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1 Introduction

Let S denote the vector space of all sequences x = ()52, of complex numbers.
Any topological vector subspace of S is called a sequence space. The well known
Banach spaces of sequences are ¢, spaces, 1 < p < oo defined as

ly={xeS: and Z|xn|p<oo}

n=0
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where N denotes the set of non-negative integers and norm on ¢, is given by

|| Z HP: (Z |xnlp)1/p7 for 1 S p < oo
n=0

and
| z |lco= <sup |zyn| for p=o00, forall z €,

<n<oo

For p = 2, /5 is the Hilbert space under the inner product defined as

x,y) :angn Va,yely

n=0

This is the earliest known example of a Hilbert space founded by Hilbert him-
self. This space is widely studied by several mathematicians in connection with
the study of unilateral shift, bilateral shift, multiplication operators, composition
operators, cyclic, hyper cyclic operators and weighted composition operators (See
Carlson [1], Singh and Komal [2]). The symbol £(E) denotes the cardinality of the
set L.

Let A = {A\x}72, be a strictly increasing sequence of positive reals tending to in-
finity, that is 0 < Mg < A1 < ... and A\ — oo as k — oo we define a sequence
space

o0 1 n
fy={zes:) I > (k= Ako)al? < oo}
n=0 """ k=0
It is known that EZA, is a Banach space under the norm
| @ |la= Z |— Z (A — Aem1)aw[?)7 < oo
™ k=0

For p = 2, /3 is a Hilbert space under the inner product

(z,y) = (Az, Ay)

where (Ax :%Z)\k—/\k 1)xg, nEN
k=0
The set {6;)}”:0 where
k—n )\n
(n) (_1) Ak—Ap—1’ n<k<n+l
ey (k) = 0, elsewhere

is an orthonormal basis for ¢3. The spaces £, and 62‘ do not include each other
f % & ¢, for 0 < p < co. The inclusion ¢, C 61); holds if and only if % € ¢, for
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/\n+1

1 < p < 0. The inclusion is proper if in addition lim inf
n—oo

= 1. The equality

n

é’\ =/, holds if and only if lim inf ;\H > 1, where 1 < p < oc.

n—00 n

In this paper, we initiated the study of weighted composition operators on Z;}. We

An : :
assume that lim inf 22 = 1. For detailed study of Hilbert spaces of sequences
n—oo
we refer to Mursaleen and Noman [3], [4] and [5].

2 Bounded Composition Operators on Hilbert spaces
of Sequences

In this section we obtain a condition for bounded composition operators.

Theorem 2.1. Let T : N = N be a mapping. Then Cr : £, — 62‘,
1 <p < 0 is bounded if there exist M > 0 such that

$(T'({n}) <M ¥ neN.

Proof. For x € £, consider

> Ak — Ak
| Crz | = > Ailrm)l

n=0 k=0
> " )\k_)\k— )\k—)\kf P

< D[ e (B
n=0 k=0 n
oo n )\k A L n )\k )\71

< 3 [ EE e PO ()
n=0 k=0 k=0 n

(by Holder’s inequality)

IA

K
Dﬁ:

=

>

=
N
5
z
=

IA
NgE
>
>

|
)

NgE

>~

k=0 n—k
o0 oo 1
< LZ [z |, where L = sup (A — Ak—1) Z )\—
k=0 o

= LZ Z |LET(m)|p

k=0 meT—1 (k)

= Li S |l

k=0meT—1(k)
< LMY |al?

= LM|z|3.
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Therefore we conclude that Cr is a bounded operator. O

Corollary 2.2. If T : N — N is a constant function, then Cr is not a bounded
operator on Z;}.

Proof. Suppose T': N — N is a constant function. Then T'(n) =ng V n € N.
Take z € 62 such that x,, # 0. Then from the equality

oo 1 n
| Cra | = > b > Ok = M)z P

n=0 """ k=0
oo 1 n

= > A D Ok = A1)y |
n=0"" k=0
— 1

= Z D |/\n$n0|
n=0 )\n

= Z | |
n=0

= o

Thus Cr is not bounded operator. O

Example 2.3. Let T : N — N be defined by T(n) =n+ 1 and \, = n?. For any
T € 62,

ICreli=3 | Z i

n

> A —)\ A — A
= DI (A Pl

n=0 k=0 An
> n/\k—)\kln)\k Ak—1
< Sy MR g A ey,
n=0 k=0 n k=0 n
Sady )\k )\k 1
=zxz il
n=0 =0

k=0 n==k
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oo

=Y PR - k= 1) 3
k=0

n=~k
= Pk -1)) vy
k=0 n=~k

= 1
=M 2 here M = 2k — 1 — <
D lewnal's where M =sup(zh—1) 3 <ox
=Ml|z|*.

Hence Cp : 4y — @ is a bounded operator.

Remark 2.4. The above example shows that the unilateral shift operator is a
bounded operator on 0.

3 Bounded Multiplication Operators on Hilbert
spaces of Sequences

Theorem 3.1. Let § : N — C be a bounded function . Then Mg : £, — é;} is a
bounded operator.

Proof. Suppose 0 is a bounded function. Then 3 M > 0 such that
0(n)| <M V neN.

For x € ¢, consider

oo n

(A —/\
Mg g = SIS e e g

n=0 k=0
< ZZ |0(K) [Pk [P

n=0 k=0
= D (k= M)lO(k |p|$k|pz—

k=0

oo oo 1

< MPL zk|P, where L = sup(Ay — A\g— — < o0
< z;| Kl kp( k= Ak 1)1;)\71
= MPL|z|".

Hence || Mpz ||< t || « || where t = ML?> This proves that My is a bounded
operator. O
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4 Bounded Weighted Composition Operators on
Hilbert spaces of Sequences
Theorem 4.1. Let w: N — C and T : N — N be two mappings. If there exists
M > 0 such that
> lwm)P<M VYV keN,

meT—1(k)
then My 1 : €, — é; is a bounded operator.

Proof. For x € 4, consider

| My, ||5= Z | Z w(k)zp )P

n=0 k=0
L )\k /\k 1
< DD F ) e 17
n=0 k=0
0o =1
= 2w = dlulPlerel 3 -
k=0
= " O = Am)w(m) [P |y 7 Z o
m=0
o0 > 1
< LY [wm)Plrrm P where L = Sup(Am — Am 1 ZA_
m=0 e

= LY (Y [Pl

m=0 keT—1(m)
< ML |f(m)P
=0
= LM || [}

Hence || My rz ||[<t|z |, VY €, wheret = (LM)%
This proves that M, 7 is a bounded operator. O

Example 4.2. Let T : N — N be defined by
T(k)=3n+3 ifk € {3n,3n 4+ 1,3n + 2} for each n € N. Clearly,

-1 {k—-3,k—2,k—1}, fk=3m+1) for meN
T (k) =
o, elsewhere
Define w: N — C by

w(n):nj_l VnéeN.

Now

p_ [ lwlk=3)P +]w(k = 2)|P + [w(k — 17, if k=3(m+1)(m € N)
e;(k) (Gl = { 0, elsewhere
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_ ﬁ—&—ﬁ—i—kiw if k=3(m+1) for each me N
0, elsewhere
Hence Z lwm)|P <3 V keN
meT—1(k)
Thus in view of above theorem, M, T is a bounded operator.

5 A Characterization of Reducing subspace of Mul-
tiplication operators on Hilbert spaces of Se-
quences

Theorem 5.1. Let 8 : N — C be a map having distinct values. Let Mg : £, — é;}
be a bounded operator. Then a closed subspace E of l2 is a reducing subspace of
My if and only if there exists a non-empty subset M of N such that

E={zxecly:x,=0 VY n¢g M}

Proof. Suppose E={x €¥ly:2, =0V n¢ M}, where M is a non-empty subset
of N. Then clearly E+ = {z € 5 : 2, =0 V m € M}. Clearly E and E* are
invariant under My. Hence E is a reducing subspace of My.

Conversely, suppose My has a reducing subspace say E. Let P be the projection
on E. Then

PMy = MyP.

For any n € N, we have
PMgen = MgPen

or 6(n)Pe,, = 0Pe,

or (0 —0(n)I)Pe, =0 VneN.

This implies that (Pey,)(m) = 0 for every m # n. Hence Pe, = ane, for some
ay € C.

Now ape, = Pe, = P2, = a?e,. Therefore a,, = Oor a,, = 1. If o, = 0,
then Pe, = 0 in which case e, € E*. Further, if o, = 1, then e, € E. Let
M={ne€ N:Pe,=ce,}. Thencleartly E={zx €y : 2, =0 V n ¢ M}, which
proves the result. [l

Acknowledgement : The first author is thankful to the University Grant Com-
mission for financial support vide order No. F.No. 8-3(117) 2011 (MRP/NRCB)
dated 23-12-2011.



8 Thai J. Math. 13 (2015)/ C. Shekhar et al.

References

[1] J.W. Carlson, Spectra and commutant of some weighted composition opera-
tors, Trans. Amer. Math. Soc. 317 (1990) 651-654.

K. Sin, D. Koma omposition operators on and its adjoint, Proc.
[Q]RKS'gh,BSK 1, Compositi P lp di djoint, P
Amer. Math. Soc. 70 (1978) 21-25.

[3] M. Mursaleen, A.K. Noman, Compactness by the Hausdorff measure of non-
compactness, Nonlinear Analysis. 73 (2010) 2541-2557.

[4] M. Mursaleen, A.K. Noman, On some new sequence spaces of non-absolute
type related to the spaces I, and lo I, Filomat. 25 (2) (2011) 33-51.

[6] M. Mursaleen, A.K. Noman, On some new sequence spaces of non-absolute
type related to the spaces I, and lo II, Math. Commun. 16 (2) (2011) 383-398.

(Received 14 July 2014)
(Accepted 21 November 2014)

THAI J. MATH. Online @ |http://thaijmath.in.cmu.ac.th


http://thaijmath.in.cmu.ac.th

	Introduction
	Bounded Composition Operators on Hilbert spaces of Sequences
	Bounded Multiplication Operators on Hilbert spaces of Sequences
	Bounded Weighted Composition Operators on Hilbert spaces of Sequences
	A Characterization of Reducing subspace of Multiplication operators on Hilbert spaces of Sequences

