1.
If there exist xo,y0 € X such that

gro < F(z0,90) and gyo > F(yo, 7o),

then there exist (x,y) € X x X such that gv = F(x,y) and gy = F(y,z), that is
F has a coupled coincidence point.
Proof Let (xg,y0) € X x X. Since F(X x X) C g(X), we can choose x1,y1 € X
such that

gr1 = F(z0,y0) and gy = F(yo, zo).

Again from F(X x X) C g(X) we can choose x2,y2 € X such that

gr2 = F(x1,y1) and gy2 = F(y1,71).

Continuing this process we can construct sequences {(gz,)} and {(gyn)} in X such
that
gy, = F(xn—1,Yn-1) and gy, = F(yn—1,2n—1) for alln > 1. (3.2)
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Since F' has the mized g-monotone property, we have

gro < g1 < gr2 and gyo > gy1 > gyo.

Continuing this process, we have

gy < g1l and gyn > gynia. (3.3)

Since

B((F(z0,%0), F(y0,%0)), (90, g¥0), (920, gy0)) = B((9z1,9y1), (920, 9%0), (970, gy0)) > 1

and F is (8, g)-admissible, we get

BU(F(z1,y1), F(y1,71)), (F(x0,Y0), F (Y0, o)), (F(z0,y0), F(yo, 70))) = B((972, 9y2), (91, 9y1), (971, gy1)) > 1

Again, using the fact that F is (3, g)-admissible, we have

ﬁ((F(x27y2)7F(y2ax2))7 (F(‘Tlvyl)?F(ylvxl))? (F(‘Tlayl)vF(ylvxl))) = B((gx37993)7 (QSL’Q,gyz), (g:cg,gyz)) >1

By repeating this argument, we get

B((F($n+1ayn+1)7F(yn+17xn+1))a(F(:Enayn)uF(ynaxn))a(F(xnayn)aF(ynuxn)))
= B((92n, 9Yn), (9Zn—1, 9Yn—1), (9%n—1,9Yn—1)) (Z Z)
3.

If there exists k € N such that (9Tkt1,9yk+1) = (9T, gyr) then gxy =

grer1 = Fxg,yr) and gy = gyrv1 = F(yr,ar). Thus, (zx,yx) is a cou-
pled coincidence point of F. This is finishes the proof. Now we assume that
(9Zk+1, 9Yk+1) # (9K, gyi) for alln > 0. Thus, we have either gtyn11 = F(Tn,yn) #
9Tn O GYnt1 = F(Yn,xn) # gyn for alln > 0.

From 310, B2), B3) and B4), we have

(G(9Tn+1,9Tn, 9Tn) + G(9Yn+1, 9Yns GYn)]

< B((9%n, 9yn), (9Tn—1, 9Yn—1), (9%n-1, 9Yn—1))[G(9Tn+1, 9Tn, 9Tn) + G(9Yn+1, 9Yns GYn)]
= B((9Zn, 9Yn), (9Tn—1,9Yn-1), (9%n—1,9Yn—1))

(G(F(Zn,yn), F(Tn-1,Yn—1), F(Zn-1,Yn—-1)) + G(F(Yn, Tn), F(Yn—1,Tz-1), F (Yn—1,T2-1))]
< P(G(92n; 9Tn—1,9Tn—1) + G(gYn: 9Yn—1, gYn—1))- (3.5)

From B3], we get

G(9Zn+1, 9T, 92n)+G(9Yn+1, GYn, 9Yn) < (G (9T, 9Tn—1, 9%n—1)+G(9Yn; GYn—1, 9Yn-1))-
(3.6)
Since ¥ (t) < t for all t > 0, by repeating (0], we get

G(9Tn+1,9Tn, 9Tn)+G(GYn+15 9Yn> 9yn) < " (G (91, 970, 970)+G(gy1, 9Y0, 9Y0))-
(3.7)
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for all m € N.
For € > 0 there exists n(e) € N such that

> ™(Gga, gxo, gxo) + Glgy1, gyo, go)) < €.
n>n(e)

Let n,m € N be such that m > n > n(e). Then, by using the triangle inequality,

G(gxn, 9Tm, ngm) + G(gynu 9Ym, gym) < G(!En, xn-{-luxn-i-l) + G(ynu Yn+1, yn-i-l)

+ G(Tnt1; Tnt2, Tnt2) + G(Ynt1, Ynt2s Ynt2)
+ G(xn+27 Tn+3, xn+3) + G(yn+27 Yn+3, yn+3)
+ .t G(l‘m_l,!Em, :Em) + G(ym—la Ym, ym)

m—1
= G(97k, 9Tke1, 9Tk11) + G(9Yks 9Yk+1, 9YRt1)
k=

m—

<Y Y (G(gz1, gz0, 970) + G(9Y1, 9Y0, 9Y0))

- S

k=n
< Z wn(G(gxlugJ‘Dang)+G(gylagy07gy0))

n>n(e)
<e. (3.8)
This implies that G(gxn, 9Tm, 9Zm) + G(9Yn, §Ym, gym) < €. Since

G(9Tn, 9Tm, gTm) < G(GZr, 9Zm, 9Tm) + G(9Yns GYms 9Ym) < €

and
G(9Yn, 9Ym: 9Ym) < G(9Tn, 9Tm, 9Tm) + G(9Yn, 9Ym, gym) < €
This show that {gx,} and {gyn} are Cauchy sequence in the G-metric space
(X,G). Since (X, Q) is complete, {gxn} and {gyn} are G-convergent, there exist
z,y € X such that lim,,_, o gz, = ¢ and lim,_,~ gy, = y. That is from Proposi-

tion[24) we have

nh_)rrgo G(gzn, gTn,x) = nh_)rrgo G(gzn,x,x) =0, (3.9)
Jim G(gyn: gyn,y) = lim G(gyn, y,y) =0 (3.10)
From @B3), BI0), continuity of g and proposition [2.7, we get
Jim G(g(gn), 9(92n), 92)) = lim G(g(gzn), g2, gz) = 0, (3.11)
Jim G(g(g9yn): 9(9yn), 9y) = lim G(g(gyn), 9y, 9y) = 0. (3.12)

From B2) and commutativity of F and g,

g(g$n+1) = Q(F(Imyn)) = F(gxn,gyn), (3-13)
9(9Yn+1) = 9(F(Yn, vn)) = F(9Yn, gTn)- (3.14)
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We now show that F(z,y) = gz and F(y,x) = gy.
Taking the limit as n — +oo in B13) and BI4), by BII), BI), continuity of

F, we get

g9(@) = g(lim gzni1) = lim g(grni1) = lm g(F(zn,yn)) = lim F(gzn, gyn) = F(z,y)
and

9(y) = g(lim_gyni1) = lm g(gyni1) = lim g(F(yn,zn)) = lm F(gyn, gon) = F(y, ).
Thus we prove that F(z,y) = gz and F(y,z) = gy.

In the next theorem, we omit the continuity hypothesis of F'.

Theorem 3.2. Let (X, <) be a partially ordered set and G be a G-metric on X
such that (X, G) is a complete G-metric space such that (X, G, <) is reqular . Let
F:XxX — X andg: X — X be mapping having the mized g-monotone property
on X . Assume that there exists ) € U and : X% x X% x X2 — [0,00) ,such that
for all x,y,z,u,v,w € X, the following holds

ﬁ((gw, gu), (9y, gv), (927 gw))[G(F(:C, u)? F(?Jv U)? F(Zv w)) + G(F(u7 CL‘), F(Uu y)? F(MJ Z))]
< ¥(G(gz, gy, 92) + G(gu, gv, gw))

for all gz > gy > gz and gu < gv < gw.
Suppose also that

(i) F is (B, g)-admissible.

(i1) For any two sequences (x,) and (yn) in X with B((Tnt1, Ynt1), (XnyYn), (TnsYn)) >
1 for alln, if there is x,y € X such that lim,_coxn = T and liMp_—ooln = Y,

then B((z,v), (Tn,Yn)s (Tn,yn)) > 1 for all n.

(i) F(X x X)) C g(X), g is continuous and commutes with F and (¢9(X),G)
is complete.

(iv) there exist xo,yo € X such that
B((F(z0,90), F(y0,0)), (920, 9y0) (920, gy0)) = 1.
If there exist xg,y0 € X such that

9(xo) < F(zo0,90) and g(yo) > F(yo, x0),

then there exist (z,y) € X x X such that g(x) = F(z,y) and g(y) = F(y,x), that

is F' has a coupled coincidence point.

Proof Proceeding exactly as in Theoreni3 1l ,we have that B((9Zn, gyn)s (9Tn, 9Yn), (GTn—1,GYn—1)) >
1 and {g(zn)} and {g(yn)} are Cauchy sequences in the complete G-metric space

(9(X),G) . Then, there exists x,y € X such that {gz,} — gz and {gyn} — gy, by

the assumption (i), we have B((9x,9Yy), (9%n, gYn), (9Zn, gyn)) > 1 for allm > 1
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. Since {gxn} is non-decreasing and {gyn} is non-increasing, by assumption (i),
(X, G, <) is regular, we have gz, < gz and gy, > gy , for alln .
Now by &) , the rectangle inequality and (t) < t for all t > 0, we get

G(F(z,y), 92, 9z) + G(F(y,2), 9y, 9y)

< G(F(:c,y),gxn+1,g;vn+1) + G(9Tny1, 97, gx)
+ G(F(y,7), 9Yn+1, 9Yn+1) + G(9Yn+1, 99, 9Y)

= G(F(x,y),F(xn,yn),F(xn,yn)) + G(g$n+1vgzag$)
+ G(F (Y, 2), F(Yn, 2n), F (Yn, Tn)) + G(9Yn+1, 9y, 9)

< ﬁ((g«%', gy)v (gxn, gyn)v (gxn, gyn))[G(F(:C, y)v F(xm yn)v F(xnu yn)) + G(F(y, CL‘), F(ynu xn)v F(ym xn))]
+ G(9Tn+1, 97, 9) + G(9Yn+1, 9Y, 9Y)

< Y(G(gz, 97n, gTn) + G(9Y; 9Yn; GYn))
+ G(97nt1, 97, 97) + G(9Yn+1, 9Y, 9Y)

< G(92, gTn, 9Tn) + G(9Y, 9Yn> 9Yn)
+ G(9Tn+1, 97, g7) + G(9Yn+1, 9Y, 9Y).-

Taking the limit as n — oo in the above inequality, we obtain

G(F(z,y), 97, gr) + G(F(y,z), gy, gy) = 0.

Which implies that gx = F(x,y), and gy = F(y,x). Thus we prove that (x,y) is
a coupled coincidence point of F' and g.

The following example is valid for Theorem Bl

Example 3.3. Let X = R. Define G: X x X x X — [0,+00) by G(z,y,2) =
e —yl+|z—2z|+|y—z| and F: X x X — X be defined by

T — 2y
Fla,y) == (v.y) € X7

and g: X — X by g(x) = 37”” , clearly, F' has a mized g-monotone property.

Consider the mapping B : X2 x X% x X2 — (0, +o0| such that

1 fx>y>zandu <v<w,
Bl(@,u), (y,v), (2, w)) = { 0 ojthe;w%;se_. -

Now, we claim that F satisfies condition B1)). If B((z,u), (y,v), (z,w)) = 0, then
the result is straightforward. Let x,u,y,v,z,w € X. Without loss of generality, as-
sume that gx > gy > gz and gu < gv < gw, we have B((g9z, gu), (9y, gv), (92, gw)) =
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1. Then we have

B((gz, gu), (9y; gv), (92, gw))|G(F (x, u), F(y, v), F(z,w)) + G(F(u, 2), F (v, y), F(w, 2))]
= [G(F(z,u), F(y,v), F(z,w)) + G(F(u, ), F(v,y), F(w, 2))]

rT—2u z—2w ‘y—2v z—2w‘

r—2u y-—2w

4 4 44 4 4
u—2r v—2y u—2r w-—2z v—2y w-—2z
4 4 4 4 4 4
x—y T —z Yy—z U—v U —w v—w
<
<3 1 ’4—3 1 +3’ 1 +3 1 +3 1 ’4—3 1 ’

3 3
= gz =yl +lz =zl +y = 2) + 7 (ju = o] + Ju — w] + v —w]).

On the other hand,
B 3z 3y 3z 3u 3v 3w
G(gz, 9y, 92) + G(gu, gv, gw) —G< 55D ) +G( 5 55 >

3 3
= 2=yl o= 2l ly = 2 + 2= ol 4 u = ]+ o — w)
Now, choose ¢ € U such that ¥ (t) = t/2, then

ﬁ((gw, gu), (gy, gv), (gz, gw))[G(F(:C, u)? F(?Jv U)? F(Zv w)) + G(F(u7 .’L‘), F(Uu y)? F(wv Z))]
< ¥(G(gz, gy, 92) + G(gu, gv, gw))

Therefore, all conditions of Theorem [31] hold, we know that F has a coupled
coincidence point (0,0).

Example 3.4. Let X = [—1,1]. Define G: X x X x X — [0,400) by G(x,y,2) =
e —y|+|z—2z|+|y—2| and F: X x X — X be defined by

3 — 2y3

T (@y)e X2,

F(l‘,y) =

and g: X = X by g(x) = 97”” , clearly, F' has a mixed g-monotone property.
Consider the mapping B : X2 x X2 x X2 — (0, +o00] such that

1 ife>y>zandu<v<w,
B(,u), (y,0), (z,w)) = { 0 ofthe;w?jse_. -

Now, we claim that F satisfies condition B1)). If B((z,u), (y,v), (z,w)) = 0, then
the result is straightforward. Let x,u,y,v,z,w € X. Without loss of generality, as-
sume that gx > gy > gz and gu < gv < gw, we have B((gz, gu), (g, gv), (92, gw)) =
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1. Then we have

B(gz, gu), (9y; gv), (92, gw))[G(F(z, u), F(y, v), F(z,w)) + G(F(u, 2), F(v,y), F(w, 2))]
= [G(F(z,u), F(y,v), F(z,w)) + G(F(u, ), F(v,y), F(w, 2))]

22 =2 P — 208 23— 2 23— 2P Y3 =203 23— 23

4 4 4 4 4 4
n ud =223 03— 28 uwd— 223w —27° v3 =2y wd — 278
4 4 4 4 4 4
3 3
= 7(12% =P+ 2% = 22+ [y? = 27) + (10 = 0%+ o — 0’ + [0 = w?))
9 9
S gl —yltlz =2l +ly —20) + 2 (Ju = o[ + Ju = w| + v —w])

On the other hand,

9z 9y 9z Ju 9v Yw
G(gz, 9y, 92) + G(gu, gv, gw) G<7,7,7>+G<7,7,7>

9 9
=z —yl+lz =z +y = z]) + 5 (Ju = v| + |u —wl| + v —wl)
Now, choose ¥ € U such that ¥(t) =t/2, then
B((gz, gu), (gy, gv), (92, gw))[G(F (z,u), F(y,v), F (2, w)) + G(F(u, ), F(v,y), F(w, 2))]
< ¥(Glgz, gy, 92) + G(gu, gv, gw))

Therefore, all conditions of Theorem [31] hold. Notice that F has a coupled coin-
cidence point (0,0).

Next, we give a sufficient condition for the uniqueness of the coupled coinci-
dence point in Theorem3.1] .

Theorem 3.5. In addition to the hypotheses of Theorem [31], suppose that for
every (x,y), (z*,y*) € X x X there exists (u,v) € X x X such that

(i) (F(u,v), F(v,u)) is comparable with (F(z,y), F(y,z)) and (F(z*,y*), F(y*,z*)),
(ii) B((gu, gv), (97, 9y), (92, 9y)) = 1 and  B((gu, gv), (92", 9y"), (92", 9y")) =
1.

Then F and g have a unique coupled common fized point, that is, there exists a
unique (z,y) € X x X such that x = gx = F(z,y) and y = gy = F(y, z).

Proof From Theorem[31), the set of coupled coincidence point is non-empty. Sup-
pose (x,y) and (z*,y*) are coupled coincidence point of F, that is

gr = F(z,y),9y = F(y,x),gx* = F(z*,y*) and gy* = F(y*,z").

We shall show that
gx* = gz and gy* = gy. (3.15)
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By assumption there is (u,v) € X x X such that

B((gu, gv), (92, 9y), (92, 9y)) > 1 and B((gu,gv), (92*, 9y*), (92", 9y*)) > 1.

Put ug = u, vo = v and choose uy, vy € X, such that g(u1) = F(ug,vo) and g(v1) =
F(vo,uo). Then similarly as in the proof of Theorem[3 1], we can inductively define
sequences {gun} and {gv,} such that

gun = F(up—1,0n-1) and gvp, = F(vp—1,un—1) for alln > 1.
Since F is (B, g)-admissible and B((guo, gvo), (9z, gy), (92, gy)) > 1, we have

ﬂ((F(uO,vo),F(vo,uo)),(F(a:,y),F(y,:z:)),(F(x,y),F(y,:z:))) > L
That is B((gu1, gv1), (92, 9y), (92, 9y)) = 1.

From B((gu1,gv1), (92, 9y), (92,9y)) > 1, if we use again the property of F is
(8, g)-admissible, then it follow that

ﬂ((F(ulavl)aF(vlaul))a(F(‘Tvy)aF(yaI))a(F(xvy)aF(yaz))) >1

and so
B((gua, gva), (92, 9y), (92, 9y)) > 1.

By repeating this process, we get
B(gun, gvn), (97, 9y), (92, 9y)) =1 for all n > 1. (3.16)

Since (F(u,v), F(v,u)) is comparable with (F(z,y), F(y,z)) and F is mized
g-monotone mapping. It is easy to show that gr < gu, and gy > gv, , for all
n > 1. Thus from BJ) and BI6) , we have

G(gun+1,97, gr) + G(gvn+1, 9y, 9y)
= G(F(un,vn),F(x,y),F(x,y)) +G(F(vn,un),F(y,:c),F(y,:c))
< B((gun, gvn), (92, 9y), (92, 9y))G(F (un, vn), F(z,y), F(z,y)) + G(F(vn, un), F(y, ), F(y, x))
< Y(G(gun, gz, 97) + G(gvn, 9y, 9Y))- (3.17)

Thus fromBIT), we have

G(gun+1, 9%, 97) + G(gvns1, 9y, 9y) < Y(G(gun, gz, gz) + G(gvn, gy, gy)) (3.18)
Since ¥ is non-decreasing, from BI8), we get

G(gun+1, 92, 92) + G(gunti1, 9y, 9y) < V" (G(gur, g, gx) + G(gv1, gy, 9y)) (3.19)

for each n > 1. Letting n — +oo in BI9) and using lemma 210 Which implies

lim G(guni1, gz, gz) = lim G(goni1, 9y, 9y) = 0. (3:20)

n—oo
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Similarly, we obtain that

lim G(guni1, g2™, g27") = lim G(guni1,9y°,9y") = 0. (3.21)

n—oo

Hence, from (320), B2I) and proposition[2.4), we get gz* = gz and gy* = gy.
Since gr = F(x,y) and gy = F(y,x), by commutativity of F' and g, we have

9(gx) = g(F(x,y)) = F(gz,9y) and g(gy) = g(F(y,z)) = F(gy, gv).  (3.22)
Denote gxr = z and gy = w. Then from 322
gz = F(z,w) and gw = F(w, 2)). (3.23)

Therefore, (z,w) is a coupled coincidence fixed point of F' and g. Then from (3.15)
with ©* = z and y* = w. It follows gz = gr and gw = gy, that is,

gz =z and gw = w. (3.24)

From B23) and B24), z = gz = F(z,w) and w = gw = F(w, z). Therefore,
(z,w) is a coupled common fixed point of F' and g.
To prove the uniqueness, assume that (p,q) is another coupled common fized point.

Then by BI5) we have p=gp =gz =z and ¢ = g9 = gw = w.
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