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Some Properties of Bessel Elliptic Kernel
and Bessel Ultrahyperbolic Kernel

Manuel A. Aguirre T.

Abstract : In this paper we introduce the distributional function families S, ()
and RZ (u) named Bessel Elliptic kernel and Bessel Ultrahyperbolic kernel, where o
is a complex number. In particular when o = 2k, Soi(z) and RE (u),k =1,2,...
appear in [1]. We found some relations between the operator A% and A* and
between RZ(u) and R (u), where RH (u) is Marcel Riesz Ultrahyperbolic kernel,
A% is the Laplace-Bessel operator and A is the Laplacian operator.

We give a sense to the properties A%, {S.}, SaxSg, A% {M.}, A% {Nop )}, Of {RE}
and O {R%}, where M, is defined by (1.17), Ny, by (1.49) and 0% by (2.21).

Finally, we study RZ(u) at a = 0, taking into account the signature p,q of
w(wy, xo, ... 2n) = 23 + -+ a) — 2l — - — 23, and we obtain the equation
D’g {Es;} = § which means that Fs is elemental solution of the operator D’fg,
where Fy is defined by (2.21).

Keywords : Distribution theory, Bessel elliptic kernel, Bessel ultrahyperbolic
kernel.
2000 Mathematics Subject Classification : 46F10, 46F12.

1 Introduction

Definition 1.1 Let z = (21, 23,...,2,) be a point of R™ and S, (x) be the dis-
tributional function family defined by

So = Cyaq |z|* 72" St £2(0|—2j5, j=0,1,2,..., (1.1)
where )
o S — (1.2)
[Lici 22T (vi+ 3)
[v|=vi+v2+ ...+ v, (1.3)
and

gy = 2T (50 + l)
I'(3)

(1.4)

w[R
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Letting o = 2k in (1.1) we obtain
Sor = Cy.ask |l‘|2k_2|u‘_n . (1.5)

The formula of distributional function family Sax (see(1.5)) appear in [1].
On the other hand, from ([1], p. 377) the following formula is valid

Fi {Ja ™ } = aa lyl* ™" (L6)

([1], p. 377) where Fp is the Fourier-Bessel Transform defined by

(Faf)a) =, [ 1w (H T (@i yoy?“')) dy (L7)
R i=1
([1], p-377),
Fp' {1} (v) = Fs {f} (-v) (1.8)
(1], p. 377), J,, 1 (s, y;) is normalized Bessel function which is the eigenfunction

of the Bessel differential operator ([2] and [3]).
From (1.6) and using (1.8) we have,

Fg {ly ™"} (@) = Cuag 271 (1.9)
Putting 8=k +m, k,m =1,2,..., in (1.10) and using (1.5) we have

Fg {lsl ™} = Skem(@). (1.10)

The formula (1.10) appear in ([1], p. 380).
From (1.9) and using (1.8) the Fourier Bessel transform of S, is given by the
formula

Fp{Sa(x)} (y) = |yI™" (1.11)

Using that S, (z) is a tempered distribution for a =2 |v|—n # —n—n—-2,...,
then the convolution product of S, * Sg exists and is a tempered distributions for
a, B #2|v|,2v|—2,2|v]—4,....

Now using the properties Fg {f * g} (z) = Fpf(z).Fpf(z). ([1], p.377) then
the following formula is valid

FB {Sa * Sﬁ} = FB {Sa} .FB {Sﬁ}
(1.12)
= [yl ™yl ™" = Jy 7
if a,8#2|v],2v]—2,2[v|—4,....
From (1.12) and using (1.9) we have the following property :

S x S5 = By [0} = Cuttags o2 = S0y (113)
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Letting o = 2k, k =1,2,..., and 8 =2m,m = 1,2,... in (1.13) we have
Sgk * Szm = 52(k+m)7 (1.14)

the formula (1.14) appears in ([1], p. 380).
We observe from (1.11) and using the property

Fp{é(x)} =1 (1.15)

where 0 is the distribution of Dirac’s delta, we have,
So=F; {1} =94 (1.16)

On the other hand, from ([1], p. 379, Lemma 3),
u(z) = (—1)k Sy (1.17)

is elemental solution of Laplace-Bessel operator iterated k— times defined by

" k

A = (Ba +-+ By, = (ZBI> ’ (1.18)
i=1
ie.,
AL {(-1)FSa} =6 (1.19)
where )
8 21/1‘ 8
B, = — +—. 1.2
b 0x? + Ox; Ox; (1.20)
1

v; =205 + 1,0 > —5,1'1‘ >0 (121)

Lemma 1.2 Let A% the Laplace-Bessel operator iterated k- times defined by(1.18)
then following formula is valid.

A% {Sa(x)} = (—1)"Sa—an(2). (1.22)
Proof. From (1.1) and (1.12) and using the property

Fp {(A}) £} (2) = (=1)F [y[** Faf (1.23)

([1], p- 384) and (c.f. [4]). we have

(—1)* y* Fp {Sa}
(=) y)** Jy|
(—1)F fy| =W (1.24)

Fp {(A5Sa)}
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From (1.24)and using (1.9) we obtain
5 {8a} = Fg* { (-1 g~}

(_1)kcvaa72k(x)a—Qk—Q\ul—n
(—=1)*Sq_op (1.25)

that complete the proof. O
In particular letting o = 2k in (1.22) and using (1.16) we obtain

Al {(~1)8 S (@)} = 4, (1.26)

which means that (—1)% Sy (z) is elemental solution of Laplace-Bessel operator
iterated k times.

Definition 1.3 Let be the function defined by
My = by |z "2 (1.27)

where
1

ba = a—n—2|v| aTray
M= +1)2°I(3)

(1.28)

Lemma 1.4 Let Ap be the Laplace-Bessel operator defined by (1.18) and A the
Laplace operator defined by

= Z o (1.29)
i=1
Then the following formula is valid
K _ (D] Ax
A {o(x)} = e k:)k:!A {6(z)}. (1.30)
Proof. By direct calculus we have the following formulae
A _ L(5+ [+ 5)0(=5 — k) Ak {pAt2ky (1.31)
22k(—1)RT(—=3)T(3 + |1/| + 2+ k)
where r = |z].
Putting A = a — 2 |v] in (1.31) we have
D250 (F + v — k)
a—2|V| — 2 2 AK O¢—2‘l/|+2k} 1.32
e U S
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Now considering the following formula:

Q,A° {5} T(2)
3 A nm VI Ra)
A:—n—zl.},gio,l,z,....r N 2255I0(5 + s) (1.33)

([5], p-792, formula (2.1)) and
Blies <Ab1z|P o> = Res < |x|B Ak o>

—Q <6, ABp >= 0, A% {p(0)}

=0, <ARS o> (1.34)
for all ¢ € D(test space), we have
I(jv| - K)I(5)
R < o 2[v| S = 2 ) < Ak: a—2|v|+2k >
a72|y\:e§n72k " a4 22k( 1) (% + k) a—2|v|=—n—2k B" g
= Res < ARd, 0 > .
2E(-1FT(5 + W(v]) e

(1.35)
In consequence we have

Q,A%T(3) _ Qul(v| - KI(3)
22REID(2 4+ k) 22FEID(2 + k)T (v |)Ak‘5 (1.36)

from (1.36) we obtain the formula (1.30). O

In particular putting k£ = 1 in (1.30) we obtain
)
—(lv| = 1)Ad(z)
= (1= [v))Ad(z)

= (1 - Zn: VZ') Ad(x)
i=1
= Ad(z <zn: ,,Z> . (1.37)

In fact, from (1.18) and (1.20) we have

Apd(x Zaz(wzz”’

Now using that

A6+2Z — a(z 6. (1.38)

6(x) = Ro(z) = lim R (z) (1.39)
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and o
R_Qj(.lf) = (—1)JAJ(5,j :0,1,..., (140)
where N
r —n
= 1.41
Ra (.CL‘) Dn(a) ( )
elliptic kernel of Marcel Riesz [6] and
27 iT()
Dy(a) = s (1.42)
[(52)
by direct computer we have
1 0 1 1
——d=-R_ =—-Ad 1.43

where A is defined by (1.29). From (1.38) and (1.43) we obtain the property
(1.37).

Lemma 1.5 Let M,be the distributional family defined by (1.27), then following
formula is valid

AR M, = My_op, (1.44)
where k =0,1,2,....

Proof. From (1.27), (1.28) and considering (1.32) we have
AR M, = by Ak |22

22 (—1)PT(25% + k NG
— ba ( )a ( 2 :’L__oé—i_ |V|) (2) |x‘047’n72‘l/|72k . (1.45)
L(g = k("5 + |v])
Using the formula
™
I'lrild—-—z)=—— 1.4
(P —2) = =" (1.46)
we have
n—a« 7r
r +k+ =
( ) S R T = (52 + k1)
T
- osin(252 + [p)r(-D)FT(25 — k- v + 1)
=t (1 — (2= 1k
_ T ¢ )= (252 4 k4 1v) )
(D14 252 =k —|v])
From (1.46) and (1.47) we have
N 1 PHDMT(3) (25 + DT+ (55 + o)
2oT(3)D(E2 | 1) T(3 — BT(%52 + o)) (—DFT(L+ (552 — k— o))

1
T 2§ - WL+ 5 - k- )
= My_ . (1.48)
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O

Lemma 1.6 Let Noyp be the distribution family defined by

2k—n
L(v]) ||

(k+ [V|)22kD(k — 2 + 1)(—1)3*+in3 (1.49)

Ngk(l‘) = F

then Noi(x) is elemental solution of operator A% where A%, is defined by (1.18).

Proof. From (1.27) we have,

1 Iozfn72a~>2|u\

MQ‘V| = lim Ma =

—_—— lim —m————. 1.50
a—2|v| 22|”‘F(|1/|) a—2|v| F(%_Qlyl + 1) ( )

Making 8 = o — n — 2|v|, using the formula (1.33) and the following formula

R [(z) = (=1 (1.51)
zzfj,j:eg,l,Z,... 2= 3! '
where I'(z) is defined by (3.2) we have
: r’ : (8 +n)rf
m —a—— = lim —————2——
B——n F(§ + 1) B——n B + ’[’Ll—‘(i + 1)
Res
= ﬁz*n
limg_._,, (8 +n)5T(5)
0,0(z)(2 —1)!
— %4,1) (1.52)
2(—1) 2
From (1.50) and using (1.52) we have
(=12 *'r%4(x)
My, = 1.53
SN E LN (7) (15
Letting o = 2 |v| + 2k in (1.44) and using (1.53) we have
—1)2*tin34(x)
Ak M. = My, = (— 1.54
BV2|v|+2k 2|v| 22|V‘F(‘V|) ( )
Now taking into account (1.27) and (1.28) we have
22D (v
Al {Noi(2)} = A § Majjson a3 (|1 |>7 =0(x). (1.55)
(DFind

The formula(1.55) means that Naj(x) is elemental solution of the Laplace-Bessel
operator iterated k— times A% defined by(1.18). O
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2 The Bessel ultrahyperbolic KernelR ?
Definition 2.1 Let 2 = (z,,...,2,) be a point of R"™ and write

u:u(x):$%+--~+x§—m§+1—---—x§+q (2.1)

where p + ¢ = n is the dimension of the space.Denote by I'; the interior of the
forward cone defined by

'y ={zeR":u>0,2; >0,i=1,2,...,p}, (2.2)
T, designate its closure. Similarly we define

_={zeR":u>0,z;<0,i=1,2,...,p} (2.3)

and I‘idesignate its closure. For any complex number «, we define the distribu-
tional function family RZ(u) by the following form
ua72\21/\7n )
RB(u)={ @ et (2.4)
0, ifx ¢ Ty

where

n— 1+2|V|F(a n— 2\V|+2) (

)l (e)

Kl\(a) = (2.5)

2
I (ST (25e)

and |v| is defined by (1.3).

The distributional function family RZ(u) is an ordinary function if Re(a —
2|v|)> n and is a distribution of a — 2 |v| if Re(a —2|v|) < n.

Let supp RZ(u) be denote the support of RZ(u). Suppose supp RZ(u) C I‘jr
We shall call RZ(u) the Bessel Ultrahyperbolic Kernel. Letting o = 2k in
(2.4) and (2.5) we obtain
u2k7n72|1/\

Ry, (u) = 7[(”(2%) (2.6)

where
n+2|v|—1

RS P22k 2l P12k T (o)

K, (2k) =

r 242k— p 2|u\) (p—22k;) (27)

(
By putting |v| = 0 in (2.4) and (2.5) the formulae (2.4) and (2.5) reduces to

LI fpel,
R (u)={ " (2.8)

0, 1f1’¢1—‘+
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and -
TR 4+ D250 ()

D52+ DI(%5)

K, (a) = (2.9)

R (u) is precisely the Marcel Ultrahyperbolic Kernel, R (u) was introduced
by Y. Nozaki [7].
RH(u) has the following properties :

RE (u) = 6(x) (2.10)
Ry (u) = 0% {5()} (2.11)
O"RY (u) = RY_,, (2.12)
and

OFRE = RE = 5(x) (2.13)

where .

2 0 0 0

Dk N S - .= [ 2.14
{835% T e ae, O } .

is ultrahyperbolic operator.
We observe that if |v| # 0 the following relationship is true

Rf(u) = ha,p,|V|RH (u) (215)

a—2|v|

where

L(25* + VDT ()T (a)

ha, vl = - 2 o< (2.16)
P P52+ )D(a — p)I(52)
If v = 1,1 =1,2,3,..., and using the formula
I'(2) (-D)T(—z+1+1)
= 2.1
(= 1) (1= 2) (2.17)
ha.p,v| can be rewritten in the following form
el T +]u)) r(1—a) r(252)

On the other hand, letting o = —2k in (2.15), we have the following property
RE;%(U) = h—zk,p,\ulREIQk—mﬂ(u)- (2.19)
From (2.15) and considering (2.11) we have

RPy(u) = h_op D1 {5(2)} (2.20)
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if [v| is positive integer(or if [v| = 1,2,3,...), where O is defined by (2.14) and

PG +E+ VDTG +E) (DVTRE+ v +1) 1
LA +k+1v]) I'(1+ 2k) L(E+k)

h*2k,p,|u\ = (2.21)

Lemma 2.2 Let RE(u) be the function defined by (2.4) and let O be the Bessel
ultrahyperbolic operator iterated k—times defined by

0% = (Bzy + -+ By — Bapyy — - — Bapyg)” (2.22)
(1], p. 879), where p+ q = n dimension of the space

(92 +2Vi 0

B = —— + 224
Ox? z; 0z,

(2.23)

([1],p. 875) and 2v; is defined by (1.21), then the following formula is valid

Dllg’ {Rf(u)} = da,p,lu\,k:Rg—Qk(u) (2.24)
where
P (22 — = 1) (252 — ] — (k-1
PO - 11 o B Y L SRS
(FH)(EFE -1 (5= (k1)
Proof. From (2.4)and using (2.22) and (2.25) we have
Op {RE(u)} { T }
1 n )
s {0+ D, Dq}u 2
KW (a)
1 a—n a—n a—n
_ —lv =lvl _ —|v|
= T {Ou T 4 Dyus D Ft MY, (2.20)
where .
p 2 prTq 2
0 0
0= @* Z @, (2.27)
i=1 % i=pt1 O E
P 82
D, = ;21@87? (2.28)
and
p+q 92
D, = Z 2%-873 . (2.29)
1=p+1

Using the propertie

OPM! =2\ + 1)(2\ + n)P?
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([8], p. 258, formula 825), where P = u = u(x) is defined by (2.1), we have

a—n

O {u*z* M = 2(22 — o))

By direct calculus we have,

-1+ g)ua?*l”‘*l (2.30)

a—n acn_jylo1

Dpyu T "M =22y 4y - + vp)(—5— = vhu (2.31)

and
a—n

—lvl — —22(l/p+1 + Vpyo+ oo+ Verq)(T

From (2.26) and using (2.30), (2.31) and (2.32) we have

a—n

Dyu 2

— [y T T (2.32)

1

a—n ! a=n
Op {RB(u)} = 22 — (= = Du"z L 2.33
On the other hand, from (2.5)and using the formula
IFNz+1l)=2>2+1)...2+1-DI'(2),l =1,2,..., (2.34)
we have
v v o
Kyl (a—2) = K (0) —— =0~ . (2.35)
(s=2)(232)22(5 — 1)
Therefore, from (2.33) and (2.34) we obtain
(afp*Z\Vl))
Op {RE(w)} = «fmeiz(u) (2.36)
T2

From (2.36) we have

0% {RZ(w)} = Op {OpRE(u)} = RZ_4(u), (2.37)

by iteration, we obtain

(- D(EFE) — v = 1) - (555 — v = (k= 1))

O {R3(w)} = a=p o= o R g (u)
a2 s (SHEEE -0 ((FFE - = (F=1) 2
(2.38)
for k=1,2,3,....
From (2.38) we obtain the formula (2.24). O

We observe that using the formula

(1) 2(z 4+ 1) ... (s — (s — 1)) = (;(1;1:*1? - F(F_(Z_;S) (2.39)
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if s =1,2,...,dqgpv|,& defined by (2.25), can be rewritten in the following form

T(%52 — || +1) T(%2—k+1)

Qo p vk = o . — 2.40
N = VS M Y=Y (240
and i
(D T(=(5FE - )+ k) T(=(552)
o p ).k = =T —2 (2.41)
L(=(zF =) L(=(53%) + k)
In the next section we are going to RZ(u) for the case a = 0.
3 Ry
From (2.4) and (2.5) we have
R (u) = lim RE (u)
T a—p—2|v|+2 (k= a=2lv|-n
IS G ot L2 o) B O (3.1)

a—0 2—1W"+22\V|F(a—n—22@|+2) a=0  I'(§)

Now we consider three cases:

Case 1 : ¢ even, p odd (n odd)

In this case considering that P» = u* has simple poles at A = —k, k=1,2,...
and A\ = -5 —1,1=0,1,2,...([8], page...) then u“z" ~ Il has simple poles at o = 0
when v =5=0,1,2,....

Now taking into account that

n
R P} li A — P}
)\:7%75,28:0,1,2,... + 171278( + 2 + S> +

lim yP] %"
v—>0’y +

(_1)%71-% s
= par g~ @) (3.2)

if ¢ is even and p odd ([8], p. 260, formula 30) and using the formula (1.51) where
I'(z) is the gamma function defined by

I(z) = /Oooe_zxz_ldx, (3.3)

we have

if |v|]=s=0,1,2,....
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From (3.1) and (3.4), we obtain the following formula

BB ) = DBV sy (3.5)

~ mEtssID(L + )

when v =5s=0,1,2,....
The properties (3.5) generalized the property (2.10). In fact, letting s = |v| =0
in (2.4) and considering (2.5), (2.8) and (2.9) we have

RZ(u) = R (u) (3.6)

if |v] = 0. Now from (2.22), (2.23), (2.14) and using the property

Ok =0* (3.7)
if |v| = 0, we have
R (u) = Rg (u) = 6(x) (3.8)
if |v] = 0.
On the other hand if |v| # 0,1,2,... but if [v| = =% + 1,1 = 1,2,... with n
odd, u“z ~I*I at & = 0 has simple poles, therefore
i w T v i w T (54D
im ————— = lim ——————
a—0 F(%) a—0 F(%)
~odm Y
g P
. A+ Du
= lim ————
A==l A+ DTN +1)
1 A 1}3681 2 w
= o 3.9)
i (
IR, OV
On the other hand, we know that the following formula is true
Ao DRy
A:—ll,%lislg,“.u = - 1) (u) (3.10)

if p is odd and q is even ([8], p. 256). From (3.1) and considering (??) and (3.10)
we obtain

_1)-l—1 %F P B )
om0 ), i 1>

R (u) = (3.11)
0, if1 <4
Summary, for the case ¢ even and p odd we have
r'(2)(-1)®
RE (u) = M O {6(z)} (3.12)

(5 + s)ms22ss!
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if s=|v|,[v]|=0,1,2,...,|v|= -5 +101=1,2,... and

(=)' =D3T(B) -
oo (),

k)

1> jy|=-2411=1,2,...;
H
Ry (u) = 0, ifI<%|y=-2+411=12,.;

0, if [v]#0,1,2,... and || # -5 +11=1,2,....
(3.13)
Case 2 : ¢ even and p even (n even)
To study this case we need the following formula

P = lim (A+2+s)P

€S
A=—%—s,5=0,1,2,... Am—g—s 2

=lim yP]” 27

v—0

_ (CD(Diad

=2 it {s if s > n_ 1 3.14
2255!F(%+S) 2 { (.7;)} us= 9 ’ ( )

q even and p even [9]. From (3.1) and using (3.14) we have
RP(u) = =22 P 2+ {§(x)} (3.15)
s!

if s> % —1and |v|=s,5=0,1,2,... In particular if s = |v| = § — 1, from (3.14)
we have

RE(u) = §(x) (3.16)

T(Z+2 - Drs 12022 — 1)

Case 3 : p odd and ¢ odd (n even)
To study this case we need the following formula

n
R P = i A+ — P}
NP P PR T R

— lim P! 27°
im P,

e

gq+1 p n Si% )
= e MG RO @),
(3.17)
if s >4 —1([9]), where |
v(w) = 1;((5)) (3.18)
Yy = ~C 41+ L4t k=8 5.19)



Some Properties of Bessel Elliptic Kernel and Bessel Ultrahyperbolic Kernel 287

1 1 1
Yk + 5) =-—C—-2In2+2 <1+3+”'+2k—1> Jk=1,2,... (3.20)
and C'is Euler s constant.

Now using from (2.4), using (1.46), 2.5) and (3.1) we have

1T -B—sPB)(-)(-1)*F xi

g3 I'(1— 5 +s)'(5 4 5)228s!

() - v o o) (3.21)

if1-%+s>0and |v|=5=0,1,2....
We observe that if 1 — 5 + 5 < 0 then

1

-2t (322)

therefore from (3.20) and using (3.21) we have

R (u) =0 (3.23)

ifs<g—1
We are goin to study the special case when |v| = § — 1.
In order to do it we observe from ([8], p. 269) that u = P has poles of order
2 when p and ¢ are odd and the following formula are true
A = lm A+ +k)PP)

_n_
2

= i ' L*{5(x)} (3.24)

LY {5(x)}. (3.25)

re+¢-4ra-(2+<-14
im T2+ 2 -4y = lim (2+ 5 - 9 a(+z 1)
a—0 2 2 a—0 (=1)PP(1—-(2+%-%)+p)
™
Tsin2 4§ - Pr(-PT(-2- 5+ Fpt 1)
1
= g—1 . (326)

Now from (2.4), (2.5) and using the formula

r(% + z)I‘(% — ) = cos?m) (3.27)
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no_

5 — 1, we have

for the case |v| =

RE () = lim RE()
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a—p—2|v|+2 - «
T N PED(5)  cos g
a—0 2,17Tn+22\u|1—\(a7n722\1/|+2) 2a—1
a—2|v|-n
lim v
a—0 F(%)
e+ _4_ (=« S -4l
i L2 s DT w (3.28)
a—0 2717.[-77.[-5—17.(.—57(.1"(%) a—0 F(E)
From (3.28) and using (3.26) we have
1 I'(5)
ROB( ): g—1 _ n—1 3_21 _n 1
(-)(-1) =z ()T (i +p—-1) 27 = w2 tn- 2w 2w
1 w2 et
li . 2
BT T (329
Letting A = 25* — § + 1, we have
. 1wz Etl 5 1 1 A
im . = im . AU
a—0 (%) T(%) Aoz 1 TA+n—1) T(A+n—-1)
B A +n—1)2u)

2

D[ +n-DCA+n—1][An—D0(A+n—1)]

_ lim)\_)_%_(%_l)(k+nf 1)211,)‘

lim)\*,,ﬂf(%,l) [(/\ +n— I)F(/\ +n— 1)}

1
lim)\_,_ﬂ_ %_1) [()\ +n— l)F()\ +n — 1)]
A(%_l)
~ lim._o 20 (2) lim, ¢ 2I(2)
(3-1)

= A_22

R@g F(z).ng I'(z)

(1) 3!

OG=Y {6(z)}. (3.30)

T ogn2(n

5 — 1)II'(n—1)
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From (3.29) and (3.30), we obtain the following formula

6 (u) = L (=D AETITE) ey x
o) = (—1)*z an-12-1 (4 4 p—1) 2"2(5 - DIT(n—1) . {6(2)}
_ re)
G EE e e T I UL (3:31)

if v =% —1.
From (3.21), (3.23) and (3.31), we have the following formula

L(L— 5 —s)D(E)(-D(-1)= 7

p 7 n . § |
Ry = 1 [05) —v(3)| O {8}, o> g1,
07 if s < % — 17

)
2nT(§+p—1)
(3.32)
In the next section we are going to study the property(2.24) at o = 2k, k =
1,2,....

k B
4 |jB {RQk
Putting o« = 2k, k = 1,2,... in (2.23), we have
O% {R3:} = dakpv.k R - (4.1)

Now considering the case 1, case 2 and case 3 of the above section we have the
following results :

Case 1 : g even, p odd (n odd)
From (4.1) and considering (3.12) and (3.13) we have

(—1)+T(E — )
(5 — k + 5)22s!
()" (=DM(=1)2T(5 + 5)

k [ pB _ . n
Tl \ T DT SRy W W= g land 1>
0, if v = —% +land [ < 4;
0, if [v] £0,1,2,. ...
(4.2)

Case 2 : ¢ even, p even (n even)

Oz ' {5(x)}, ifs=[v=12-1

O3 {6(2)}, if s=|v|,lv|=0,1,2,...;

)
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From (3.32) and considering (3.14) we have

(=1)* 1 {5(x)}, if s=|v|=0k=1,2,...
k [ pB 1 and n = 2;
TUEE Y DTG R e
L(5 =k +s)((ms22ss! @)}, fsz5-ls=12. ..
(4.3)
In particular letting s = |v| = 2 — 1 in (4.2) we have
71)k+ﬂr(p —k)
Ok {R%.} = ( 2 b 4.4
B{ Qk} F(%-ﬁ-%—k‘—l)ﬂ'Q 12n 2(2_1>!{ (.’IJ)} ( )
Now considering Foj, defined the following form
n nEign=2(2 1))
Ba=CE 0@ k+1 S —k+—--2 Z RS 4.5
2k (2 )( + ) (2 + 2 ) (_1)k+5 2k> ( )
from (4.4) and using (2.34) we have the following property
O {Ear} = 6(2). (4.6)

The property (4.6) we means that Fyy is elemental solution of the Bessel ultrahy-
perbolic operator iterated k-times.

On the other hand for |v| = § — 1,

- r a—n— 2\V|+2)
ai%m
— lim P(%5E + DI(52) (-1)3'0(-S+2+4-1)
=% (CDF(-5 +E-145) " T(FE+ DI
i CDEEED (S5 D) (-5 4 5 - 2)
a2t [(-$)(=§+1) (-5 + 5+ 5 +2)]
DRk =2) (k=3 - B (k=3 -5 +1)
Rk—Dk=2 (k-5 -B(k—5- 5+ k-5 -5+2)

k-5 -5+2(k-5-§
— (k=5 -2+3) (k-5 -2+E+2). (4.7)
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From (2.4), (2.5) and using (2.17) and (4.7) we have

Rfk(u) = lim RaB(u)

a—2k
a—2|v|-n
u 2
= lim ———
a—2k K,‘f'l(a)
— F(g - k) .uk—n+1
73T (L — k)T (2k)
g, DO
a2k p(ee=2ll+2)
F(g - k) k—n41 ( n P n P P
= R k—f—*+3)"'(k—*—*—|— ,_|_2>
7 3T(L — k)L (2k) 2 2 5 5 t(5+2)
(4.8)
Now considering that u* has simple poles at A = -5 —01=0,1,2,... when

p and ¢ are both even ([8], p. 268) and the function I'(z) has simple poles at
z=0,-1,-2,..., from (4.5) and considering (4.8) Es; can be rewritten in the
following form

[Z+2—k—1)mz-12n72(2 — 1)

For = 2n RB
2k 1—\(% — ) (_1)k+5 2k
NZ+2—k—1) m2712"72(2 — 1)
I'(§ —F) (-1

_ I'(5—F) p
3T (L — k)D(2k) 2

PR -)T 5+ k1) ( n_p
2

Lkt (k; —

(—1)F+Er "3 1(§ - k)T(2k)

under conditions ¥ —1 <k <&+ 2 —2.

Case 3 : ¢ odd and p odd (n even)
From (3.29) and considering (2.40) and (3.32) we obtain the following formulae

D=5 —s)P(B)(-D(-)*F a0k -5 —s+1)
27122T(1 — § 4 5)I(§ + 5)22sIT (=5 — s+ 1)
Jud) —v(H)| o (@)}
r(1-1

p
AT V) v

D]fB {R2Bk} =

n

2) Oz 1 {5(2)}, (4.10)
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if v =5>% —1,

T {RE} =0, )
ifs<2—1, and
o
Ok {RE} = s
B = (g D — 12 T (§ +p— DI -+ )
P(k—p—2+2) _»_,
. 03 s 4.12
s ) (112

if3:|y|:%—1.
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