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Abstract : The purpose of the present paper is to establish connections between
various subclasses of harmonic univalent functions by applying certain convolution
operator involving generalized Bessel functions of first kind. To be more precise,
we investigate such connections with Goodman-Rgnning-type harmonic univalent
functions in the open unit disc U.
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1 Introduction

Let A denote the class of functions f of the form
f(2) :z—i—Zanz", (1.1)
n=2

which are analytic in the open unit disk U = {z : z € C and |z| < 1} and satisfy the
normalization condition f(0) = f’(0) — 1 = 0. Now, we recall that the generalized
Bessel function of the first kind w = wp . is defined as the particular solution of
the second-order linear homogenous differential equation

z2w”(z) +bzw'(2) + [cz2 —p*+ (1- b)p} w(z) =0, (1.2)
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where b,p,c € C, which is a natural generalization of Bessel’s equation. This
function has the familiar representation

w(z) = wppe(2) = Z (=1 (%)%ﬂ), zeC. (1.3)

nl(p+ n+ 2£1)

n=0

The differential equation ([L2]) permits the study of Bessel, modified Bessel,
spherical Bessel function and modified spherical Bessel functions all together. So-
lutions of (L2) are referred to as the generalized Bessel function of order p. The
particular solution given by (I3]) is called the generalized Bessel function of the
first kind of order p. Although the series defined above is convergent everywhere,
the function wy . is generally not univalent in U. It is worth mentioning that, in
particular, when b = ¢ = 1, we reobtain the Bessel function wy 1,1 = Jp, and for
¢ = —1,b =1 the function wy 1,—1 becomes the modified Bessel function I,. Now,
consider the function wu, p . defined by the transformation

b+1 _
Up.bc(z) = 2PT (p + T) z p/2wp7b,c(zl/2).

By using the well-known Pochhammer (or Appell) symbol, defined in terms of the
Euler Gamma function for a # 0,—1,—2,... by

(a) I'(a+n) 1, ifn=0
D= Tr@ T L ala+)(a+n—1), ifn=1,23 ., "

we obtain for the function u, . the following representation

= (o)
() =3 (o )
n—= 2

n

(1.4)

where p+ (b+1)/2 # 0,—1,—2,.... This function is analytic on C and satisfies
the second-order linear differential equation

4220 (2) + 2 (2p + b+ 1) 20/ (2) + czu(z) = 0.
For convenience throughout in the sequel, we use the following notations:

b+1
Upbe =Up, k=p+ —

Let H be the family of all harmonic functions of the form f = h + g, where
h(z)=z+Y Anz", g(z)=)» Bn.2", |Bi <1, (z€U), (1.5)
n=2 n=1

are in the class A. For complex parameters c1, k1, co, ko (k1,k2 # 0,—1,-2,...),
we define the functions ¢1(2) = zup, (2) and ¢a(z) = zup, (2) .
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Corresponding to these functions, we introduce the following convolution op-

erator
Q:Q<kl’ Cl) ‘H > H
ka, co
defined by
Q(llz; Cl)f [ ( +%)=h(z)*¢l(z)+m

)

for any function f =h+ g in H.

Letting
k
a(f ) 1) = 1) + GG
2, C2
where
61/471 1 e 62/471 1
= An " B,z". (1.6
Z+Z kln 1n—1) o Zkgn 1TL—1) * ( )

Denote by Sy the subclass of H that are univalent and sense-preserving in U.

Note that 1f ‘g € Sy whenever f € Sy. We also let the subclass SO of Sy

Sy ={f=h+7g€Su:¢ (0)=DB =0}.

The classes S% and Sy were first studied in [I]. Also, we let K%, S3° and CY%
denote the subclasses of S% of harmonic functions which are, respectively, convex,
starlike and close-to-convex in U. Also, let T§; be the class of sense-preserving,
typically real harmonic functions f = h + g in H. For definitions and properties
of these classes, one may refer to ([2] - [18]).

For 0 <~ <1, let

Ny (v) = {fEH:Re(f/Z(/Z)> >, z=re? ¢ U},

and

Gu(vy) {fEH:Re{(l—i—ew‘) }[Ez)— }>7, aER,zeU}
where

/78 _ 6 //78 I / 78 6 " 78 /

z %(2’ re ), —%(Z)af(z)—% (7"6 ),f(z)—%(f(z)).

Define

TNy (v)=Ng(y)NT and TGr(y) = Gu(y)NT
where 1" consists of the functions f = h +g in Sy so that h and g are of the form

(2) =2z— Z |An| 2", g(z) = Z |Bp| z". (1.7)
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The classes Ny (v), TNu(y), Gu(y) and TGg(7y) were initially introduced and
studied, respectively, in ([B], [I7]). A function f in Gg(v) is called Goodman-
Renning-type harmonic univalent functions in U.

Throughout this paper, we will frequently use the notation

an=a( o)r

C2

The generalized Bessel function is a recent topic of study in Geometric Function
Theory (e.g. see the work of [6]- [9] and [I3]). Motivated by results on connections
between various subclasses of analytic and harmonic univalent functions by using
hypergeometric functions (see [3], [], [10], [12], [I4]-[16] and [I8] and by work of
Baricz [6]-[9]), we establish a number of connections between the classes G (%),
K%, S’EO, CY% and Ng(B) by applying the convolution operator ().

2 Main Results

In order to establish connections between harmonic convex functions and
Goodman-Rgnning-type harmonic univalent functions, we need following results
in Lemma [2.I] Lemma, and Lemma 2.4

Lemma 2.1 ([1], [I1]). If f = h+7g € K% where h and g are given by (L) with
B =0, then

|An| <

3

n+1 |Bn|§n—1'
2 2

Lemma 2.2 ([I7]). Let f = h+7g be given by (LH). If0 <~ <1 and

D @n—1—79)]Anl+ ) @n+147) By <1-4, (2.1)
n=2 n=1

then f is sense-preserving, Goodman-Rgnning-type harmonic univalent functions
inU and f € Gu(v).

Remark 2.3. In [T7], it is also shown that f = h + G given by (L4) is in the
family TGy (7), if and only if the coefficient condition (ZII) holds. Moreover, if
fe€TGu(y), then

1_
Ap) < ——  n>2
2n—1—7
1_
1Byl < —— n>1.
2n+147

Lemma 2.4 ([9]). Ifb,p,c € C and k # 0, —1, =2, ... then the function u, satisfies
the recursive relation 4kuy,(2) = —cupi1(2) for all z € C.
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Theorem 2.5. Let c1,¢9 < 0, ki,ko > 0, (k1,ks # 0,—1,-2,...). If for some
v(0 < v < 1) and the inequality

2u” (1) + (7 — ’y)u;1 (1) +2(1 — y)up, (1) + 2142(1) + B+ ’y)ué,z <4(1-7) (2.2)

p1
is satisfied then Q (K%) C Gu(7).

Proof. Let f =h+7g € KY where h and g are of the form (L5) with B; = 0. We
need to show that Q (f) = H+ G € Gy (), where H and G defined by (L6) with
By = 0 are analytic functions in U.

In view of Lemma 2.2, we need to prove that

Pl S 1- e
where
& —c n—1 & —c n—1
P = ZQ (2n—1-—7) ’—(ki)nll/?z — 1)!An +ZQ @2n+1+7) —(ki)an?T)L — 1)!Bn
In view of Lemma 2.1] we have
& c n—1 0 —c n—1
P < % lZ(n-ﬁ-l)@n—l—w)%—i—z (n—1)2n+1+ )%]
(—er/H)" 1

1 oo
=3 L;Q(n—1)("—2)+(7—7)("—1)+2(1—7)}m

+Z{2(n—2)+(5+v)}%]

[2 Z (1) 01/4 i T (7= o/ +21-9)) ( oo

n+1 n—1 = (kl)n_HTL! oy kl)n+1(n+ 1)'
02/4 n+1 & (_02/4)n+1
2 5
* Z k2n+1n_1)+( - )nz:;) (k2)ng1n!

L, (a4 & (—er /4! (—c1/4) o~ (=cr/a)"
T2 l2kl(k1 +1) ,;J (k1 +2)p—1(n —1)! 7= ,;J (k1 + 1),n!

(—ca/4)? i (—co/4)" !

+2(1—7){up1(1)—1}+2k2(k2+1) (k2 + 2)n_1(n — 1)!

n=1

+ B+

(=c2/4) 5~ _(=c2/4)"

_ [, (=a/4)
[2k1(k1+1)

apa 1) (7 =) T2y 10) 200 = 5) (1)~ 13
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—C2 2 —C2
22+ 64 ) 2 )

1

= 5 [2u, (1) + (7T = 7)u, (1) + 201 = vy, (1) + 2, (1) + (5 + ), (1) = 2(1 = 7).]

Now P; <1 — ~ follows from the given condition This completes the proof. O

Analogous to Theorem [Z8] we next find conditions of the classes S;I’O, cY

with G, (y). However we first need the following result which may be found in [1],
[11].

Lemma 2.6. If f=h+g € S;I’O or CY where h and g are given by (LH) with
By =0, then

|An| <

(2n + 1g(n+ D g <

(2n—1)(n— 1)'
6

Theorem 2.7. If ¢c1,c0 < 0, k1,ka > 0,(k1,ke # 0,—1,-2,...). If for some
v(0 <~ < 1) and the inequality

4141(1) +2(14 - ”y)ugl(l) +3(13 - 37)u;1(1) +6(1 —7v)up, (1) + 414;(1)
210+ 7l (1) + 305+ A, (1) < 12(1— ) (23)

is satisfied, then
Q(S;}’O) C Gu(y) and Q(CY) C Gu(y).

Proof. Let f =h+g € S3° (C% where h and g are given by ([2) with B, = 0.
We need to show that Q (f) = H + G € Gy (), where H and G defined by (L8]
with By = 0 are analytic functions in U. In view of Lemma [2.2] it is enough to
show that P, < 1 — v, where

> —c n—1 x —c n—1

n=2
In view of Lemma [2.6] we have

e (—cp/a)n 1t e (—ca/0)" !
2n 1)(n 1)(2n — 1 — _ 2n — 1)(n — 1)(2 1 _
nX::Q( v+ 1) (n + 1)(2n ¥) TR T +nZ::2( n—1)(n—1)(2n + +w)(k2)n71(n7 i

e (—ep/a)" !
= 4(n — 1)(n —2)(n — 3) + (28 — 2 n—1)(n-—2)4+(39—-9 n—1)+6(1— _
Lz:;{ ( )( )( )+ ( )( )( )+ ( 7)( )+6(1 -7} TR CREYY

P <

(—ea/0)" 1
(k2)n—1(n —2)!
[{4 & (—e/Hn ! io: (—er/9" ! & (—er/Hn !

+ (28 — 2 + (39 —9
PR T T T M 2 i ¢ ") Eo (F)m 1!

Mg

+ > {4(n — 2)(n — 3) + (20 + 29)(n — 2) + (15 + 37)}

[l
©

n

[N
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S v } { & (—ep/0)m Tt & (—cp/a)n
+6(1 — — = bt 4+1d4 Tt 20 + 2 — =7
LD PR ey T 2 Gy T O 2 G T

n+1
oo § Gy

=0 (k2)pyin!

_1! {{47/” (1) + (28 — 29)uy, (1) + (39 — 9m)ufy, (1) +6(1 — ) {up, (1) — 1}

T {4u’” (1) + (20 + 2y)uly, (1) + (15 + 37)ul,, (1)} —6(1 — «,)}

Now P; <1 —~ follows from the given condition.
O

In order to determine connection between TNy (8) and G (7), we need the
following results in Lemma 2.8 and 210

Lemma 2.8 ([B]). Let f = h+g where h and g are given by ([LLH) with By = 0,
and suppose that 0 < 8 < 1. Then

fETNE (B) &> nlA+> n|B,|<1-5
n=2 n=2

Remark 2.9. If f € TNy (8), then |A,| < % and |Bp| < %, n>2.

Lemma 2.10. Ifc <0 and k > 1, then

oo

S o= e a1

Proof. We can write

— (/" (k—1) & (—c/4)n+1
> B = (e 2 = Dy 7
=2 D -1,
0

Theorem 2.11. If ¢1,c2 < 0, k1, ke > 1. If for some 8(0 < 8 < 1) and v(0 <
v < 1) and the inequality

(1—8) |2 {up (1) — 1} + (1 + ”4%1@71_1) {uml(l) L (—c1/4)]

ke — 1
Alky — 1)

+ 2u,(1) = (14 9) =2

a1 = 1]| <11

is satisfied then
Q(TNu(B)) € Gu(y)
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Proof. Let f = h4+g € TNy (B) where h and g are given by (LA). In view of
Lemma 2.2 it is enough to show that P, < 1 — ~, where

oo

szZ(2n—1—7)(l€(Cl/—4)|A |+Z (2n+1+ )MBM

n—2 1)n71(n ) (kz)nfl(n— 1)'

n=1

Using Remark 2.9 we have

a 1+ — /)" & 1+ —cp/4)" !
Ps=9) lZ S *;1{“ e ¥ S

n

[22 - cl/4 Sy e/
n=0

Jnt1(n+1)! — (k1)nt1(n +2)!
o (=c/4)"
*2; k2 HOEN Y
(1 u - (k1 — 1) - (—cr/4)"+?
- (1 B) 2{ Pl(l) 1} (1 +7) (—61/4) ngo (kl _ 1)n+2(n 4 2)|

k2 -1 0o o 4 n+1
+ 2up, (1) + (1 +7) (_ : Z_: (k2 E 1)n/+1)(n + 1!

—~
Q
N
<_
Iy
S~—

=(1-8) [2 {up, (1) — 1} + (1 + 7)4(’{1671_1) |:up1—1(1) o a/

k1—1
4(ky — 1)
+ 2up, (1) = (L) = [uppa(1) = 1]
S 1- v,
by the given hypothesis. O

In next theorem, we establish connections between TGy () and Gy (7).

Theorem 2.12. Let ci,co <0, k1,ka > 0. If for some v(0 < v < 1) the inequality
Up, + Upy S 2

is satisfied, then Q (TGu(v)) C Gu(y).

Proof. Making use of Lemma 2.2 and the definition of P, in Theorem 2.3, we only

|
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need to prove that P, <1 — ~. Using Remark 2.3] it follows that

%) —c n—1 —cC n—1

> c 4"1 > c 4"1
S(l—V)lZ(ki)nll/n_l Z k2n21/n—1)‘|

n= 1

n=2
o~ (—a/a)tt o (—ea/a)"
= (1 — L X Al
(1= LZ_;) (ED)msr(n + 1)! ; (ka)nn!
= (1 - 7) [upl(l) -1+ upz(l)]
by the given condition and this completes the proof. (|

In next theorem, we present conditions on the parameters ki, ks, c1,ce and
obtain a characterization for operator {2 which maps T'Gg(7y) on to itself.

Theorem 2.13. Ifc1,c0 <0, k1, ko > 0(k1, ko #0,—1,—-2,...) and v(0 < vy < 1).
Then
Q(TGu(y) CTGu(7),

if and only if,
uPl(l) + U‘P2(1) S 2

Proof. The proof of above theorem is similar to that of Theorem 2.4. Therefore
we omits the details involved. O
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