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Some Properties of Bessel Elliptic Kernel
and Bessel Ultrahyperbolic Kernel

Manuel A. Aguirre T.

Abstract : In this paper we introduce the distributional function families Sα(x)
and RB

α (u) named Bessel Elliptic kernel and Bessel Ultrahyperbolic kernel, where α
is a complex number. In particular when α = 2k, S2k(x) and RB

2k(u), k = 1, 2, . . .
appear in [1]. We found some relations between the operator ∆k

B and ∆k and
between RB

α (u) and RH
α (u), where RH

α (u) is Marcel Riesz Ultrahyperbolic kernel,
∆k

B is the Laplace-Bessel operator and ∆ is the Laplacian operator.
We give a sense to the properties ∆k

B {Sα} , Sα∗Sβ , ∆k
B {Mα} , ∆k

B {N2k} ,¤k
B

{
RB

α

}
and ¤k

B

{
RB

2k

}
, where Mα is defined by (1.17), N2k by (1.49) and ¤k

B by (2.21).
Finally, we study RB

α (u) at α = 0, taking into account the signature p, q of
u(x1, x2, . . . , xn) = x2

1 + · · ·+ x2
p − x2

p+1 − · · · − x2
p+q and we obtain the equation

¤k
B {E2k} = δ which means that E2k is elemental solution of the operator ¤k

B ,
where E2k is defined by (2.21).
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1 Introduction

Definition 1.1 Let x = (x1, x2, . . . , xn) be a point of Rn and Sα(x) be the dis-
tributional function family defined by

Sα = Cvaα |x|α−2|v|−n if α 6= 2 |v| − 2j, j = 0, 1, 2, . . . , (1.1)

where
Cv =

1∏n

i=1 2vi− 1
2 Γ(vi + 1

2 )
(1.2)

|v| = v1 + v2 + . . . + vn (1.3)

and

aα =
2n+2|ν|−2αΓ(n−α

2 + |ν|)
Γ(α

2 )
. (1.4)
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Letting α = 2k in (1.1) we obtain

S2k = Cv.a2k |x|2k−2|ν|−n
. (1.5)

The formula of distributional function family S2k (see(1.5)) appear in [1].
On the other hand, from ([1], p. 377) the following formula is valid

FB

{
|x|−α

}
= aα |y|α−n−2|ν| (1.6)

([1], p. 377) where FB is the Fourier-Bessel Transform defined by

(FBf)(x) = Cv

∫

R+
n

f(y)

( n∏

i=1

Jvi− 1
2
(xi, yi)y2νi

i )

)
dy (1.7)

([1], p.377),
F−1

B {f} (y) = FB {f} (−y) (1.8)

([1], p. 377), Jvi− 1
2
(xi, yi) is normalized Bessel function which is the eigenfunction

of the Bessel differential operator ([2] and [3]).
From (1.6) and using (1.8) we have,

F−1
B

{
|y|−β

}
(x) = Cvaβ |x|β−n−2|ν|

. (1.9)

Putting β = k + m, k,m = 1, 2, . . . , in (1.10) and using (1.5) we have

F−1
B

{
|y|−k−m

}
= Sk+m(x). (1.10)

The formula (1.10) appear in ([1], p. 380).
From (1.9) and using (1.8) the Fourier Bessel transform of Sα is given by the

formula
FB {Sα(x)} (y) = |y|−α (1.11)

Using that Sα(x) is a tempered distribution for α−2 |ν|−n 6= −n−n−2, . . . ,
then the convolution product of Sα ∗Sβ exists and is a tempered distributions for
α, β 6= 2 |ν| , 2 |ν| − 2, 2 |ν| − 4, . . . .

Now using the properties FB {f ∗ g} (x) = FBf(x).FBf(x). ([1], p.377) then
the following formula is valid

FB {Sα ∗ Sβ} = FB {Sα} .FB {Sβ}

= |y|−α
. |y|−β = |y|−(α+β)

(1.12)

if α, β 6= 2 |ν| , 2 |ν| − 2, 2 |ν| − 4, . . . .
From (1.12) and using (1.9) we have the following property :

Sα ∗ Sβ = F−1
B

{
|y|−(α+β)

}
= Cvaα+β |x|α+β−n−2|ν| = Sα+β . (1.13)
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Letting α = 2k, k = 1, 2, . . . , and β = 2m,m = 1, 2, . . . in (1.13) we have

S2k ∗ S2m = S2(k+m), (1.14)

the formula (1.14) appears in ([1], p. 380).
We observe from (1.11) and using the property

FB {δ(x)} = 1 (1.15)

where δ is the distribution of Dirac´s delta, we have,

S0 = F−1
0 {1} = δ (1.16)

On the other hand, from ([1], p. 379, Lemma 3),

u(x) = (−1)kS2k (1.17)

is elemental solution of Laplace-Bessel operator iterated k− times defined by

∆k
B = (Bx1 + · · ·+ Bxn)k =

(
n∑

i=1

Bxi

)k

, (1.18)

i.e.,
∆k

B

{
(−1)kS2k

}
= δ (1.19)

where

Bxi =
∂2

∂x2
i

+
2νi

∂xi
.

∂

∂xi
(1.20)

2νi = 2αi + 1, αi > −1
2
, xi > 0 (1.21)

Lemma 1.2 Let ∆k
B the Laplace-Bessel operator iterated k- times defined by(1.18)

then following formula is valid.

∆k
B {Sα(x)} = (−1)nSα−2k(x). (1.22)

Proof. From (1.1) and (1.12) and using the property

FB

{(
∆k

B

)
f
}

(x) = (−1)k |y|2k
FBf (1.23)

([1], p. 384) and (c.f. [4]). we have

FB

{(
∆k

BSα

)}
= (−1)k |y|2k

FB {Sα}
= (−1)k |y|2k |y|−α

= (−1)k |y|−(α−2k) (1.24)
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From (1.24)and using (1.9) we obtain

∆k
B {Sα} = F−1

B

{
(−1)k |y|−(α−2k)

}

= (−1)kCvaα−2k(x)α−2k−2|ν|−n

= (−1)kSα−2k (1.25)

that complete the proof. ¤

In particular letting α = 2k in (1.22) and using (1.16) we obtain

∆k
B

{
(−1)kS2k(x)

}
= δ, (1.26)

which means that (−1)KS2k(x) is elemental solution of Laplace-Bessel operator
iterated k times.

Definition 1.3 Let be the function defined by

Mα = bα |x|α−n−2|ν| (1.27)

where
bα =

1

Γ(α−n−2|ν|
2 + 1)2αΓ(α

2 )
. (1.28)

Lemma 1.4 Let ∆B be the Laplace-Bessel operator defined by (1.18) and ∆ the
Laplace operator defined by

∆ =
n∑

i=1

∂2

∂xi
. (1.29)

Then the following formula is valid

∆k
B {δ(x)} =

(−1)kΓ(|ν|)
Γ(|ν| − k)k!

∆k {δ(x)} . (1.30)

Proof. By direct calculus we have the following formulae

rλ =
Γ(λ

2 + |ν|+ n
2 )Γ(−λ

2 − k)
22k(−1)kΓ(−λ

2 )Γ(λ
2 + |ν|+ n

2 + k)
∆k

B

{
rλ+2k

}
(1.31)

where r = |x| .

Putting λ = α− 2 |ν| in (1.31) we have

rα−2|ν| =
Γ(n+α

2 )Γ(−α
2 + |ν| − k)

22k(−1)kΓ(−α
2 + |ν|)Γ(n+α

2 + k)
∆K

B

{
rα−2|ν|+2k

}
(1.32)
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Now considering the following formula:

Res
λ=−n−2s,s=0,1,2,....

rλ =
Ωn∆s {δ}Γ(n

2 )
22ss!Γ(n

2 + s)
(1.33)

([5], p.792, formula (2.1)) and

Res
β=−n

< ∆k
B |x|B , ϕ > = Res

β=−n
< |x|β , ∆k

Bϕ >

= Ωn < δ, ∆k
Bϕ >= Ωn∆k

B {ϕ(0)}
= Ωn < ∆k

Bδ, ϕ > (1.34)

for all ϕ ∈ D(test space), we have

Res
α−2|ν|=−n−2k

< rα−2|ν|, ϕ > =
Γ(|ν| − k)Γ(n

2 )
22k(−1)kΓ(n

2 + k)
. Res
α−2|ν|=−n−2k

< ∆k
Brα−2|ν|+2k, ϕ >

=
Γ(|ν| − k)Γ(n

2 )Ωn

22k(−1)kΓ(n
2 + k)Γ(|ν|) Res < ∆k

Bδ, ϕ > .

(1.35)

In consequence we have

Ωn∆kδΓ(n
2 )

22kk!Γ(n
2 + k)

=
ΩnΓ(|ν| − k)Γ(n

2 )
22kk!Γ(n

2 + k)Γ(|ν|)∆k
Bδ, (1.36)

from (1.36) we obtain the formula (1.30). ¤

In particular putting k = 1 in (1.30) we obtain

∆Bδ(x) = − Γ(|ν|)
Γ(|ν| − 1)

∆δ(x)

= −(|ν| − 1)∆δ(x)
= (1− |ν|)∆δ(x)

=

(
1−

n∑

i=1

νi

)
∆δ(x)

= ∆δ(x)−
(

n∑

i=1

νi

)
∆δ(x). (1.37)

In fact, from (1.18) and (1.20) we have

∆Bδ(x) =
∑ ∂2

∂xi
δ + 2

∑ νi

xi

∂

∂xi
δ = ∆δ + 2

∑ νi

xi

∂

∂xi
δ. (1.38)

Now using that
δ(x) = R0(x) = lim

α→0
Rα(x) (1.39)
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and
R−2j(x) = (−1)j∆jδ, j = 0, 1, . . . , (1.40)

where

Rα(x) =
rα−n

Dn(α)
(1.41)

elliptic kernel of Marcel Riesz [6] and

Dn(α) =
2απ

n
2 Γ(α

2 )
Γ(n−α

2 )
, (1.42)

by direct computer we have

1
xi

∂

∂xi
δ =

1
2
R−2(x) = −1

2
∆δ (1.43)

where ∆ is defined by (1.29). From (1.38) and (1.43) we obtain the property
(1.37).

Lemma 1.5 Let Mabe the distributional family defined by (1.27), then following
formula is valid

∆k
BMα = Mα−2k (1.44)

where k = 0, 1, 2, . . . .

Proof. From (1.27), (1.28) and considering (1.32) we have

∆k
BMα = bα∆k

B |x|α−n−2|ν|

= bα

22k(−1)kΓ(n−α
2 + k + |ν|)Γ(α

2 )
Γ(α

2 − k)Γ(n−α
2 + |ν|) |x|α−n−2|ν|−2k

. (1.45)

Using the formula
Γ(z)Γ(1− z) =

π

sin zπ
(1.46)

we have

Γ(
n− α

2
+ k + |ν|) =

π

sin(n−α
2 + k + |ν|)Γ(1− (n−α

2 + k + |ν|))
=

π

sin(n−α
2 + |ν|)π(−1)kΓ(n−α

2 − k − |ν|+ 1)

=
Γ(n−α

2 + |ν|)Γ(1− (n−α
2 + k + |ν|))

(−1)kΓ(1 + α−n
2 − k − |ν|) . (1.47)

From (1.46) and (1.47) we have

∆k
BMα =

1

2αΓ(α
2 )Γ(α−n−2|ν|

2 + 1)

22k(−1)kΓ(α
2 )

Γ(α
2 − k)Γ(n−α

2 + |ν|)
Γ(n−α

2 + |ν|)Γ(1 + (n−α
2 + |ν|)

(−1)kΓ(1 + (n−α
2 − k − |ν|)

=
1

2α−2kΓ(α
2 − k)Γ(1 + α−n

2 − k − |ν|)
= Mα−2k. (1.48)
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¤

Lemma 1.6 Let N2k be the distribution family defined by

N2k(x) =
Γ(|ν|) |x|2k−n

Γ(k + |ν|)22kΓ(k − n
2 + 1)(−1)

n
2 +1π

n
2

(1.49)

then N2k(x) is elemental solution of operator ∆k
B ,where ∆k

B is defined by (1.18).

Proof. From (1.27) we have,

M2|ν| = lim
α→2|ν|

Mα =
1

22|ν|Γ(|ν|) lim
α→2|ν|

xα−n−2α→2|ν|

Γ(α−n−2|ν|
2 + 1)

. (1.50)

Making β = α− n− 2 |ν| , using the formula (1.33) and the following formula

Res
z=−j,j=0,1,2,...

Γ(z) =
(−1)j

j!
(1.51)

where Γ(z) is defined by (3.2) we have

lim
β→−n

rβ

Γ(β
2 + 1)

= lim
β→−n

(β + n)rβ

β + nΓ(β
2 + 1)

=
Res

β=−n
rβ

limβ→−n(β + n)β
2 Γ(β

2 )

=
Ωnδ(x)(n

2 − 1)!
2(−1)

n
2−1

. (1.52)

From (1.50) and using (1.52) we have

M2|ν| =
(−1)

n
2 +1π

n
2 δ(x)

22|ν|Γ(|ν|) . (1.53)

Letting α = 2 |ν|+ 2k in (1.44) and using (1.53) we have

∆k
BM2|ν|+2k = M2|ν| =

(−1)
n
2 +1π

n
2 δ(x)

22|ν|Γ(|ν|) . (1.54)

Now taking into account (1.27) and (1.28) we have

∆k
B {N2k(x)} = ∆k

B

{
M2|ν|+2k.

22|ν|Γ(|ν|)
(−1)

n
2 +1π

n
2

}
= δ(x). (1.55)

The formula(1.55) means that N2k(x) is elemental solution of the Laplace-Bessel
operator iterated k− times ∆k

B defined by(1.18). ¤
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2 The Bessel ultrahyperbolic KernelR B
α

Definition 2.1 Let x = (x1 , . . . , xn) be a point of Rn and write

u = u(x) = x2
1 + · · ·+ x2

p − x2
p+1 − · · · − x2

p+q (2.1)

where p + q = n is the dimension of the space.Denote by Γ+ the interior of the
forward cone defined by

Γ+ = {x ∈ Rn : u > 0, xi > 0, i = 1, 2, . . . , p} , (2.2)

Γ+designate its closure. Similarly we define

Γ− = {x ∈ Rn : u > 0, xi < 0, i = 1, 2, . . . , p} (2.3)

and
−

Γ−designate its closure. For any complex number α, we define the distribu-
tional function family RB

α (u) by the following form

RB
α (u) =





u
α−2|ν|−n

2

K
|ν|
n (α)

, if x ∈ Γ+

0, if x /∈ Γ+

(2.4)

where

K |ν|
n (α) =

π n−1+2|ν|
2 Γ(α−n−2|ν|+2

2 )Γ( 1−α
2 )Γ(α)

Γ(α−p−2|ν|+2
2 )Γ(p−α

2 )
(2.5)

and |ν| is defined by (1.3).

The distributional function family RB
α (u) is an ordinary function if Re(α −

2 |ν|)≥ n and is a distribution of α− 2 |ν| if Re(α− 2 |ν|) < n.

Let supp RB
α (u) be denote the support of RB

α (u). Suppose supp RB
α (u) ⊂

−
Γ+

We shall call RB
α (u) the Bessel Ultrahyperbolic Kernel. Letting α = 2k in

(2.4) and (2.5) we obtain

RB
2k(u) =

u 2k−n−2|ν|
2

Kn(2k)
(2.6)

where

Kn(2k) =
π

n+2|ν|−1
2 Γ( 2+2k−n−2|ν|

2 )Γ(1−2k
2 )Γ(2k)

Γ( 2+2k−p−2|ν|
2 )Γ(p−2k

2 )
. (2.7)

By putting |ν| = 0 in (2.4) and (2.5) the formulae (2.4) and (2.5) reduces to

RH
α (u) =





u
α−n

2

Kn(α) , if x ∈ Γ+

0, if x /∈ Γ+

(2.8)
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and

Kn(α) =
π

n−1
2 Γ(α−n

2 + 1)Γ(n−α
2 )Γ(α)

Γ(α−p
2 + 1)Γ(n−α

2 )
. (2.9)

RH
α (u) is precisely the Marcel Ultrahyperbolic Kernel, RH

α (u) was introduced
by Y. Nozaki [7].

RH
α (u) has the following properties :

RH
0 (u) = δ(x) (2.10)

RH
−2k(u) = ¤k {δ(x)} (2.11)

¤kRH
β (u) = RH

β−2k (2.12)

and
¤kRH

2k = RH
0 = δ(x) (2.13)

where

¤k =

{
∂2

∂x2
1

+ · · ·+ ∂2

∂x2
p

− ∂2

∂x2
p+1

− · · · − ∂2

∂x2
p+q

}k

(2.14)

is ultrahyperbolic operator.
We observe that if |ν| 6= 0 the following relationship is true

RB
α (u) = hα,p,|ν|RH

α−2|ν|(u) (2.15)

where

hα,p,|ν| =
Γ(p−α

2 + |ν|)Γ( 1−α
2 )Γ(α)

Γ( 1−α
2 + |ν|)Γ(α− |ν|)Γ(p−α

2 )
. (2.16)

If |ν| = l, l = 1, 2, 3, . . . , and using the formula

Γ(z)
Γ(z − l)

=
(−1)lΓ(−z + l + 1)

Γ(1− z)
(2.17)

hα,p,|ν| can be rewritten in the following form

hα,p,|ν| =
Γ(p−α

2 + |ν|)Γ( 1−α
2 )Γ(α)

Γ( 1−α
α + |ν|) .

[
(−1)|ν|Γ(−α− |ν|+ 1)

Γ(1− α)

]
1

Γ(p−α
2 )

. (2.18)

On the other hand, letting α = −2k in (2.15), we have the following property

RB
−2k(u) = h−2k,p,|ν|RH

−2k−2|ν|(u). (2.19)

From (2.15) and considering (2.11) we have

RB
−2k(u) = h−2k,p,|ν|¤k+|ν| {δ(x)} (2.20)



282 Thai J. Math. 4(2006)/ Manuel A. Aguirre T.

if |v| is positive integer(or if |ν| = 1, 2, 3, . . .), where ¤k is defined by (2.14) and

h−2k,p,|ν| =
Γ(p

2 + k + |ν|)Γ( 1
2 + k)

Γ( 1
2 + k + |v|)

(−1)|ν|Γ(2k + |ν|+ 1)
Γ(1 + 2k)

1
Γ(p

2 + k)
. (2.21)

Lemma 2.2 Let RB
α (u) be the function defined by (2.4) and let ¤K

B be the Bessel
ultrahyperbolic operator iterated k−times defined by

¤k
B = (Bx1 + · · ·+ Bxp −Bxp+1 − · · · −Bxp+q)

k (2.22)

([1], p. 379), where p + q = n dimension of the space

Bxi =
∂2

∂x2
i

+ 2
νi

xi

∂

∂xi
(2.23)

([1],p. 375) and 2vi is defined by (1.21), then the following formula is valid

¤k
B

{
RB

α (u)
}

= dα,p,|ν|,kRB
α−2k(u) (2.24)

where

dα,p,|ν|,k =
(α−p

2 − |ν|)(α−p
2 − |ν| − 1) . . . (α−p

2 − |ν| − (k − 1))
(α−p

2 )(α−p
2 − 1) . . . (α−p

2 − (k − 1))
. (2.25)

Proof. From (2.4)and using (2.22) and (2.25) we have

¤B

{
RB

α (u)
}

= ¤B

{
u

α−n
2 −|ν|

K
|ν|
n (α)

}

=
1

K
|ν|
n (α)

{¤ + Dp −Dq}u
α−n

2 −|ν|

=
1

K
|ν|
n (α)

{
¤u

α−n
2 −|ν| + Dpu

α−n
2 −|ν| −Dqu

α−n
2 −|ν|

}
, (2.26)

where

¤ =
p∑

i=1

∂2

∂x2
i

−
p+q∑

i=p+1

∂2

∂x2
i

, (2.27)

Dp =
p∑

i=1

2νi
∂2

∂x2
i

(2.28)

and

Dq =
p+q∑

i=p+1

2νi
∂2

∂x2
i

. (2.29)

Using the propertie

¤Pλ+1 = 2(λ + 1)(2λ + n)Pλ
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([8], p. 258, formula 825), where P = u = u(x) is defined by (2.1), we have

¤
{

u
α−n

2 −|ν|
}

= 2(
α− n

2
− |ν|).2(

α− n

2
− |ν| − 1 +

n

2
)u

α−n
2 −|ν|−1 (2.30)

By direct calculus we have,

Dpu
α−n

2 −|ν| = 22(ν1 + ν2 + · · ·+ νp)(
α− n

2
− |ν|)uα−n

2 −|ν|−1 (2.31)

and

Dqu
α−n

2 −|ν| = −22(νp+1 + νp+2 + · · ·+ νp+q)(
α− n

2
− |ν|)uα−n

2 −|ν|−1. (2.32)

From (2.26) and using (2.30), (2.31) and (2.32) we have

¤B

{
RB

α (u)
}

=
1

K
|ν|
n (α)

22(
α− n

2
− |ν|)(α

2
− 1)u

α−n
2 −|ν|−1. (2.33)

On the other hand, from (2.5)and using the formula

Γ(z + l) = z(z + 1) . . . (z + l − 1)Γ(z), l = 1, 2, . . . , (2.34)

we have

K |ν|
n (α− 2) = K |ν|

n (α)
(α−p−2|ν|)

2 )

(α−n−2|ν|)
2 )(α−p

2 )22(α
2 − 1)

. (2.35)

Therefore, from (2.33) and (2.34) we obtain

¤B

{
RB

α (u)
}

=
(α−p−2|ν|)

2 )
(α−p

2 )
RB

α−2(u). (2.36)

From (2.36) we have

¤2
B

{
RB

α (u)
}

= ¤B

{
¤BRB

α (u)
}

=
(α−p−2|ν|)

2 )((α−p
2 )− |ν| − 1)

(α−p
2 )(α−p

2 − 1)
RB

α−4(u), (2.37)

by iteration, we obtain

¤k
B

{
RB

α (u)
}

=
(α−p

2 − |ν|)((α−p
2 )− |ν| − 1) . . . ((α−p

2 )− |ν| − (k − 1))
(α−p

2 )(α−p
2 − 1) . . . ((α−p

2 − 1)− (k − 1))
RB

α−2k(u)

(2.38)
for k = 1, 2, 3, . . . .

From (2.38) we obtain the formula (2.24). ¤

We observe that using the formula

(−1)nz(z + 1) . . . (z − (s− 1)) =
(−1)sΓ(z + 1)
Γ(z − s + 1)

=
Γ(−z + s)

Γ(−z)
(2.39)
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if s = 1, 2, . . . , dα,p,|ν|,k defined by (2.25), can be rewritten in the following form

dα,p,|ν|,k =
Γ(α−p

2 − |ν|+ 1)
Γ(α−p

2 − |ν|+ 1− k)
.
Γ(α−p

2 − k + 1)
Γ(α−p

2 + 1)
(2.40)

and

dα,p,|ν|,k =
(−1)kΓ(−(α−p

2 − |ν|) + k)
Γ(−(α−p

2 − |ν|)) .
Γ(−(α−p

2 ))
Γ(−(α−p

2 ) + k)
(2.41)

In the next section we are going to RB
α (u) for the case α = 0.

3 R0

From (2.4) and (2.5) we have

RB
0 (u) = lim

α→0
RB

α (u)

= lim
α→0

Γ(α−p−2|ν|+2
2 )Γ(p−α

2 )

2−1π n+2|ν|
2 Γ(α−n−2|ν|+2

2 )
. lim
α→0

u
α−2|ν|−n

2

Γ(α
2 )

(3.1)

Now we consider three cases:
Case 1 : q even, p odd (n odd)
In this case considering that Pλ = uλ has simple poles at λ = −k, k = 1, 2, . . .

and λ = −n
2 − l, l = 0, 1, 2, . . .([8], page...) then u

α−n
2 −|ν| has simple poles at α = 0

when |ν| = s = 0, 1, 2, . . . .
Now taking into account that

Res
λ=−n

2−s,s=0,1,2,...
Pλ

+ = lim
λ→−n

2−s
(λ +

n

2
+ s)Pλ

+

= lim
γ→0

γP
γ−n

2−s
+

=
(−1)

q
2 π

n
2

22ss!Γ(n
2 + s)

¤s {δ(x)} (3.2)

if q is even and p odd ([8], p. 260, formula 30) and using the formula (1.51) where
Γ(z) is the gamma function defined by

Γ(z) =
∫ ∞

0

e−xxz−1dx, (3.3)

we have

lim
α→0

u
α−n

2 −|ν|

Γ(α
2 )

=
(−1)

q
2 π

n
2

222ss!Γ(n
2 + s)

¤s {δ(x)} (3.4)

if |ν| = s = 0, 1, 2, . . . .
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From (3.1) and (3.4), we obtain the following formula

RB
0 (u) =

Γ(p
2 )(−1)sπ

n
2

π
n
2 +ss!Γ(p

2 + s)
¤s {δ(x)} (3.5)

when |ν| = s = 0, 1, 2, . . . .
The properties (3.5) generalized the property (2.10). In fact, letting s = |ν| = 0

in (2.4) and considering (2.5), (2.8) and (2.9) we have

RB
α (u) = RH

α (u) (3.6)

if |ν| = 0. Now from (2.22), (2.23), (2.14) and using the property

¤k
B = ¤k (3.7)

if |ν| = 0, we have
RH

0 (u) = RB
0 (u) = δ(x) (3.8)

if |ν| = 0.
On the other hand if |ν| 6= 0, 1, 2, . . . but if |ν| = −n

2 + l, l = 1, 2, . . . with n

odd, u
α−n

2 −|ν| at α = 0 has simple poles, therefore

lim
α→0

u
α−n

2 −|ν|

Γ(α
2 )

= lim
α→0

u
α−n

2 −(−n
2 +l)

Γ(α
2 )

= lim
λ→−l

uλ

Γ(λ + l)

= lim
λ→−l

(λ + l)uλ

(λ + l)Γ(λ + l)

=
1

(−1)ll!

Res
λ=−l,l=1,2,...

uλ

Res
λ=−l,l=1,2,...

Γ(λ)
. (3.9)

On the other hand, we know that the following formula is true

Res
λ=−l,l=1,2,...

uλ =
(−1)l−1

(l − 1)!
δ(l−1)(u) (3.10)

if p is odd and q is even ([8], p. 256). From (3.1) and considering (??) and (3.10)
we obtain

RH
0 (u) =





(−1)l−1(−1)
q
2 Γ( p

2 )

(l−1)!Γ(l− q
2 )πl2−1 δ(l−1)(u), if l > q

2

0, if l ≤ q
2

(3.11)

Summary, for the case q even and p odd we have

RH
0 (u) =

Γ(p
2 )(−1)s

Γ(p
2 + s)πs22ss!

¤s {δ(x)} (3.12)
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if s = |ν| , |ν| = 0, 1, 2, . . . , |ν| = −n
2 + l.l = 1, 2, . . . and

RH
0 (u) =





(−1)l−1(−1)
q
2 Γ( p

2 )

(l−1)!Γ(l− q
2 )πl2−1 δ(l−1)(u), if l > q

2 , |ν| = −n
2 + l, l = 1, 2, . . . ;

0, if l ≤ q
2 , |ν| = −n

2 + l.l = 1, 2, . . . ;

0, if |ν| 6= 0, 1, 2, . . . and |ν| 6= −n
2 + l.l = 1, 2, . . . .

(3.13)
Case 2 : q even and p even (n even)
To study this case we need the following formula

Res
λ=−n

2−s,s=0,1,2,...
Pλ

+ = lim
λ→−n

2−s
(λ +

n

2
+ s)Pλ

+

= lim
γ→0

γP
γ−n

2−s
+

=
(−1)(−1)

q
2 π

n
2

22ss!Γ(n
2 + s)

¤s−n
2 +1 {δ(x)} if s ≥ n

2
− 1, (3.14)

q even and p even [9]. From (3.1) and using (3.14) we have

RB
0 (u) =

(−1)Γ(p
2 )(−1)s

Γ(p
2 + s)πs22ss!

¤s−n
2 +1 {δ(x)} (3.15)

if s ≥ n
2 − 1 and |ν| = s, s = 0, 1, 2, . . . In particular if s = |ν| = n

2 − 1, from (3.14)
we have

RB
0 (u) =

Γ(p
2 )(−1)

n
2

Γ(p
2 + n

2 − 1)π
n
2−12n−2(n

2 − 1)!
δ(x) (3.16)

Case 3 : p odd and q odd (n even)
To study this case we need the following formula

Res
λ=−n

2−s,s=0,1,2,...
Pλ

+ = lim
λ→−n

2−s
(λ +

n

2
+ s)Pλ

+

= lim
γ→0

γP
γ−n

2−s
+

=
(−1)(−1)

q+1
2 π

n
2−1

22ss!Γ(n
2 + s)

[
ψ(

p

2
)− ψ(

n

2
)
]
¤s−n

2 +1 {δ(x)} ,

(3.17)

if s ≥ n
2 − 1 ([9]), where

ψ(x) =
Γ‘(x)
Γ(x)

, (3.18)

ψ(k) = −C + 1 +
1
2

+ · · ·+ 1
k − 1

, k = 2, 3, . . . (3.19)
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ψ(k +
1
2
) = −C − 2 ln 2 + 2

(
1 +

1
3

+ · · ·+ 1
2k − 1

)
, k = 1, 2, . . . (3.20)

and C is Euler´s constant.
Now using from (2.4), using (1.46), 2.5) and (3.1) we have

RH
0 (u) =

1
π

1
2

Γ(1− p
2 − s)Γ(p

2 )(−1)(−1)
q+1
2 π

n
2−1

Γ(1− n
2 + s)Γ(p

2 + s)22ss!

·
[
ψ(

p

2
)− ψ(

n

2
)
]
¤s−n

2 +1 {δ(x)} (3.21)

if 1− n
2 + s > 0 and |ν| = s = 0, 1, 2 . . . .

We observe that if 1− n
2 + s ≤ 0 then

1
Γ(1− n

2 + s)
= 0, (3.22)

therefore from (3.20) and using (3.21) we have

RH
0 (u) = 0 (3.23)

if s < n
2 − 1.

We are goin to study the special case when |ν| = n
2 − 1.

In order to do it we observe from ([8], p. 269) that u = Pλ
+ has poles of order

2 when p and q are odd and the following formula are true

A
(k)
−2 = lim

λ→−n
2−k

(λ +
n

2
+ k)2Pλ

+

=
(−1)

q+1
2 π

n
2−1

22kk!Γ(n
2 + k)Γ(n− 1)

Lk {δ(x)} (3.24)

where Lk = ¤k is defined by(2.14). In particular from (3.23) we have

A
( n

2−1)
−2 =

(−1)
q+1
2 π

n
2−1

2n−2(n
2 − 1)!Γ(n− 1)

L( n
2−1) {δ(x)} . (3.25)

On the other hand, using the formulae (1.46) and (2.17) we have

lim
α→0

Γ(2 +
α

2
− q

2
− p) = lim

α→0

Γ(2 + α
2 − q

2 )Γ(1− (2 + α
2 − q

2 ))
(−1)pΓ(1− (2 + α

2 − q
2 ) + p)

=
π

sin(2 + α
2 − q

2 )π(−1)pΓ(−2− α
2 + q

2 + p + 1)

=
1

(−1)(−1)
q−1
2 (−1)pΓ( q

2 + p− 1)
. (3.26)

Now from (2.4), (2.5) and using the formula

Γ(
1
2

+ z)Γ(
1
2
− z) =

π

cos(zπ)
(3.27)
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for the case |ν| = n
2 − 1, we have

RB
0 (u) = lim

α→0
RB

α (u)

= lim
α→0

Γ(α−p−2|ν|+2
2 )Γ(p−α

2 )

2−1π n+2|ν|
2 Γ(α−n−2|ν|+2

2 )
· cos α

2 π

2α−1

· lim
α→0

u
α−2|ν|−n

2

Γ(α
2 )

= lim
α→0

Γ(2 + α
2 − q

2 − p))Γ(p−α
2 )

2−1π
n−1

2 π
n
2−1π−

1
2 πΓ(α

2 )
· lim

α→0

u
α−−n

2 −n
2 +1

Γ(α
2 )

. (3.28)

From (3.28) and using (3.26) we have

RB
0 (u) =

1

(−1)(−1)
q−1
2 (−1)pΓ( q

2 + p− 1)

Γ(p
2 )

2−1π
n−1

2 π
n
2−1π−

n
2 π−

1
2 π

· lim
α→0

1
Γ(α

2 )
.
u

α−n
2 −n

2 +1

Γ(α
2 )

. (3.29)

Letting λ = α−n
2 − n

2 + 1, we have

lim
α→0

1
Γ(α

2 )
.
u

α−n
2 −n

2 +1

Γ(α
2 )

= lim
λ→−n

2−n
2 +1

1
Γ(λ + n− 1)

.
1

Γ(λ + n− 1)
.uλ

= lim
λ→−n

2−( n
2−1)

(λ + n− 1)2uλ

[(λ + n− 1)Γ(λ + n− 1)] [(λ + n− 1)Γ(λ + n− 1)]

=
limλ→−n

2−( n
2−1)(λ + n− 1)2uλ

limλ→−n
2−( n

2−1) [(λ + n− 1)Γ(λ + n− 1)]

· 1
limλ→−n

2−( n
2−1) [(λ + n− 1)Γ(λ + n− 1)]

=
A

( n
2−1)
−2

limz→0 zΓ(z) limz→0 zΓ(z)

=
A

( n
2−1)
−2

Res
z=0

Γ(z).Res
z=0

Γ(z)

=
(−1)

q+1
2 π

n
2−1

2n−2(n
2 − 1)!Γ(n− 1)

¤( n
2−1) {δ(x)} . (3.30)
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From (3.29) and (3.30), we obtain the following formula

RB
0 (u) =

1

(−1)
q−1
2 πn−12−1Γ( q

2 + p− 1)
· (−1)

q+1
2 π

n
2−1Γ(p

2 )
2n−2(n

2 − 1)!Γ(n− 1)
¤( n

2−1) {δ(x)}

=
Γ(p

2 )
π

n
2 (n

2 − 1)!Γ(n− 1)2n−3Γ( q
2 + p− 1)

¤( n
2−1) {δ(x)} (3.31)

if |ν| = n
2 − 1.

From (3.21), (3.23) and (3.31), we have the following formula

RB
0 (u) =





Γ(1− p
2 − s)Γ(p

2 )(−1)(−1)
q+1
2 π

n−1
2 −1

Γ(1− n
2 + s)Γ(p

2 + s)22ss!
.

[
ψ(

p

2
)− ψ(

n

2
)
]
¤s−n

2 +1 {δ(x)} , if s > n
2 − 1;

0, if s < n
2 − 1;

Γ(p
2 )

π
n
2 (n

2 − 1)!Γ(n− 1)2n−3Γ( q
2 + p− 1)

¤n
2−1 {δ(x)} , if s = |ν| = n

2 − 1.

(3.32)
In the next section we are going to study the property(2.24) at α = 2k, k =

1, 2, . . . .

4 ¤k
B

{
RB

2k

}

Putting α = 2k, k = 1, 2, . . . in (2.23), we have

¤k
B

{
RB

2k

}
= d2k,p,|ν|,k RB

0 . (4.1)

Now considering the case 1, case 2 and case 3 of the above section we have the
following results :

Case 1 : q even, p odd (n odd)
From (4.1) and considering (3.12) and (3.13) we have

¤k
B

{
RB

2k

}





(−1)k+sΓ(p
2 − k)

πsΓ(p
2 − k + s)22ss!

¤s
B {δ(x)} , if s = |ν| , |ν| = 0, 1, 2, . . . ;

(−1)l−1(−1)k(−1)
q
2 Γ(p

2 + s)
(l − 1)!Γ(l − q

2 )πl2−1Γ(p
2 − k + s)

δ(l−1)(u), if |ν| = −n
2 + l and l > q

2 ;

0, if |ν| = −n
2 + l and l ≤ q

2 ;
0, if |ν| 6= 0, 1, 2, . . ..

(4.2)
Case 2 : q even, p even (n even)
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From (3.32) and considering (3.14) we have

¤k
B

{
RB

2k

}
=





(−1)k+1 {δ(x)} , if s = |ν| = 0, k = 1, 2, . . .
and n = 2;

(−1)k+s+1(−1)sΓ(p
2 − k)

Γ(p
2 − k + s)((πs22ss!

¤s−n
2 +1 {δ(x)} , if s ≥ n

2 − 1, s = 1, 2, . . ..

(4.3)
In particular letting s = |ν| = n

2 − 1 in (4.2) we have

¤k
B

{
RB

2k

}
=

(−1)k+ n
2 Γ(p

2 − k)
Γ(p

2 + n
2 − k − 1)π

n
2−12n−2(n

2 − 1)!
{δ(x)} (4.4)

Now considering E2k defined the following form

E2k = (
p

2
− k)(

p

2
− k + 1) . . . (

p

2
− k +

n

2
− 2)

π
n
2−12n−2(n

2 − 1)!
(−1)k+ n

2
RB

2k, (4.5)

from (4.4) and using (2.34) we have the following property

¤k
B {E2k} = δ(x). (4.6)

The property (4.6) we means that E2k is elemental solution of the Bessel ultrahy-
perbolic operator iterated k-times.

On the other hand for |ν| = n
2 − 1,

lim
α→2k

Γ(α−n−2|ν|+2
2 )

Γ(α−p−2|ν|+2
2 )

= lim
α→2k

Γ(α−p
2 + 1)Γ(p−α

2 )
(−1)

n
2−1Γ(−α

2 + p
2 − 1 + n

2 )
.
(−1)

q
2−1Γ(−α

2 + p
2 + q

2 − 1)
Γ(α−p

2 + 1)Γ(p−α
2 )

= lim
α→2k

(−1)
q
2−n

2 (−1)
[
(−α

2 )(−α
2 + 1) · · · (−α

2 + n
2 − 2)

]
[
(−α

2 )(−α
2 + 1) · · · (−α

2 + p
2 + n

2 + 2)
]

=
(−1)−pk(k − 1)(k − 2) · · · (k − n

2 − p
2 )(k − n

2 − p
2 + 1)

k(k − 1)(k − 2) · · · (k − n
2 − p

2 )(k − n
2 − p

2 + 1)(k − n
2 − p

2 + 2)

· 1
(k − n

2 − p
2 + 2)(k − n

2 − p
2 + 3) · · · (k − n

2 − p
2 + (p

2 + 2))

=
(
k − n

2
− p

2
+ 3

)
· · ·

(
k − n

2
− p

2
+ (

p

2
+ 2)

)
. (4.7)
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From (2.4), (2.5) and using (2.17) and (4.7) we have

RB
2k(u) = lim

α→2k
RB

α (u)

= lim
α→2k

u
α−2|ν|−n

2

K
|ν|
n (α)

=
Γ(p

2 − k)

πn− 3
2 Γ( 1

2 − k)Γ(2k)
.uk−n+1

= lim
α→2k

Γ(α−n−2|ν|+2
2 )

Γ(α−p−2|ν|+2
2 )

=
Γ(p

2 − k)

πn− 3
2 Γ( 1

2 − k)Γ(2k)
.uk−n+1

(
k − n

2
− p

2
+ 3

)
· · ·

(
k − n

2
− p

2
+ (

p

2
+ 2)

)

(4.8)

Now considering that uλ has simple poles at λ = −n
2 − l, l = 0, 1, 2, . . . when

p and q are both even ([8], p. 268) and the function Γ(z) has simple poles at
z = 0,−1,−2, . . ., from (4.5) and considering (4.8) E2k can be rewritten in the
following form

E2k =
Γ(p

2 + n
2 − k − 1)

Γ(p
2 − k)

π
n
2−12n−2(n

2 − 1)!
(−1)k+ n

2
RB

2k

=
Γ(p

2 + n
2 − k − 1)

Γ(p
2 − k)

· π
n
2−12n−2(n

2 − 1)!
(−1)k+ n

2

· Γ(p
2 − k)

πn− 3
2 Γ( 1

2 − k)Γ(2k)
· uk−n+1

(
k − n

2
− p

2
+ 3

)
· · ·

(
k − n

2
− p

2
+ (

p

2
+ 2)

)

=
2n−2(n

2 − 1)!Γ(p
2 + n

2 − k − 1)

(−1)k+ n
2 π

n−1
2 Γ( 1

2 − k)Γ(2k)

(
k − n

2
− p

2
+ 3

)
· · ·

(
k − n

2
− p

2
+ (

p

2
+ 2)

)
uk−n+1

(4.9)

under conditions n
2 − 1 < k < p

2 + n
2 − 2.

Case 3 : q odd and p odd (n even)
From (3.29) and considering (2.40) and (3.32) we obtain the following formulae

:

¤k
B

{
RB

2k

}
=

Γ(1− p
2 − s)Γ(p

2 )(−1)(−1)
q+1
2 π

n
2−1Γ(k − p

2 − s + 1)
2−122sΓ(1− n

2 + s)Γ(p
2 + s)22ss!Γ(−p

2 − s + 1)

·
[
ψ(

p

2
)− ψ(

n

2
)
]
¤s−n

2 +1 {δ(x)}

· Γ(1− p
2 )

Γ(1− p
2 + k)

[
ψ(

p

2
)− ψ(

n

2
)
]
¤s−n

2 +1 {δ(x)} , (4.10)
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if |ν| = s > n
2 − 1,

¤k
B

{
RB

2k

}
= 0, (4.11)

if s < n
2 − 1, and

¤k
B

{
RB

2k

}
=

(−1)
p+1
2

π
n
2−1(n

2 − 1)!Γ(n− 1)2n−3Γ( q
2 + p− 1)Γ(1− p

2 + k)

· Γ(k − p− q
2 + 2)

Γ(−p− q
2 + 2)

¤n
2−1 {δ(x)} (4.12)

if s = |ν| = n
2 − 1.
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Facultad de Ciencias Exactas
Paraje Arroyo Seco,Campus Universitario
Universidad nacional del Centro
Tandil, Argentina.
e-mail : maguirre@exa.unicen.edu.ar


