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1 Introduction

Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥ · ∥, respec-
tively. Let C be a nonempty closed convex subset of H. The hierarchical problem
is of finding x̃ ∈ Fix(T ) such that

⟨Sx̃− x̃, x− x̃⟩ ≤ 0, ∀x ∈ Fix(T ), (1.1)
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where S, T are two nonexpansive mappings and Fix(T ) to denote the fixed points
set of T , that is Fix(T ) = {x ∈ C : Tx = x}. Recently, this problem has been
studied by many authors (see,[1]-[16]).

Now, we briefly recall some historic results which relate to the problem (1.1).
For solving the problem (1.1), in 2006, Moudafi and Mainge [3] first introduced

an implicit iterative algorithm:

xt,s = sQ(xt,s) + (1− s)[tS(xt,s) + (1− t)T (xt,s)] (1.2)

and proved that the net {xt,s} defined by (1.2) strongly converges to xt as s → 0,
where xt satisfies xt=projFix(Pt)Q(xt), where Pt:C → C is a mapping defined by

Pt(x) = tS(x) + (1− t)T (x), ∀x ∈ C, t ∈ (0, 1),

or, equivalently, xt is the unique solution of the quasivariational inequality:

0 ∈ (I −Q)xt +NFix(Pt)(xt),

where the normal cone to Fix(Pt), NFix(Pt) is defined as follows:

NFix(Pt) : x →
{

{u ∈ H : ⟨y − x, u⟩ ≤ 0}, if x ∈ Fix(Pt),
∅, otherwise.

Moreover, as t → 0, the net {xt} in turn weakly converges to the unique
solution x∞ of the fixed point equation x∞= projΩQ(x∞) or, equivalently, x∞ is
the unique solution of the variational inequality:

0 ∈ (I −Q)x∞ +NΩ(x∞).

Recall that a mapping f : C −→ C is said to be contractive if there exists a
constant γ ∈ (0, 1) such that

∥fx− fy∥ ≤ γ∥x− y∥, ∀x, y ∈ C.

A mapping T : C −→ C is called nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ C.

A mapping T is said to be k-strict pseudo-contractive if there exists k ∈ [0, 1) such
that

∥Tx− Ty∥2 ≤ ∥x− y∥2 + k∥(I − T )x− (I − T )y∥2, ∀x, y ∈ D(T ). (1.3)

Note that the class of k-strict pseudo-contraction strictly includes the class of
nonexpansive mappings. We see that, if Sk : C → C defined by Skx = kx+ (1−
k)Tx for all x ∈ C where T is k-strict pseudo-contractive then Sk is nonexpansive
mapping [17].

In this paper, motivate by Kangtunkarn and Suantai [18], we introduce a
mapping for finding a common fixed point of T is a λ-strict pseudo-contractive
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mapping and {Ti}Ni=1 a finite family of ki-strict pseudo-contractive mappings of

C into itself. For each n ∈ N, and j = 1, 2, ..., N , let αn
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈
[0, 1]× [0, 1]× [0, 1] with αn,j

1 +αn,j
2 +αn,j

3 = 1. We define the mapping Sn : C → C
as follows:

Un,0 = I;

Un,1 = αn,1
1 T1Un,0 + αn,1

2 Un,0 + αn,1
3 I;

Un,2 = αn,2
1 T2Un,1 + αn,2

2 Un,1 + αn,2
3 I;

Un,3 = αn,3
1 T3Un,2 + αn,3

2 Un,2 + αn,3
3 I;

... ;

Un,N−1 = αn,N−1
1 TN−1Un,N−2 + αn,N−1

2 Un,N−2 + αn,N−1
3 I;

Sn = Un,N = αn,N
1 TNUn,N−1 + αn,N

2 Un,N−1 + αn,N
3 I. (1.4)

Motivated and inspired by the results in the literature, in this paper, we con-
sider a general hierarchical problem of finding x∗ ∈ F (T ) such that, for any n ≥ 1,

⟨Snx
∗ − x∗, x− x∗⟩ ≤ 0, ∀x ∈ F (Sλ), (1.5)

where Sn is the S-mapping defined by (1.4) and Sλ is a nonexpansive mapping
defined in Lemma 2.1.

Algorithm 1.1. Let C be a nonempty closed convex subset of a real Hilbert space
H and let T is a λ-strict pseudo-contractive mapping with Sλx = λx+ (1− λ)Tx
and {Ti}Ni=1 be a finite family of ki-strictly pseudo-contractive mapping of C into
itself. Let f : C → C be a contraction with coefficient γ ∈ (0, 1). For any x0 ∈ C,
let {xn} be the sequence generated by

xn+1 = αnSnxn + (1− αn)Sλ(βnf(xn) + (1− βn)xn), ∀n ≥ 0, (1.6)

where {αn}, {βn} are two real numbers in (0, 1) and Sn is the S−mapping defined
by (1.4).

We show that an explicit iterative algorithm which converges strongly to a
solution x∗ of the general hierarchical problem (1.5).

2 Preliminaries

In this section, we collect and give some definition and useful lemmas that will
be used for our main results in the next section.

Lemma 2.1. [17] Let T : C → C be a k-strictly pseudo-contraction. Defined
Sλ : C → C by Sλx = λx+ (1 − λ)Tx for each x ∈ C. Then, as λ ∈ [k, 1], Sλ is
nonexpansive mapping and F (T ) = F (Sλ).
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Lemma 2.2. In a real Hilbert space H, there holds the inequality

1. ∥x+y∥2 ≤ ∥x∥2+2⟨y, x+y⟩ and ∥x−y∥2 = ∥x∥2−2⟨x, y⟩+∥y∥2, ∀x, y ∈ H.

2. ∥tx+(1−t)y∥2 = t∥x∥2+(1−t)∥y∥2−t(1−t)∥x−y∥2, ∀t ∈ [0, 1], ∀x, y ∈ H.

3. ∥
∑m

i=0 αixi∥2 =
∑m

i=0 αi∥xi∥2−
∑m

i=0 αiαj∥xi−xj∥2 for
∑m

i=0 αi = 1, αi ∈
[0, 1], ∀i ∈ {0, 1, 2, . . . ,m}.

Definition 2.3. [18] Let C be nonempty convex subset of real Banach space. Let
{Ti}Ni=1 be a finite family of ki-strictly pseudo-contractive mapping of C into itself.

For each j = 1, 2, . . . , N , let αj = (αj
1, α

j
2, α

j
3) ∈ I × I × I where αj

1, α
j
2, α

j
3 ∈ I ≡

[0, 1] and αj
1 + αj

2 + αj
3 = 1. We define the mapping S : C → C as follows:

U0 = I

U1 = α1
1T1U0 + α1

2U0 + α1
3I

U2 = α2
1T2U1 + α2

2U1 + α2
3I

U3 = α3
1T3U2 + α3

2U2 + α3
3I

...

UN−1 = αN−1
1 TN−1UN−2 + αN−1

2 UN−2 + αN−1
3 I

S = UN = αN
1 TNUN−1 + αN

2 UN−1 + αN
3 I.

This mapping is called S −mapping generated by T1, . . . , TN and α1, α2, . . . , αN .

Lemma 2.4. [9] Let C be a nonempty closed convex subset of a real Hilbert space
H and S : C → C be a self-mapping of C. If S is a k-strict pseudo-contraction
mapping, then S satisfies the Lipschitz condition

∥Sx − Sy∥ ≤ 1 + k

1− k
∥x− y∥, ∀x, y ∈ C.

Lemma 2.5. [19] Let {sn} be a sequence of nonnegative real number satisfying

sn+1 = (1− αn)sn + δn + ηn, ∀n ≥ 0

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that

1.
∑∞

n=1 αn = ∞,

2. lim supn→∞
δn
αn

≤ 0 or
∑∞

n=1 |δn| < ∞,

3.
∑∞

n=1 |ηn| < ∞.

Then limn→∞ αn = 0.

Lemma 2.6. [18] Let C be a nonempty closed convex subset of real Hilbert space.
Let {Ti}Ni=1 be a finite family of ki-strictly pseudo-contractive mapping of C into C

with
∩N

i=1 F (Ti) ̸= ∅ and k = max{ki : i = 1, 2, . . . , N} and let αj = (αj
1, α

j
2, α

j
3) ∈
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I×I×I, j = 1, 2, 3, . . . , N, where I = [0, 1], αj
1+αj

2+αj
3 = 1, αj

1, α
j
3 ∈ (k, 1) for all

j = 1, 2, . . . , N − 1 and αN
1 ∈ (k, 1], αN

3 ∈ (k, 1], αj
2 ∈ (k, 1] for all j = 1, 2, . . . , N.

Let S be the mapping generated by T1, . . . , TN and α1, α2, . . . , αN . Then F (S) =∩N
i=1 F (Ti) and S is a nonexpansive mapping.

Lemma 2.7. [20] A real Hilbert space H satisfies Opial’s condition, i.e, for any
sequence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥,

holds for each y ∈ H with x ̸= y.

Lemma 2.8. [21] Let C be a nonempty closed convex subset of a real Hilbert
and T : C → C be a nonexpansive mapping. Then T is demi-closed on C,i.e.,if
xn ⇀ x ∈ C and xn − Txn → 0, then x = Tx.

3 Main Results

In this section, we prove strong convergence of algorithm (1.6) and solving a
common solution of a general hierarchical problems and fixed point problems of
finite family of strict pseudo-contractive mappings. First, we can prove the lemmas
that will be used in the main theorem.

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, let {Ti}Ni=1 be a finite family of ki-strictly pseudo-contraction of C into itself

for some ki ∈ [0, 1) and k = max{ki : i = 1, 2, . . . , N} with
∩N

i=1 F (Ti) ̸= ∅. Let
Sn be the S-mapping generated by T1, T2, . . . , TN and α

(n)
1 , α

(n)
2 , . . . , α

(n)
N , where

α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I × I × I, I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1 and k < a ≤

αn,j
1 , αn,j

3 ≤ b < 1 for all k < c ≤ αn,N
1 ≤ 1, k ≤ αn,N

3 ≤ d < 1, k ≤ αn,j
2 ≤ e < 1

for all j = 1, 2, . . . , N and
∑∞

n=1 |α
n+1,j
1 − αn,j

1 | < ∞,
∑∞

n=1 |α
n+1,j
3 − αn,j

3 | < ∞
for all j = {1, 2, 3, . . . , N}. Then for all x ∈ H,

∑∞
n=1 ∥Sn+1x− Snx∥ < ∞.

Proof. For each x ∈ C and n ∈ N, we have

∥Un+1,1x− Un,1x∥ = ∥αn+1,1
1 T1x+ (1− αn+1,1

1 x)− αn,1
1 T1x+ (1− αn,1

1 )x∥
= ∥αn+1,1

1 T1x− αn+1,1
1 x− αn,1

1 T1x+ αn,1
1 x∥

= ∥(αn+1,1
1 − αn,1

1 )T1x− (αn+1,1
1 − αn,1

1 )x∥
= |αn+1,1

1 − αn,1
1 |∥T1x− x∥ (3.1)
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and for n ∈ N, and for k ∈ {2, 3, . . . , N}, we have

∥Un+1,kx− Un,kx∥
= ∥αn+1,k

1 TkUn+1,k−1x+ αn+1,k
2 Un+1,k−1x+ αn+1,k

3 x

−αn,k
1 TkUn,k−1x+ αn,k

2 Un,k−1x+ αn,k
3 x∥

= ∥αn+1,k
1 TkUn+1,k−1x+ αn+1,k

3 x− αn,k
1 TkUn,k−1x− αn,k

3 x

+αn+1,k
2 Un+1,k−1x− αn,k

2 Un,k−1x∥
= ∥αn+1,k

1 TkUn+1,k−1x− αn+1,k
1 TkUn,k−1x+ αn+1,k

1 TkUn,k−1x

−αn,k
1 TkUn,k−1x+ (αn+1,k

3 − αn,k
3 )x+ αn+1,k

2 Un+1,k−1x− αn,k
2 Uk−1x∥

= ∥αn+1,k
1 (TkUn+1,k−1x− TkUn,k−1x) + (αn+1,k

1 − αn,k
1 )TkUn,k−1x

+(αn+1,k
3 − αn,k

3 )x+ αn+1,k
2 Un+1,k−1x− αn,k

2 Un,k−1x∥
= ∥αn+1,k

1 (TkUn+1,k−1x− TkUn,k−1x) + (αn+1,k
1 − αn,k

1 )

×TkUn,k−1x+ (αn+1,k
3 − αn,k

3 )x+ αn+1,k
2 Un+1,k−1x

−αn+1,k
2 Un,k−1x+ αn+1,k

2 Un,k−1x− αn,k
2 Un,k−1x∥

= ∥αn+1,k
1 (TkUn+1,k−1x− TkUn,k−1x) + (αn+1,k

1 − αn,k
1 )

×TkUn,k−1x+ (αn+1,k
3 − αn,k

3 )x+ αn+1,k
2 (Un+1,k−1x

−Un,k−1x) + (αn+1,k
2 − αn,k

2 )Un,k−1x∥
≤ αn+1,k

1 ∥TkUn+1,k−1x− TkUn,k−1x∥+ |αn+1,k
1 − αn,k

1 |∥TkUn,k−1x∥
+|αn+1,k

3 − αn,k
3 |∥x∥

+αn+1,k
2 ∥Un+1,k−1x− Un,k−1x∥+ |αn+1,k

2 − αn,k
2 |∥Un,k−1x∥

= αn+1,k
1 ∥TkUn+1,k−1x− TkUn,k−1x∥+ |αn+1,k

1 − αn,k
1 |∥TkUn,k−1x∥

+αn+1,k
2 ∥Un+1,k−1x− Un,k−1x∥+ |1− αn+1,k

1

−αn+1,k
3 − 1 + αn,k

1 + αn,k
3 |∥Un,k−1x∥+ |αn+1,k

3 − αn,k
3 |∥x∥

≤ αn+1,k
1

1 + k

1− k
∥Un+1,k−1x− Un,k−1x∥+ |αn+1,k

1 − αn,k
1 |∥TkUn,k−1x∥

+αn+1,k
2 ∥Un+1,k−1x− Un,k−1x∥+ (|αn,k

1

−αn+1,k
1 |+ |αn,k

3 − αn+1,k
3 |)∥Un,k−1x∥+ |αn+1,k

3 − αn,k
3 |∥x∥

≤ 1 + k

1− k
∥Un+1,k−1x− Un,k−1x∥+ |αn+1,k

1 − αn,k
1 |∥TkUn,k−1x∥

+
1 + k

1− k
∥Un+1,k−1x− Un,k−1x∥+ (|αn,k

1 − αn+1,k
1 |

+|αn,k
3 − αn+1,k

3 |)∥Un,k−1x∥+ |αn+1,k
3 − αn,k

3 |∥x∥

=
2

1− k
∥Un+1,k−1x− Un,k−1x∥+ |αn+1,k

1 − αn,k
1 |(∥TkUn,k−1x

+∥Un,k−1x∥) + |αn,k
3 − αn+1,k

3 |(∥Un,k−1x∥+ ∥x∥). (3.2)
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By (3.1) and (3.2), we have

∥Sn+1x− Snx∥ = ∥Un+1,Nx− Un,Nx∥

≤
2

1− k
∥Un+1,N−1x− Un,N−1x∥+ |αn+1,N

1 − αn,N
1 |(∥TNUn,N−1x∥

+∥Un,N−1x∥) + |αn+1,N
3 − αn,N

3 |(∥Un,N−1x∥+ ∥x∥)

≤
2

1− k

(
2

1− k
∥Un+1,N−2x− Un,N−2x∥

+|αn+1,N−1
1 − αn,N−1

1 |(∥TN−1Un,N−2x∥+ ∥Un,N−2x∥)

+|αn+1,N−1
3 − αn,N−1

3 |[∥Un,N−2x∥+ ∥x∥]
)

+|αn+1,N
1 − αn,N

1 |(∥TNUn,N−1x∥+ ∥Un,N−1x∥)

+|αn+1,N
3 − αn,N

3 |(∥Un,N−1x∥+ ∥x∥)

=

(
2

1− k

)2

∥Un+1,N−2x− Un,N−2x∥+
N∑

j=N−1

(
2

1− k

)N−j

|αn+1,j
1 − αn,j

1 |(∥TjUn,j−1x∥

+∥Un,j−1x∥) +
N∑

j=N−1

(
2

1− k

)N−j

|αn+1,j
3 − αn,j

3 |(∥Un,j−1x∥+ ∥x∥)

..

.

≤
(

2

1− k

)N−1

∥Un+1,1x− Un,1x∥+

N∑
j=2

(
2

1− k

)N−j

|αn+1,j
1 − αn,j

1 |(∥TjUn,j−1x∥

+∥Un,j−1x∥) +
N∑

j=2

(
2

1− k

)N−j

|αn+1,j
3 − αn,j

3 |(∥Un,j−1x∥+ ∥x∥)

=

(
2

1− k

)N−1

|αn+1,1
1 − αn,1

1 |∥T1x− x∥+

N∑
j=2

(
2

1− k

)N−j

+|αn+1,j
1 − αn,j

1 |(∥TjUn,j−1x∥+ ∥Un,j−1x∥+ ∥x∥) +
N∑

j=2

(
2

1− k

)N−j

+|αn+1,j
3 − αn,j

3 |(∥Un,j−1x∥+ ∥x∥).

This implies by assumption we have that

∞∑
n=1

∥Sn+1x− Snx∥ < ∞.

This complete the proof.

Lemma 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H, let {Ti}Ni=1 be a finite family of ki-strictly pseudo-contraction of C into itself

for some ki ∈ [0, 1) and k = max{ki : i = 1, 2, . . . , N} with
∩N

i=1 F (Ti) ̸= ∅. Let
Sn be the S-mapping generated by T1, T2, . . . , TN and α

(n)
1 , α

(n)
2 , . . . , α

(n)
N , where

α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) ∈ I × I × I, I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1 and satisfy

conditions:
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(1) k < a ≤ αn,j
1 , αn,j

3 ≤ b < 1 for all k < c ≤ αn,N
1 ≤ 1, k ≤ αn,N

3 ≤ d < 1, k ≤
αn,j
2 ≤ e < 1 for all j = 1, 2, . . . , N

(2)
∑∞

n=1 |α
n,j
1 −αj

1| < ∞,
∑∞

n=1 |α
n,j
2 −αj

2| < ∞,
∑∞

n=1 |α
n,j
3 −αj

3| < ∞ for all
j = {1, 2, 3, . . . , N}.

Then for all x ∈ H, limn→∞ ∥Snx− Sx∥ = 0.

Proof. Let x ∈ C and for each n ∈ N, from the definition of S mapping and
Lemma 2.4, we have

∥Un,1x− U1x∥ = ∥αn,1
1 T1Un,0x+ αn,1

2 Un,0x+ αn,1
3 x− (α1

1T1U0x+ α1
2U0x+ α1

3x)∥
≤ |αn,1

1 − α1
1|∥T1x∥+ |αn,1

2 − α1
2|∥x∥+ |αn,1

3 − α1
3|∥x∥.

From boundedness and condition (2) we have

lim
n→∞

∥Un,1x− U1x∥ = 0. (3.3)

Next, consider

∥Un,2x− U2x∥ = ∥αn,2
1 T2Un,1x+ αn,2

2 Un,1x+ αn,2
3 x− (α2

1T2U1x+ α2
2U1x+ α2

3x)∥

≤ ∥αn,2
1 T2Un,1x− αn,2

1 T2U1x+ αn,2
1 T2U1x+ αn,2

2 Un,1x+ αn,2
3 x

−(α2
1T2U1x+ α2

2U1x+ α2
3x)∥

≤ ∥αn,2
1 (T2Un,1x− T2U1x)∥+ ∥(αn,2

3 − α2
3)(x)∥+ ∥(αn,2

1 − α2
1)(T2U1x)∥

+∥αn,2
2 Un,1x− α2

2U1x∥

≤ αn,2
1 ∥T2Un,1x− T2U1x∥+ |αn,2

3 − α2
3|∥x∥+ |αn,2

1 − α2
1|∥T2U1x∥

+αn,2
2 ∥Un,1x− U1x∥+ |αn,2

2 − α2
2|∥U1x∥

≤ αn,2
1

1 + k

1− k
∥Un,1x− U1x∥+ |αn,2

3 − α2
3|∥x∥+ |αn,2

1 − α2
1|∥T2U1x∥

+αn,2
2 ∥Un,1x− U1x∥+ |αn,2

2 − α2
2|∥U1x∥.

From boundedness, condition (2) and equation (3.3), we have

lim
n→∞

∥Un,2x− U2x∥ = 0. (3.4)

Similarly of the proof, we have

lim
n→∞

∥Un,Nx− UNx∥ = 0. (3.5)

Since ∥Snx− Sx∥ = ∥Un,Nx− UNx∥, we have

lim
n→∞

∥Snx− Sx∥ = 0. (3.6)

This complete the proof.
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Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H, let T be a λ-strictly pseudo-contractive mapping and {Ti}Ni=1 be a finite family
of ki-strictly pseudo-contractive mappings of C into itself for some ki ∈ [0, 1) and

k = max{ki : i = 1, 2, ..., N} which
∩N

i=1 F (Ti) ̸= ∅. Let Sn be the S-mapping

generated by T1, T2, ..., TN and αn
1 , α

n
2 , ..., α

n
N where αn

j = (αn,j
1 , αn,j

2 , αn,j
3 ) ∈ I ×

I × I, I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1 and k < a ≤ αn,j

1 , αn,j
3 ≤ b < 1 for all

j = 1, 2, ..., N − 1, k < c ≤ αn,N
1 ≤ 1, k ≤ αn,N

3 ≤ d < 1, k ≤ αn,j
2 ≤ e < 1 for all

j = 1, 2, ...N . Assume that set Ω of solution of general hierarchical problem (1.5)
is nonempty. For a mapping f : C → C is a contraction with γ ∈ (0, 1), sequence
{αn}, {βn} are two real number in (0, 1) and assume that the following condition
hold:

(1) limn→∞ αn = 0 and limn→∞
βn

αn
= 0,

(2)
∑∞

n=1 βn = ∞,

(3) limn→∞
1
βn

| 1
αn

− 1
αn−1

| = 0, and limn→∞
1
αn

|1− βn−1

βn
| = 0

(4)
∑∞

n=1 |α
n+1,j
1 −αn,j

1 | < ∞,
∑∞

n=1 |α
n+1,j
3 −αn,j

3 | < ∞ for all j = {1, 2, 3, . . . , N},

(5)
∑∞

n=1 |α
n,j
1 −αj

1| < ∞,
∑∞

n=1 |α
n,j
2 −αj

2| < ∞,
∑∞

n=1 |α
n,j
3 −αj

3| < ∞ for all
j = {1, 2, 3, . . . , N}.

Then the sequence {xn} in (1.6) solve the following variational inequality:{
x̃ ∈ Ω

⟨(I − f)x̃, x− x̃⟩ ≥ 0, ∀x ∈ Ω.
(3.7)

Proof. From (1.6), let yn = βnf(xn) + (1− βn)xn and x∗ ∈ Ω we have

∥xn+1 − x∗∥ = ∥αnSnxn + (1− αn)Skyn − x∗

≤ αn∥Snxn − x∗∥+ (1− αn)∥Skyn − x∗∥
≤ αn∥xn − x∗∥+ (1− αn)∥yn − x∗∥. (3.8)

Consider,

∥yn − x∗∥ = ∥βnf(xn) + (1− βn)xn − x∗∥
≤ ∥βnγ∥xn − x∗∥+ ∥f(x∗)− x∗∥+ (1− βn)∥xn − x∗∥
= (1− (1− γ)βn)∥xn − x∗∥+ ∥f(x∗)− x∗∥. (3.9)

From (3.8) and (3.9), we have

∥xn+1 − x∗∥ ≤ αn∥xn − x∗∥+ (1− αn)
[
(1− (1− γ)βn)∥xn − x∗∥+ ∥f(x∗)− x∗∥

]
≤ αn∥xn − x∗∥+ (1− αn)∥xn − x∗∥+ (1− αn)∥f(x∗)− x∗∥
= ∥xn − x∗∥+ (1− αn)∥f(x∗)− x∗∥
≤ max{∥x0 − x∗∥, ∥f(x∗)− x∗∥}.
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Then {xn} and {yn} are bounded and hence {f(xn)}, {Snxn}, {Sλyn} are also.
Now we consider

∥yn − yn−1∥ = ∥βnf(xn)− βnf(xn−1) + βnf(xn−1)− βn−1f(xn−1) + (1− βn)xn

− (1− βn)xn−1 + (1− βn)xn−1 − (1− βn−1)xn−1∥
≤ βnγ∥xn − xn−1∥+ |βn − βn−1|∥f(xn−1)∥+ (1− βn)∥xn − xn−1∥
+ |βn − βn−1|∥xn−1∥
= (1− (1− γ)βn)∥xn − xn−1∥+ |βn − βn−1|(∥f(xn−1)∥+ ∥xn−1∥).

From definition of {xn} and nonexpansiveness of Sn, we have

∥xn − xn−1∥ = ∥αnSnxn + (1− αn)Sλyn − αn−1Sn−1xn−1 + (1− αn−1)Sλyn−1∥
= ∥αnSnxn − αnSnxn−1 + αnSnxn−1 − αn−1Snxn−1 + αn−1Snxn−1

−αn−1Sn−1xn−1 + (1− αn)Sλyn−1 + (1− αn)Sλyn−1 − (1− αn−1)Sλyn−1∥
≤ αn∥xn − xn−1∥+ |αn − αn−1|∥Snxn−1∥+ αn−1∥Snxn−1 − Sn−1xn−1∥

+(1− αn)∥yn − yn−1∥+ |αn − αn−1|∥Sλyn−1∥
≤ αn∥xn − xn−1∥+ (1− αn)

[
(1− (1− γ)βn)∥xn − xn−1∥

+|βn − βn−1|(∥f(xn−1)∥+ ∥xn−1∥)
]
+ |αn − αn−1|(∥Snxn−1∥+ ∥Sλyn−1∥)

+αn−1∥Snxn−1 − Sn−1xn−1∥
≤

[
αn + (1− αn)(1− (1− γ)βn)

]
∥xn − xn−1∥+ |βn − βn−1|(∥f(xn−1)∥+ ∥xn−1∥)

+|αn − αn−1|(∥Snxn−1∥+ ∥Sλyn−1∥) + αn−1∥Snxn−1 − Sn−1xn−1∥
=

[
1− (1− γ)βn(1− αn)

]
∥xn − xn−1∥+ |βn − βn−1|(∥f(xn−1)∥+ ∥xn−1∥)

+|αn − αn−1|(∥Snxn−1∥+ ∥Sλyn−1∥) + αn−1∥Snxn−1 − Sn−1xn−1∥.

Put M = sup

{
∥f(xn−1)∥, ∥Snxn−1∥, ∥Sλyn−1∥

}
, n ≥ 1, it follows

that

∥xn+1 − xn∥ ≤ [1− (1− γ)βn((1− αn)]∥xn − xn−1∥+ (|βn − βn−1|+ |αn − αn−1|)M
+ αn−1∥Snxn−1 − Sn−1xn−1∥.

Put δn = ∥Snxn−1 − Sn−1xn−1∥, from Lemma 3.1, we have Σ∞
n=1δn < ∞,

it follows that

∥xn+1 − xn∥
αn

= [1− (1− γ)βn(1− αn)]
∥xn − xn−1∥

αn
+

|βn − βn−1|
αn

M +
|βn − βn−1|

αn
+ αn−1

δn

αn

= [1− (1− γ)βn(1− αn)]
∥xn − xn−1∥

αn−1

+[1− (1− γ)βn(1− αn)]

(
∥xn − xn−1∥

αn
−

∥xn − xn−1∥
αn−1

)
+
|βn − βn−1|

αn
M +

|αn − αn−1|
αn

M + αn−1
δn

αn
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≤ [1− (1− γ)βn(1− αn)]
∥xn − xn−1∥

αn−1

+

(∣∣∣∣ 1

αn
−

1

αn−1

∣∣∣∣+ |αn − αn−1|
αn

+
|βn − βn−1|

αn
+

δn

αn

)
M

= [1− (1− γ)βn(1− αn)]
∥xn − xn−1∥

αn−1

+(1− γ)βn(1− αn)

{
M

(1− γ)(1− αn)

(
1

βn

∣∣∣∣ 1

αn
−

1

αn−1

∣∣∣∣+ 1

βn

|αn − αn−1|
αn

+
1

βn

|αn − αn−1|
αn

+
1

βn

|βn − βn−1|
αn

+
δn

αn

)}
.

From Lemma 2.5, we obtain that

lim
n→∞

∥xn+1 − xn∥
αn

= 0. (3.10)

This implies that
lim
n→∞

∥xn+1 − xn∥ = 0. (3.11)

From (1.6) and (3.11), we have that

lim
n→∞

∥xn − Sλyn∥ = 0. (3.12)

It follows that
yn − xn = βn(f(xn)− xn) → 0. (3.13)

It implies that

∥yn − Sλyn∥ ≤ ∥yn − xn∥+ ∥xn − Sλyn∥ → 0. (3.14)

Since the sequence {xn} and {yn} are also bounded. Thus there exists a
subsequence of {yn}, which is still denoted by {yni} which converges weakly
to a point x̃ ∈ H. Therefore, x̃ ∈ Fix(T ) by (1.6), we observe that

xn+1 − xn = αn(Snxn − xn) + (1−αn)(Sλyn − yn) + (1−αn)βn(fxn − xn),

that is,

xn − xn+1

αn
= (I − Sn)xn +

1− αn

αn
(I − Sλ)yn +

βn(1− αn)

αn
(I − f)xn.

Set zn = (xn−xn+1)
αn

for each n ≥ 1, that is

zn = (I − Sn)xn +
1− αn

αn
(I − Sλ)yn +

βn(1− αn)

αn
(I − f)xn.
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Using monotonicity of I−Sλ and I−Sn, we derive that, for all u ∈ Fix(T ),

⟨zn, xn − u⟩ = ⟨(I − Sn)xn, xn − u⟩+
1− αn

αn
⟨(I − Sλ)yn − (I − Sλ)u, yn − u⟩

+
1− αn

αn
⟨(I − Sλ)yn, xn − yn⟩+

βn(1− αn)

αn
⟨(I − f)xn, xn − u⟩

≥ ⟨(I − Sn)u, xn − u⟩+
βn(1− αn)

αn
⟨(I − f)xn, xn − u⟩

+
(1− αn)βn

αn
⟨(I − Sλyn, xn − fxn)⟩

= ⟨(I − S)u, xn − u⟩+ ⟨(S − Sn)u, xn − u⟩+
βn(1− αn)

αn
⟨(I − f)xn, xn − u⟩

+
(1− αn)βn

αn
⟨(I − Sλ)yn, xn − fxn⟩.

But, since zn → 0, βn

αn
→ 0 and limn→∞ ∥Snu−Su∥ = 0, it follows from

the above inequality that

lim sup
n→∞

⟨(I − S)u, xn − u⟩ ≤ 0, ∀u ∈ Fix(T ).

It suffices to guarantee that ωw(xn) ⊂ Ω. As a matter of fact, if we take
any x∗ ∈ ωw(xn), then there exists a subsequence {xnj} of {xn} such that
xnj ⇀ x∗. Therefore, we have

⟨(I − S)u, x∗ − u⟩ = lim
j→∞

⟨(I − S)u, xnj − u⟩ ≤ 0, ∀u ∈ Fix(T ).

Note that x∗ ∈ Fix(T ). Hence x∗ solves the following problem:{
x∗ ∈ Fix(T )
⟨(I − S)u, x∗ − u⟩ ≥ 0, ∀u ∈ Fix(T ).

It is obvious that this equivalent to the problem (1.5) by Lemma 3.2, we
have Sn → S uniformly in any bounded set. Thus x∗ ∈ Ω. Let x̃ be the
solution of the variational inequality (3.7), by Lemma 2.7 we have x̃ is
unique. Now, take a subsequence {xni} of {xn} such that

lim sup
n→∞

⟨(I − f)x̃, xn − x̃⟩ = lim
i→∞

⟨(I − f)x̃, xni − x̃⟩.

Without loss of generality, we can assume that xni ⇀ x∗. Then x∗ ∈ Ω.
Therefore, we have

lim sup
n→∞

⟨(I − f)x̃, xn − x̃⟩ = ⟨(I − f)x̃, x∗ − x̃⟩ ≥ 0.

This completes the proof.
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Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H, let T be a λ-strictly pseudo-contractive mapping and {Ti}Ni=1 be a finite family
of ki-strictly pseudo-contractive mappings of C into itself for some ki ∈ [0, 1) and

k = max{ki : i = 1, 2, ..., N} which
∩N

i=1 F (Ti) ̸= ∅. Let Sn be the S-mapping

generated by T1, T2, ..., TN and αn
1 , α

n
2 , ..., α

n
N where αn

j = (αn,j
1 , αn,j

2 , αn,j
3 ) ∈ I ×

I × I, I = [0, 1], αn,j
1 + αn,j

2 + αn,j
3 = 1 and k < a ≤ αn,j

1 , αn,j
3 ≤ b < 1 for all

j = 1, 2, ..., N − 1, k < c ≤ αn,N
1 ≤ 1, k ≤ αn,N

3 ≤ d < 1, k ≤ αn,j
2 ≤ e < 1 for all

j = 1, 2, ...N . Assume that set Ω of solution of generalized hierarchical problem
(1.5) is nonempty. For a mapping f : C → C is a contraction with γ ∈ (0, 1),
sequence {αn}, {βn} are two real number in (0, 1) and assume that the following
condition hold:

(1) limn→∞ αn = 0 and limn→∞
βn

αn
= 0,

(2)
∑∞

n=1 βn = ∞,

(3) limn→∞
1
βn

| 1
αn

− 1
αn−1

| = 0 and limn→∞
1
αn

|1− βn−1

βn
| = 0,

(4)
∑∞

n=1 |α
n+1,j
1 −αn,j

1 | < ∞,
∑∞

n=1 |α
n+1,j
3 −αn,j

3 | < ∞ for all j = {1, 2, 3, . . . , N},

(5)
∑∞

n=1 |α
n,j
1 −αj

1| < ∞,
∑∞

n=1 |α
n,j
2 −αj

2| < ∞,
∑∞

n=1 |α
n,j
3 −αj

3| < ∞ for all
j = {1, 2, 3, . . . , N},

(6) there exists a constant d > 0 such that ∥x−Sλx∥ ≥ ρDist(x, F (Sλ)), where

Dist(x, F (Sλ)) = inf
y∈F (Sλ)

∥x− y∥.

Then the sequence {xn} difined by (1.6) converges strongly to a point x̃ ∈ Fix(T ),
which solve the variational inequality problem (3.7).

Proof. From (1.6), we have

xn+1 − x̃ = αn(Snxn − Snx̃) + αn(Snx̃− x̃) + (1− αn)(Sλyn − x̃).

Thus we have

∥xn+1 − x̃∥2

≤ ∥αn(Snxn − Snx̃) + (1− αn)(Sλyn − x̃)∥2 + 2αn⟨Snx̃− x̃, xn+1 − x̃⟩
≤ (1− αn)∥Sλyn − x̃∥2 + αn∥Snxn − Snx̃∥2 + 2αn⟨Snx̃− x̃, xn+1 − x̃⟩ (3.15)

≤ (1− αn)∥yn − x̃∥2 + αn∥xn − x̃∥2 + 2αn⟨Snx̃− x̃, xn+1 − x̃⟩.

Now we consider

∥yn − x̃∥2 = ∥(1− βn)(xn − x̃) + βn(fxn − fx̃) + βn(fx̃− x̃)∥2

≤ ∥(1− βn)(xn − x̃) + βn(fxn − fx̃)∥2 + 2βn⟨fx̃− x̃, yn − x̃⟩
≤ (1− βn)∥xn − x̃∥2 + βn∥(fxn − fx̃)∥2 + 2βn⟨fx̃− x̃, yn − x̃⟩ (3.16)

≤ (1− βn)∥xn − x̃∥2 + βnγ
2∥xn − x̃∥2 + 2βn⟨fx̃− x̃, yn − x̃⟩

=
[
1−

(
1− γ2

)
βn

]
∥xn − x̃∥2 + 2βn⟨fx̃− x̃, yn − x̃⟩.
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Substituting (3.16) into (3.15), we get

∥xn+1 − x̃∥2

= αn∥xn − x̃∥2 + (1− αn)
[
1−

(
1− γ2

)
βn

]
∥xn − x̃∥2

+2βn(1− αn)⟨fx̃− x̃, yn − x̃⟩+ 2αn⟨Snx̃− x̃, xn+1 − x̃⟩
=

[
1−

(
1− γ2

)
βn(1− αn)

]
∥xn − x̃∥2 + 2βn(1− αn)⟨fx̃− x̃, yn − x̃⟩

+2αn⟨Snx̃− x̃, xn+1 − x̃⟩
=

[
1−

(
1− γ2

)
βn(1− αn)

]
∥xn − x̃∥2 +

(
1− γ2

)
βn(1− αn)

×
{

1

1− γ2
⟨fx̃− x̃, yn − x̃⟩+

2

(1− γ2)(1− αn)
×

αn

βn
⟨Snx̃− x̃, xn+1 − x̃⟩

}
. (3.17)

By Theorem 3.3, we note that every weak cluster point of the sequence
{xn} is in Ω. Since yn − xn → 0, then every weak cluster point of {yn} is
also in Ω. Consequently, since x̃ = projΩ(fx̃), we easily have

lim sup
n→∞

⟨fx̃− x̃, yn − x̃⟩ ≤ 0. (3.18)

On the other hand, we observe that

⟨Snx̃−x̃, xn+1−x̃⟩ =
⟨
Snx̃−x̃, projFix(Sλ)xn+1−x̃

⟩
+

⟨
Snx̃−x̃, xn+1−projFix(Sλ)xn+1

⟩
Since x̃ is a solution of the problem(1.5) and projFix(Sλ)xn+1 ∈ Fix(Sλ),
we have ⟨

Snx̃− x̃, projFix(Sλ)xn+1 − x̃
⟩
≤ 0.

Thus it follows that

⟨Snx̃− x̃, xn+1 − x̃⟩ ≤ ⟨Snx̃− x̃, xn+1 − projFix(Sλ)xn+1⟩
≤ ∥Snx̃− x̃∥

∥∥xn+1 − projFix(Sλ)xn+1

∥∥
= ∥Snx̃− x̃∥ ×Dist(xn+1, F ix(Sλ))

≤ 1

ρ
∥Snx̃− x̃∥∥xn+1 − Sλxn+1∥.

We note that

∥xn+1 − Sλxn+1∥ ≤ ∥xn+1 − Sλxn∥+ ∥Sλxn − Sλxn+1∥
≤ αn∥Snxn − Sλxn∥+ (1− αn)∥Sλyn − Sλxn∥+ ∥xn+1 − xn∥
≤ αn∥Snxn − Sλxn∥+ ∥yn − xn∥+ ∥xn+1 − xn∥
≤ αn∥Snxn − Sλxn∥+ βn∥fxn − xn∥+ ∥xn+1 − xn∥.
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Hence we have

αn

βn
⟨Snx̃− x̃, xn+1 − x̃⟩ ≤ α2

n

βn

(
1

ρ
∥Snx̃− x̃∥∥Snxn − Sλxn∥

)
+αn

(
1

ρ
∥Snx̃− x̃∥∥fxn − xn∥

)
+
α2
n

βn

∥xn+1 − xn∥
αn

(
1

ρ
∥Snx̃− x̃∥

)
.

From Theorem 3.3 we have limn→∞
∥xn+1−xn∥

αn
= 0. And then, we note that

{1
ρ∥Snx̃− x̃∥∥Snxn−Sλxn∥}, {1

ρ∥Snx̃− x̃∥∥fxn−xn∥}, and {1
ρ∥Snx̃− x̃∥}

are all bounded. Hence it follows from (1) and the above inequality that

lim sup
n→∞

αn

βn
⟨Snx̃− x̃, xn+1 − x̃⟩ ≤ 0.

Finally, by (3.17) and Lemma 2.5, we conclude that the sequence {xn}
converges strongly to a point x̃ ∈ Fix(Sλ) = Fix(T ). This completes the
proof.
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