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1 Introduction and preliminaries

Ordered normed spaces, cones and topical functions have applications
in applied mathematics, for instance, in using Newton’s approximation
method ([2–6]). and optimization theory ([7] and [8]). P -metric and P
-normed spaces were introduced in the mid-20th century ([3], see also [5, 6])
by replacing an ordered Banach space instead of the set of real numbers, as
the codomain for a metric. Huang and Zhang [9] re-introduced such spaces
under the name of cone metric spaces, but went further, defining convergent
and Cauchy sequences in the terms of interior points of the underlying cone.
In such a way, nonnormal cones can be used as well (although they used
only normal cones), paying attention to the fact that Sandwich theorem
and continuity of the metric may not hold. They and other authors ([1, 6,
10–20]) proved some fixed point theorems for contractive-type mappings in
cone metric spaces.

Consistent with [7] and [21] (see also [3, 5, 9, 22, 23]) the following
definitions and results will be needed in the sequel.

Let E be a real topological vector spaces (tvs) with its zero vector θ.
A nonempty subset P of E is called a convex cone if P + P ⊂ P and
λP ⊂ P for λ ≥ 0. A convex cone P is said to be pointed (or proper) if
P∩(−P ) = {θ} ; P is normal (or saturated) if E has a base of neighborhoods
of zero consisting of order-convex subsets. For a given cone P ⊂ E, we
can define a partial ordering ≼ with respect to P by x ≼ y if and only
y − x ∈ P ;x ≺ y to indicate that x ≼ y but x ̸= y, while x ≪ y will stand
for y − x ∈ intP (interior of P ). If intP ̸= ∅ then P is called a solid cone
(see [5]).

For a pair of elements x, y in E such that
x ≼ y, put [x, y] = {z ∈ E : x ≼ z ≼ y} . A subset A of E is said to be
order-convex if [x, y] ⊂ A, whenever x, y ∈ A and x ≼ y.

An order topological vector space (E,P ) is order-convex if it has a base
of neighbourhoods of θ consisting of order-convex subsets. In this case, the
cone P is said to be normal. If E is a normed space, this condition means
that the unit ball is order-convex, which is equivalent to the condition that
there is a number K such that x, y ∈ E and θ ≼ x ≼ y implies that
∥x∥ ≤ K ∥y∥ . A proof of the following assertion can be found, e.g., in [5].

Theorem 1.1. If the underlying cone of an ordered tvs is solid and normal,
then such tvs must be an ordered normed space.

In the sequel, E will be a locally convex Hausdorff tvs with its zero
vector θ, P a proper, closed and convex pointed cone in E with intP ̸= ∅
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and ≼ a partial ordering with respect to P.

Definition 1.2 ([14, 22, 24, 25]). Let X be a nonempty set. Suppose that
the mapping d : X ×X → E satisfies:

(d1) θ ≼ d (x, y) for all x, y ∈ X and d (x, y) = θ if and only if x = y;

(d2) d (x, y) = d (y, x) for all x, y ∈ X;

(d3) d (x, y) ≼ d (x, z) + d (z, y) for all x, y, z ∈ X.

Then d is called a tvs-cone metric on X and (X, d) is called a tvs-cone
metric or abstract metric space.

The concept of a tvs-cone metric space is more general than that of a
cone metric space (see [14]).

Definition 1.3 ([24, 25]). Let (X, d) be a tvs-cone metric space. We say
that {xn} is:

(i) a tvs-cone Cauchy sequence if for every c in E with θ ≪ c, there is
an N such that for all n,m > N, d (xn, xm) ≪ c;

(ii) a tvs-cone convergent sequence if for every c in E with θ ≪ c, there
is an N such that for all n > N, d (xn, x) ≪ c for some fixed x in X.

A tvs-cone metric space (X, d) is said to be complete if every tvs-cone
Cauchy sequence in X is convergent in X.

The notation θ ≪ c for c an interior point of the positive cone is used
by Krein and Rutman [26]. See pages 10, 11 of their paper for a complete
discussion.

Let (X, d) be a tvs-cone metric space. Then the following properties are
often used, particularly when dealing with tvs-cone metric spaces in which
the cone need not be normal (for details see [15, 27]):

p1) If u ≼ v and v ≪ w, then u ≪ w.

p2) If θ ≼ u ≪ c for each c ∈ intP, then u = θ.

p3) If E is a real tvs with a cone P and if a ≼ λa where a ∈ P and
0 ≤ λ < 1, then a = θ.

p4) If c ∈ intP, an ∈ E and an → θ in locally convex Hausdorff tvs E,
then there exists n0 such that for all n > n0 we have an ≪ c. However,
the converse is not true in general.
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The metric fixed point theory is very important and useful in Mathemat-
ics. It can be applied in various areas, for instance: variational inequalities,
optimization, approximation theory, etc.

The notion of a tripled fixed point in the context of partially ordered
metric spaces was introduced and studied by [28]. Fixed point theory,
coupled and tripled cases in ordered metric spaces was studied in ([1, 28–
38]). We start out with listing some notation and preliminaries that we
shall need to express our results.

Definition 1.4 ([1, 32]). Let X be a non-empty set and F : X3 → X be
a mapping. An element (x, y, z) ∈ X3 is called a tripled fixed point of F if
F (x, y, z) = x, F (y, z, x) = y and F (z, x, y) = z.

Note that, Berinde and Borcut [28] defined differently the notion of a
tripled fixed point in the case of ordered sets in order to keep true the
mixed monotone property. For more details, see ([28, 32]).

Definition 1.5 ([1, 32]). Let X be a non-empty set, F : X3 → X and
g : X → X two mappings.

(1) An element (x, y, z) ∈ X3 is called a tripled coincidence point of F and
g if F (x, y, z) = gx, F (y, z, x) = gy and F (z, x, y) = gz. Moreover,
(x, y, z) is called a tripled common fixed point of F and g if

F (x, y, z) = gx = x, F (y, z, x) = gy = y and F (z, x, y) = gz = z.

Note that if (x, y, z) is a tripled common fixed point of F and g then
(y, z, x) and (z, x, y) are tripled common fixed points of F and g too.

(2) Mappings F : X3 → X and g : X → X are called commutative if for
all x, y, z ∈ X holds g (F (x, y, z)) = F (gx, gy, gz) .

(3) [1] Mappings F : X3 → X and g : X → X are called w-compatible if
g (F (x, y, z)) = F (gx, gy, gz) whenever F (x, y, z) = gx, F (y, z, x) =
gy and F (z, x, y) = gz. For some details see [11].

The proof of the following Lemma is immediately.

Lemma 1.6.

(1) Let (X, d) be a tvs-cone metric space. If D : X3 ×X3 → R+ defined
by

D (Y, V ) = d (x, u)+d (y, v)+d (z, w) , Y = (x, y, z) , V = (u, v, w) ∈ X3
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then
(
X3, D

)
is a new tvs-cone metric space. It is not hard to see

that tvs-cone metric space
(
X3, D

)
is complete if and only if (X, d)

is a complete.

(2) If F : X3 → X and g : X → X then F and g are w-compatible if and
only if the mappings TF : X3 → X3 and Tg : X3 → X3 defined by

TF (Y ) = (F (x, y, z) , F (y, z, x) , F (z, x, y))

and Tg (Y ) = Tg (x, y, z) = (gx, gy, gz) , Y = (x, y, z) ∈ X3

are weakly compatible.

(3) The mappings F and g are continuous if and only if TF and Tg are
continuous.

(4) F
(
X3

)
(resp. g (X)) is complete in tvs-cone metric spaces (X, d) if

and only if TF

(
X3

)
(resp. Tg

(
X3

)
) is complete in tvs-cone metric

space
(
X3, D

)
.

(5) Mappings F : X3 → X and g : X → X have a tripled coincidence
point if and only if mappings TF and Tg have a coincidence point in
X3.

(6) Mappings F : X3 → X and g : X → X have a tripled common fixed
point if and only if mappings TF and Tg have a common fixed point
in X3.

In [1], Aydi et al. proved the following theorems and formulated as
Theorem 1 and 2.

Theorem 1.7. Let (X, d) be a K-metric space with a cone P having non-
empty interior and F : X3 → X and g : X → X be mappings such that
F
(
X3

)
⊆ g (X). Suppose that for any x, y, z, u, v, w ∈ X, the following

condition

d (F (x, y, z) , F (u, v, w))

≤ a1d (F (x, y, z) , gx) + a2d (F (y, z, x) , gy) + a3d (F (z, x, y) , gz)

+ a4d (F (u, v, w) , gu) + a5d (F (v, w, u) , gv) + a6d (F (w, u, v) , gw)

+ a7d (F (u, v, w) , gx) + a8d (F (v, w, u) , gy) + a9d (F (w, u, v) , gz)

+ a10d (F (x, y, z) , gu) + a11d (F (y, z, x) , gv) + a12d (F (z, x, y) , gw)

+ a13d (gx, gu) + a14d (gy, gv) + a15d (gz, gv) (1.1)
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holds, where ai, i = 1, . . . , 15 are nonnegative real numbers such that
∑15

i=1 ai
< 1. Then F and g have a tripled coincidence point provided that g (X) is
a complete subspace of X.

Theorem 1.8. Let F : X3 → X and g : X → X be two mappings which
satisfy all the conditions of Theorem 1.7. If F and g are w-compatible, then
F and g have a unique common tripled fixed point. Moreover, a common
tripled fixed point of F and g is of the form (u, u, u) for some u ∈ X.

2 Main Results

Our first result is the following Lemma which generalizes Theorem 2.8
from [27]. In fact, this is very known Hardy-Rogers theorem ([39, 40]) in the
context of tvs-cone metric space (the proof is the same as for cone metric
case, see also [15, 24, 27]). After that we will formulate the theorem which
is inspired by Theorem 1.7. and is more general than it.

Lemma 2.1. Let (X, d) be a tvs-cone metric space and P be a solid cone.
Suppose mappings f, g : X → X and that there exist nonnegative constants
αi satisfying

∑5
i=1 αi < 1 such that, for each x, y ∈ X

d (fx, fy) ≼ α1d (gx, gy) + α2d (gx, fx) + α3d (gy, fy) (2.1)

+ α4d (gx, fy) + α5d (gy, fx) .

If the range of g contains the range of f and one of f (X) or g (X) is a
complete subspace of X, then f and g have a unique point of coincidence in
X. Moreover if f and g are weakly compatible then f and g have a unique
common fixed point.

The following results generalize and extend both Theorems 1.7 and 1.8.

Theorem 2.2. Let (X, d) be a tvs-cone metric space with a solid cone P
and F : X3 → X and g : X → X be mappings such that F

(
X3

)
⊆ g (X) .

Suppose that for any x, y, z, u, v, w ∈ X, the following condition

d (F (x, y, z) , F (u, v, w)) + d (F (y, z, x) , F (v, w, u))

+ d (F (z, x, y) , F (w, u, v))

≼ b1 (d (F (x, y, z) , gx) + d (F (y, z, x) , gy) + d (F (z, x, y) , gz))

+ b2 (d (F (u, v, w) , gu) + d (F (v, w, u) , gv) + d (F (w, u, v) , gw))

+ b3 (d (F (u, v, w) , gx) + d (F (v, w, u) , gy) + d (F (w, u, v) , gz))

+ b4 (d (F (x, y, z) , gu) + d (F (y, z, x) , gv) + d (F (z, x, y) , gw))

+ b5 (d (gx, gu) + d (gy, gv) + d (gz, gw)) (2.2)
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holds, where bi, i = 1, . . . , 5 are nonnegative real numbers such that
∑5

i=1 bi <
1. Then F and g have a tripled coincidence point provided that one of
F
(
X3

)
or g (X) is a complete subspace of X.

Proof. Putting b5 = α1, b2 = α2, b1 = α3, b4 = α4 and b3 = α5, by Lemma
1.6. (2) the condition (2.2) become

D (TF (Y ) , TF (V )) ≼ α1D (Tg (Y ) , Tg (V )) + α2D (TF (V ) , Tg (V ))

+ α3D (TF (Y ) , Tg (Y )) + α4D (TF (Y ) , Tg (V ))

+ α5D (TF (V ) , Tg (Y ))

which is in fact the condition (2.1). Since F
(
X3

)
⊆ g (X) , it is clear that

the range of Tg contains the range of TF . Also, by Lemma 1.6 (4) one of
TF

(
X3

)
or Tg

(
X3

)
is a complete in tvs-cone metric space

(
X3, D

)
. Hence,

all conditions of Lemma 2.1 are satisfied. It means that the mappings TF

and Tg have a coincidence point in X3, that is, by Lemma 1.6 (5) F and g
have a tripled coincidence point. This completes the proof.

Remark 2.3. Theorem 2.2. is more general than Theorem 1.7, since the
contractive condition (1.1) implies (2.2) with a1+a2+a3 = b1,a4+a5+a6 =
b2,a7 + a8 + a9 = b3,a10 + a11 + a12 = b4 and a13 + a14 + a15 = b5. The
following example shows that generalization is proper.

Example 2.4. Consider the Banach space E = C [0, 1] of real-valued
continuous functions with the max-norm and ordered by the cone P =
{f ∈ E : f (t) ≥ 0 for t ∈ [0, 1]} . This cone is normal in the Banach-space
topology on E. Let τ∗ be the strongest locally convex topology on the vector
space E. Then, the cone P is τ∗−solid, but it is not normal in the topology
τ∗. Indeed, if this were the case, Theorem 1.1. would imply that the topology
τ∗ is normed, which is impossible since an infinite dimensional space with
the strongest locally convex topology cannot be metrizable.

Let X = R and d : X × X → (E, τ∗) be defined by d (x, y) (t) :=
|x− y| et. Then, (X, d) is a tvs-cone metric space which is not a cone metric
space in the sense of [9]. Further, consider mappings F : X3 → X and
g : X → X given by F (x, y, z) = x−3y

5 , (x, y, z) ∈ X3 and g (x) = x, x ∈ X.
Then all the conditions of Theorem 2.2. are satisfied. In particular, for
ai = 0, i = 1, 2, . . . , 12; a13 = a14 = a15 = 4

15 equivalently b1 = b2 = b3 =
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b4 = 0 and b5 =
4
5 condition (2.2) reduces to

(d (F (x, y, z) , F (u, v, w)) + d (F (y, z, x) , F (v, w, u))

+d (F (z, x, y) , F (w, u, v))) (t)

:= |F (x, y, z)− F (u, v, w)| et + |F (y, z, x)− F (v, w, u)| et

+ |F (z, x, y)− F (w, u, v)| et

=

∣∣∣∣x− 3y

5
− u− 3v

5

∣∣∣∣ et + ∣∣∣∣y − 3z

5
− v − 3w

5

∣∣∣∣ et + ∣∣∣∣z − 3x

5
− w − 3u

5

∣∣∣∣ et
≤ 4

5

(
|x− u| et + |y − v| et + |z − w| et

)
and holds for all x, y, z ∈ X and all t ∈ [0, 1] . So, by Theorem 2.2. we obtain
that mappings F and g have a tripled coincidence point (x, y, z) = (0, 0, 0) .
The same conclusion cannot be obtained by Theorem 1.7. (Theorem 1.
from [1]) since for ai = 0, i = 1, 2, . . . , 12; a13 = a14 = a15 = 4

15 condition
(2.1) reduces to∣∣∣∣x− 3y

5
− u− 3v

5

∣∣∣∣ et ≤ 4

15

(
|x− u| et + |y − v| et + |z − w| et

)
for all x, y, z ∈ X and all t ∈ [0, 1] . However, for x = u, z = w and y ̸= v
we obtain a contradiction. It means that our Theorem 2.2 is a proper
generalization of main result from [1].

Theorem 2.5. Let F : X3 → X and g : X → X be two mappings which
satisfy all conditions of Theorem 2.2. If F and g are w-compatible, then
F and g have a unique common tripled fixed point. Moreover, a common
tripled fixed point of F and g is of the form (u, u, u) for some u ∈ X.

Proof. According to Theorem 2.2 mappings F and g have a tripled coinci-
dence point. Further, by Lemma 1.2 (2) corresponding mappings TF and
Tg are weakly compatible, from which by Lemma 2.1 follows that TF and
Tg have a unique common fixed point. Again, by Lemma 1.2 (6) mappings
F and g have a unique common tripled fixed point. If (x, y, z) is a unique
common tripled fixed point then by Lemma 1.2 (1) (y, z, x) and (z, x, y) are
also tripled fixed point. Hence, x = y = z, that is, a common tripled fixed
point of F and g is of the form (u, u, u) for some u ∈ X. This completes
the proof.

Remark 2.6. Since Example 2.4. supports our Theorem 2.5 but not and
Theorem 1.8 (Theorem 2 from [1]) again follows proper generalization of
results from [1].



A Note on Tripled Fixed Point of w-Compatible Mappings ... 725

Remark 2.7. Putting E = R, P = [0,+∞) in Theorems 2.2 and 2.5 one
obtains the respective tripled coincidence point and common tripled fixed
point theorems in metric spaces (we could not find explicit formulations for
some of these assertions in literature).
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[34] W. Sintunavarat, Y.J. Cho, P. Kumam, Coupled fixed point theorems
for weak contraction mapping under F-invariant set, Abstract and
Applied Analysis, Volume 2012 (2012), Article ID 324874, 15 pages.

[35] W. Sintunavarat, P. Kumam, Coupled best proximity point theorem
in metric spaces, Fixed Point Theory and Applications 2012, 2012:93.

[36] W. Sintunavarat, Y.J. Cho, P. Kumam, Coupled fixed-point theorems
for contraction mapping induced by cone ball-metric in partially or-
dered spaces, Fixed Point Theory and Applications 2012, 2012:128.

[37] W. Sintunavarat, A. Petrusel, P. Kumam, Common coupled fixed point
theorems for w∗−compatible mappings without mixed monotone prop-
erty, Rend. Circ. Mat. Palermo 61 (2012) 361–383.

[38] W. Sintunavarat, P. Kumam, Y.J. Cho, Coupled fixed point theorems
for nonlinear contractions without mixed monotone property, Fixed
Point Theory and Applications 2012, 2012:170.

[39] G.E. Hardy, T.D. Rogers, A generalization of a fixed point of Reich,
Canad. math. Bull. 16 (1973) 201–206.

[40] B.E. Rhoades, A comparison of Various Definitions of Contractive
Mappings, Trans. Amer. Math. Soc. 226 (1997) 257–290.

(Received 4 September 2012)
(Accepted 22 October 2012)

Thai J. Math. Online @ http://thaijmath.in.cmu.ac.th


