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1 Introduction

Let S denote the vector space of all sequences x = (xk)
∞
k=1 of complex numbers.

Any topological vector subspace of S is called a sequence space. The well known
Banach spaces of sequences are ℓp spaces, 1 ≤ p ≤ ∞ defined as

ℓp = {x ∈ S : and
∞
∑

n=0

|xn|
p < ∞}
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where N denotes the set of non-negative integers and norm on ℓp is given by

‖ x ‖p= (

∞
∑

n=0

|xn|
p)1/p, for 1 ≤ p < ∞

and
‖ x ‖∞= sup

0≤n<∞

|xn| for p = ∞, for all x ∈ ℓp

For p = 2, ℓ2 is the Hilbert space under the inner product defined as

〈x, y〉 =

∞
∑

n=0

xnȳn ∀ x, y ∈ ℓ2

This is the earliest known example of a Hilbert space founded by Hilbert him-
self. This space is widely studied by several mathematicians in connection with
the study of unilateral shift, bilateral shift, multiplication operators, composition
operators, cyclic, hyper cyclic operators and weighted composition operators (See
Carlson [1], Singh and Komal [2]). The symbol ♯(E) denotes the cardinality of the
set E.
Let λ = {λk}

∞
k=0 be a strictly increasing sequence of positive reals tending to in-

finity, that is 0 < λ0 < λ1 < ... and λk → ∞ as k → ∞ we define a sequence
space

ℓλp = {x ∈ S :

∞
∑

n=0

|
1

λn

n
∑

k=0

(λk − λk−1)xk|
p < ∞}

It is known that ℓλp is a Banach space under the norm

‖ x ‖Λ= (

∞
∑

n=0

|
1

λn

n
∑

k=0

(λk − λk−1)xk|
p)

1

p < ∞

For p = 2, ℓλ2 is a Hilbert space under the inner product

〈x, y〉 = 〈Λx,Λy〉

where (Λx)(n) = 1
λn

n
∑

k=0

(λk − λk−1)xk, n ∈ N

The set {e
(n)
λ }∞n=0 where

e
(n)
λ (k) =







(−1)k−n λn

λk−λk−1

, n ≤ k ≤ n+ 1

0, elsewhere

is an orthonormal basis for ℓλ2 . The spaces ℓp and ℓλp do not include each other

if 1
λ 6∈ ℓp for 0 < p < ∞. The inclusion ℓp ⊂ ℓλp holds if and only if 1

λ ∈ ℓp for
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1 ≤ p < ∞. The inclusion is proper if in addition lim
n→∞

inf
λn+1

λn
= 1. The equality

ℓλp = ℓp holds if and only if lim
n→∞

inf
λn+1

λn
> 1, where 1 ≤ p < ∞.

In this paper, we initiated the study of weighted composition operators on ℓλp . We

assume that lim
n→∞

inf
λn+1

λn
= 1. For detailed study of Hilbert spaces of sequences

we refer to Mursaleen and Noman [3], [4] and [5].

2 Bounded Composition Operators on Hilbert spaces

of Sequences

In this section we obtain a condition for bounded composition operators.

Theorem 2.1. Let T : N → N be a mapping. Then CT : ℓp → ℓλp ,

1 ≤ p < ∞ is bounded if there exist M > 0 such that

♯(T−1({n})) ≤ M ∀ n ∈ N.

Proof. For x ∈ ℓp, consider

‖ CTx ‖pΛ =
∞
∑

n=0

|
n
∑

k=0

λk − λk−1

λn
xT (k)|

p

≤
∞
∑

n=0

[

n
∑

k=0

(
λk − λk−1

λn
)1/p|xT (k)|(

λk − λk−1

λn
)1/q

]p

≤

∞
∑

n=0

[

n
∑

k=0

(
λk − λk−1

λn
|xT (k)|

p(

n
∑

k=0

(
λk − λ−1

λn
))p/q

]

(by Holder’s inequality)

≤
∞
∑

n=0

n
∑

k=0

(
λk − λk−1

λn
)|xT (k)|

p

≤
∞
∑

k=0

(λk − λk−1)|xT (k)|
p

∞
∑

n=k

1

λn

≤ L

∞
∑

k=0

|xT (k)|
p
, where L = sup

k
(λk − λk−1)

∞
∑

n=k

1

λn
< ∞

= L

∞
∑

k=0

∑

m∈T−1(k)

|xT (m)|
p

= L

∞
∑

k=0

∑

m∈T−1(k)

|xk|
p

≤ LM

∞
∑

k=0

|xk|
p

= LM ‖ x ‖pp .
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Therefore we conclude that CT is a bounded operator.

Corollary 2.2. If T : N → N is a constant function, then CT is not a bounded

operator on ℓλp .

Proof. Suppose T : N → N is a constant function. Then T (n) = n0 ∀ n ∈ N .
Take x ∈ ℓλp such that xn0

6= 0. Then from the equality

‖ CTx ‖pλ =

∞
∑

n=0

|
1

λn

n
∑

k=0

(λk − λk−1)xT (k)|
p

=

∞
∑

n=0

1

λ
p
n
|

n
∑

k=0

(λk − λk−1)xn0
|p

=

∞
∑

n=0

1

λ
p
n
|λnxn0

|p

=

∞
∑

n=0

|xn0
|p

= ∞

Thus CT is not bounded operator.

Example 2.3. Let T : N → N be defined by T (n) = n+ 1 and λn = n2. For any

x ∈ ℓ2,

‖ CTx ‖2Λ =

∞
∑

n=0

|

n
∑

k=0

λk − λk−1

λn
xT (k)|

2

=

∞
∑

n=0

|

n
∑

k=0

(
λk − λk−1

λn
)1/2(

λk − λk−1

λn
)1/2xk+1|

2

≤

∞
∑

n=0

[

n
∑

k=0

λk − λk−1

λn

n
∑

k=0

λk − λk−1

λn
|xk+1|

2]

=

∞
∑

n=0

1

λn

n
∑

k=0

(
λk − λk−1

λn
)|xk+1|

2

=

∞
∑

k=0

(λk − λk−1)|xk+1|
2

∞
∑

n=k

1

λ2
n
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=

∞
∑

k=0

|xk+1|
2((k2 − (k − 1)2)

∞
∑

n=k

1

n4

=

∞
∑

k=0

|xk+1|
2(2k − 1)

∞
∑

n=k

1

n4

= M

∞
∑

k=0

|xk+1|
2, where M = sup

k
(2k − 1)

∞
∑

n=k

1

n4
< ∞

= M ‖ x ‖2 .

Hence CT : ℓ2 → ℓλ2 is a bounded operator.

Remark 2.4. The above example shows that the unilateral shift operator is a

bounded operator on ℓλ2 .

3 Bounded Multiplication Operators on Hilbert

spaces of Sequences

Theorem 3.1. Let θ : N → C be a bounded function . Then Mθ : ℓp → ℓλp is a

bounded operator.

Proof. Suppose θ is a bounded function. Then ∃ M > 0 such that

|θ(n)| ≤ M ∀ n ∈ N.

For x ∈ ℓp, consider

‖ Mθx ‖pλ =

∞
∑

n=0

|

n
∑

k=0

(λk − λk−1)

λn
θ(k)xk|

p

≤

∞
∑

n=0

n
∑

k=0

(λk − λk−1)

λn
|θ(k)|p|xk|

p

=

n
∑

k=0

(λk − λk−1)|θ(k)|
p|xk|

p
∞
∑

n=k

1

λn

≤ MpL

∞
∑

k=0

|xk|
p, where L = sup

k
(λk − λk−1)

∞
∑

n=k

1

λn
< ∞

= MpL ‖ x ‖p .

Hence ‖ Mθx ‖≤ t ‖ x ‖ where t = ML
1

p This proves that Mθ is a bounded
operator.
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4 Bounded Weighted Composition Operators on

Hilbert spaces of Sequences

Theorem 4.1. Let w : N → C and T : N → N be two mappings. If there exists

M > 0 such that
∑

m∈T−1(k)

|w(m)|p ≤ M ∀ k ∈ N,

then Mw,T : ℓp → ℓλp is a bounded operator.

Proof. For x ∈ ℓp, consider

‖ Mw,Tx ‖pλ=

∞
∑

n=0

|

n
∑

k=0

λn − λn−1

λn
w(k)xT (k) |

p

≤
∞
∑

n=0

[
n
∑

k=0

λk − λk−1

λn
|(w(k)|.|xT (k) |]

p

=

∞
∑

k=0

(λk − λk−1)|w(k)|
p|xT (k)|

p
∞
∑

n=k

1

λn

=
∞
∑

m=0

(λm − λm−1)|w(m)|p|xT (m)|
p

∞
∑

n=m

1

λn

≤ L

∞
∑

m=0

|w(m)|p|xT (m)|
p where L = sup

m
(λm − λm−1)

∞
∑

n=m

1

λn
< ∞

= L

∞
∑

m=0

(
∑

k∈T−1(m)

|w(k)|p)|xm|p

≤ ML

∞
∑

m=0

|f(m)|p

= LM ‖ x ‖ |pp.

Hence ‖ Mw,Tx ‖≤ t ‖ x ‖p ∀ x ∈ ℓp, where t = (LM)
1

p .
This proves that Mw,T is a bounded operator.

Example 4.2. Let T : N → N be defined by

T (k) = 3n+ 3 if k ∈ {3n, 3n+ 1, 3n+ 2} for each n ∈ N . Clearly,

T
−1(k) =

{

{k − 3, k − 2, k − 1}, if k = 3(m+ 1) for m ∈ N

φ, elsewhere

Define w : N → C by

w(n) =
i

n+ 1
∀ n ∈ N.

Now

∑

m∈T−1(k)

|(w(m)|p =

{

|w(k − 3)|p + |w(k − 2)|p + |w(k − 1)|p, if k = 3(m+ 1)(m ∈ N)
0, elsewhere
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=

{ 1
(k−2)p

+ 1
(k−1)p

+ 1
kp , if k = 3(m+ 1) for each m ∈ N

0, elsewhere

Hence
∑

m∈T−1(k)

|w(m)|p ≤ 3 ∀ k ∈ N

Thus in view of above theorem, Mw,T is a bounded operator.

5 A Characterization of Reducing subspace of Mul-

tiplication operators on Hilbert spaces of Se-

quences

Theorem 5.1. Let θ : N → C be a map having distinct values. Let Mθ : ℓp → ℓλp
be a bounded operator. Then a closed subspace E of ℓ2 is a reducing subspace of

Mθ if and only if there exists a non-empty subset M of N such that

E = {x ∈ ℓ2 : xn = 0 ∀ n 6∈ M}.

Proof. Suppose E = {x ∈ ℓ2 : xn = 0 ∀ n 6∈ M}, where M is a non-empty subset
of N. Then clearly E⊥ = {x ∈ ℓ2 : xm = 0 ∀ m ∈ M}. Clearly E and E⊥ are
invariant under Mθ. Hence E is a reducing subspace of Mθ.

Conversely, supposeMθ has a reducing subspace say E. Let P be the projection
on E. Then

PMθ = MθP.

For any n ∈ N , we have

PMθen = MθPen

or θ(n)Pen = θPen
or (θ − θ(n)I)Pen = 0 ∀ n ∈ N.

This implies that (Pen)(m) = 0 for every m 6= n. Hence Pen = αnen for some
αn ∈ C.
Now αnen = Pen = P 2en = α2

nen. Therefore αn = 0 or αn = 1. If αn = 0,
then Pen = 0 in which case en ∈ E⊥. Further, if αn = 1, then en ∈ E. Let
M = {n ∈ N : Pen = en}. Then clearly E = {x ∈ ℓ2 : xn = 0 ∀ n 6∈ M}, which
proves the result.
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