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1 Introduction

In recent times, fixed point theory has developed rapidly in partially ordered
metric spaces. An early result in this direction was established by Turinici in or-
dered metrizable uniform spaces [1]. Application of fixed point results in partially
ordered metric spaces were made subsequently, for example, by Ran and Reurings
[2] to solving matrix equations and by Nieto and Rodfiguez-Lépez [3] to obtain so-
lutions of certain partial differential equations with periodic boundary conditions.
Some more recent references in which new fixed point results have been obtained
in such spaces are noted in [4-10].

Coupled fixed point problems constitute a special category of problems in fixed
point theory. In their paper Bhaskar and Lakshmikantham [11] established a cou-
pled contraction mapping principle in partially ordered metric spaces for mapping
having mixed monotone property. An application of their result to differential
equations has also been given in the same work. This result was further general-
ized to coupled coincidence point theorems in [12] and [13] under two separate sets
of sufficient conditions. Several other coupled fixed and coincidence point results
were proved in works like those noted in references [14-22].

Common fixed point results for commuting mappings in metric spaces were
deduced by Jungck [23]. The concept of commuting has been weakened in various
directions and in several ways over the years. One such notion which is weaker than
commuting is the concept of compatibility introduced by Jungck [24]. In common
fixed point problems, this concept and its generalizations have been used exten-
sively. References [25-30] are some examples of such works. Recently, in [13] the
concept of compatibility has been introduced in the context of coupled coincidence
point problems. Further coupled coincidence point results using compatibility has
been obtained in [17].

In this paper we establish three coupled coincidence point theorems for an
arbitrary family of mappings {F, : X x X — X : a € A} with a mapping
g : X — X where (X, d) is a metric space with a partial ordering. We have used a
control function. Khan et al. [31] initiated the use of a control function in metric
fixed point theory, which they called an Altering distance function. This function
and its generalizations have been used in fixed and coincidence point problems in
a large number of works, some of these works are in [17, 30, 32-35].

Our results extend some existing results.

2 Mathematical Preliminaries

Let (X, <) be a partially ordered set and F' : X — X. The mapping F' is
said to be nondecreasing if for all x1, z9 € X, x1 < a2 implies F(z1) = F(x2) and
nonincreasing if for all x1, z9 € X, 1 < xo implies F'(z1) = F(x2).

Definition 2.1 ([11]). Let (X, <) be a partially ordered set and F': X x X — X.
The mapping F' is said to have the mixed monotone property if F' is monotone
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nondecreasing in its first argument and is monotone nonincreasing in its second
argument, that is, if

xy, 2 € X, @1 29 = F(x1, y) X F(x2, y), forall yeX

and
y1, Y2 € X, y1 Rya = F(x, y1) = F(x, y2), forall z e X.

Definition 2.2 ([12]). Let (X, <) be a partially ordered set and F : X x X — X
and g : X — X. We say that F' has the mixed g- monotone property if

T, I‘QGX, gxy jg$2:>F($17 y)jF(an y)) for all yGX
and
Y1, Y2 € X, gy1 2 gye = F(z, y1) = F(x, y2), forall z € X.

Definition 2.3 ([11]). An element (z, y) € X x X, is called a coupled fixed point
of the mapping F': X x X — X if

F(z, y) =2 and F(y, z) =y.

Definition 2.4 ([12]). An element (z, y) € X x X, is called a coupled coincidence
point of the mappings F': X x X — X and g: X — X if

F(z, y) =gz and F(y, =)= gy.

Definition 2.5 ([13]). The mappings g and F, where g : X — X and F :
X x X — X, are said to be compatible if

lim d(gF (zn, yn), F(gTn, gyn)) =0

n—r oo

and
lim d(gF (Yn, Tn), F(gyn, gzn)) =0,

n—oo

whenever {z,} and {y,} are sequences in X such that lim, oo F(Zn, yn) =
lim, oo gz, = x and lim, 0o F(yn, x,) = lim, o0 gy, =y, for some z, y € X
are satisfied.

Definition 2.6 ([31]). A function 1 : [0,00) — [0, 00) is called an altering distance
function if the following properties are satisfied:

(i) % is monotone increasing and continuous;

(ii) ¥(t) = 0 if and only if ¢t = 0.
Definition 2.7 (P - property). Let (X, =) be a partially ordered set and d be
a metric on X. Then X is said to have P- property if x,, — x is a nondecreasing

sequence, then x, = x, for all n > 0; and if y,, — y is a nonincreasing sequence,
then y < y,, for all n > 0.
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Theorem 2.8 ([11]). Let (X, <) be a partially ordered set and suppose that
there is a metric d on X such that (X, d) is a complete metric space. Let F :
X x X — X be a continuous mapping having the mixed monotone property on
X. Assume that there exists k € [0, 1) such that for all z = u, y < v,

< 5 (e, w) + d(y, v)].

d(F(J;7 y)7 F(u7 ’U)) 5

If there exist xg, yo € X such that zg <X F(zg, yo) and yo = F(yo, o), then there
exist z, y € X such that x = F(z, y) and y = F(y, x).

Theorem 2.9 ([11]). Let (X, <) be a partially ordered set and suppose that
there is a metric d on X such that (X, d) is a complete metric space. Assume
that X has the following property:

(i) if a nondecreasing sequence {z,} — x, then z, < z, for all n;

(ii) if a nonincreasing sequence {y,} — y, then y < y,, for all n.

Let F': X x X — X be a mapping having the mixed monotone property on X.
Assume that there exists k € [0, 1) such that for all x = u, y < v,

< 5 (@, w) +d(y, v)].

d(F(:L‘7 y)v F(uv ’U)) 5

If there exist xg, yo € X such that zg < F(zg, yo) and yo = F(yo0, o), then there
exist z, y € X such that x = F(z, y) and y = F(y, x).

Theorem 2.10 ([20]). Let (X, =) be a partially ordered set and suppose that
there is a metric d on X such that (X, d) is a complete metric space. Let F' :
X x X — X be a mapping having the mixed monotone property on X such that
there exist two elements zg, yo € X with g < F(zo, yo) and yo = F(yo, o).
Suppose there exist non-negative real numbers «, g and L with a + 5 < 1 such
that

d(F(z, y), F(u, v)) <ad(z, u)+ 8 d(y, v)
+ L min {d(F(z, y), u), d(F(u, v), x),
d(F(z, y), x), d(F(u, v), u)},
for all x, y, u, v € X for which x = u, y < v. Suppose either
(a) F is continuous or
(b) X has the following properties:
(i) if a nondecreasing sequence {z,} — z, then z,, < z, for all n > 0;

(ii) if a nonincreasing sequence {y,} — y, then y < y,, for all n > 0.

Then there exist x, y € X such that x = F(z, y) and y = F(y, x), that is, F has
a coupled fixed point in X.
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3 Main Results

Theorem 3.1. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let ¢ : [0, o0) —
[0, o0) be a continuous function with ¢(t) = 0 if and only if t = 0 and ¢ be
an altering distance function. Let g : X — X be a continuous mapping and
{Fo : X xX — X : € A} be a family of mappings. Suppose there exists ag € A
such that
(i) Fa, is continuous,
(11) Foo(X x X) C g(X) and F,, has the mized g-monotone property on X,
(iii) there exists xg, yo € X such that gxo < Fuo (o, Yo) and gyo = Fa, (Yo, To),
(iv) the pair (g, F,,) is compatible,
(v) there exists a non-negative real number L such that for all z, y, u, v € X
with gx = gu, gy = gv and o € A,
V(d(Fao (2, y), Falu, v))) < ¢(max {d(gz, gu), d(gy, gv)})
— ¢p(max {d(gz, gu), d(gy, gv)})
+ L min {d(Fay(z, 1), gu), d(Falu, v), go),
d(Fao (2, y)s g2), d(Fa(u, v), gu)}.
Then there exist x, y € X such that gr = Fy(x, y) and gy = Fuo(y, x), for all
a € A, that is, g and {F, : a« € A} have a coupled coincidence point. Moreover,
any coupled coincidence point of g and F,, is a coupled coincidence point of g and
{Fo € A}.
Proof. First we establish that any coupled coincidence point of g and Fj, is a
coupled coincidence point of g and {F,, : @ € A}. Suppose that (w, z) € XxX bea
coupled coincidence point of g and F,,. Then gw = F,,(w, z) and gz = F,, (2, w).
From (v), we have
V(d(Foo(w, 2), Falw, 2))) < ¢(max {d(gw, gw), d(gz, gz)})
— ¢(max {d(gw, gw), d(gz, gz)})
+ L min {d(Fy,(w, 2), gw), d(Fa(w, 2), gw),
d(Foy(w, 2), gw), d(Fo(w, z), gw)},
that is,
w(d(gw’ Fa(w7 Z))) =0,
which implies that d(gw, Fu(w, z)) =0, that is, gw = F,(w, 2).
Again, from (v), we have
Y(d(Fay (2, w), Falz, w))) < p(max {d(gz, gz), d(gw, gw)})
— ¢(max {d(gz, gz), d(gw, gw)})
+ L min {d(FaO(Z, w)agz)v d(Fa(zv w)a gZ),
d(Fay (2, w), g2), d(Fa(z, w), g2)},
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that is,
¥(d(gz, Fa(z, w))) =0,

which implies that d(gz, Fu(z, w)) = 0, that is, g2 = F,(z, w). Therefore,
gw = Fy(w, z) and gz = F,(z, w), for all @ € A, that is, (w, z) € X x X is a
coupled coincidence point of g and {F, : « € A}. Hence, any coupled coincidence
point of g and F,, is a coupled coincidence point of g and {F, : & € A}. The
converse part is trivial.

Now it is sufficient to prove that g and F,, have coupled coincidence point.
By the condition (iii) there exist zg, yo € X such that gxg =< Fu,(x0, yo) and
9Yo = Fo, (Yo, xo). Since Fy, (X x X) C g(X), we can choose z1, y1 € X such
that gx1 = Fa, (z0, yo) and gy1 = Fa, (Yo, ®o). Again we can choose 3, y2 € X
such that gzo = F, (21, y1) and gys = Fu,(y1, x1). Continuing this process we
construct two sequences {x,} and {y,} in X such that

9Tn+1 = Foo (Tn, yn) and gyni1 = Foy(yn, x,), forall n>0. (3.1)
We shall prove that for all n > 0,
9Tn =2 GTni1 (3.2)
and

9Yn = GYn+1- (3.3)

Since gzo = Fao (o, Y0), 9% = Fae(yo, To), gz1 = Foo(xo, yo) and gy1 =
Fo, (Yo, xo), we have gzg = gz and gyo = gyi, that is, (3.2) and (3.3) hold for
n=0.

We presume that (3.2) and (3.3) hold for some n > 0. As F,,, has the mixed
g-monotone property and gz, X gTn+1, 9Yn = gYn+1, from (3.1), we have

9Tn41 = Fao (xna yn) = Fao($n+17 yn)v
Foy, (Ynt1, Tn) =X Fo, (Yns Tn) = gYnt1- (3.4)
Also, for the same reason, we have

Fao (xn+17 yn)

Fag ($n+17 yn+1) = gTn+2,
Fao (yn+17 xn) ch

=
= Foy(Ynt1, Tnt1) = gYni2- (3.5)

From (3.4) and (3.5), we have that gz,+1 = gzny2 and gyn+1 = gyn+2. Then by
mathematical induction it follows that (3.2) and (3.3) hold for all n > 0. Therefore,

g0 X gr1 X gTe X gT3 X - R gry X gTppr X, (3.6)

and
Yo = GY1 = GY2 = GY3 = - = GYn 2 GYngl - (3.7)

Let R, = max {d(gZns1, 9%n), d(gYn+1, 9Yn)}
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Since gz, = grp—1 and gy, = gyn—1, applying (v) for a = o and using (3.1),
we have

Y(d(gans1, 92n)) = Y(d(Fay(Tn, Yn), Foo(@n-1, Yn-1)))
< ¢(max {d(9zn, 9Tn-1), d(gYn, 9Yn-1)})
—qb(max {d(gl‘n, gxn—l)v d(gyna gyn—l)})
+ L min {d(Fo, (Tn, Yn), 9Zn—1); d(Foy(Tn-1, Yn—1); 9Tn),
d(Fao(mna Yn), 9Tn ), d(Fao(xnfl, Yn—1), 9Tn—1)}
= Y(max {d(grn, gTn-1), d(gYn, gYn—1)})
— ¢(max {d(gn, grn-1), d(gyn, gyn—1)})- (3.8)

Again, since gyn—1 = gyn and gr,_1 =< gz,, applying (v) for @ = oy and using
(3.1), we have

V(d(gyn, gyn+1)) = Y(d(Foo(Yn-1, Tn-1), Fao(Yn, Tn)))
< Y(max {d(gyn—1, 9¥Yn), d(gTn_1, gTn)})
— ¢(max {d(9yn-1, gyn), d(gTn—1, gTn)})
+ L min {d(Foy(Yn—1, Tn-1),9Yn)> A(FaoYns Tn), 9Yn—1),
d(FaoWn-1, Tn-1),9Yn—1),d(Fay(Un, Tn),gyn)}
= ¢(max {d(gyn—1, 9¥n), d(gTn_1, gTn)})
— ¢(max {d(gyn—1, gyn), d(gTn_1, gTn)}). (3.9)

From (3.8) and (3.9) and using the monotone property of ¢, we have

Y(max {d(g2ny1, 92n); A(gYnt1, gyn)})
= max {Y(d(gTn+1, 9Tn)), V(d(9Yn, gyn+1))}
< Y(max {d(grn, 9Tn—1), d(gYn, 9Yn—1)})
— ¢(max {d(9n, 9Tn—1), d(gYn, gYn—1)}),

that is,

Using a property of ¢, for all n > 0 we have
(Bn) < P(Rn-1),
which, by the monotone property of i, implies that
R, <R,_1.

Therefore, {R,} is a monotone decreasing sequence. Hence there exists an r > 0
such that
R, —r as n— oc. (3.11)
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Taking the limit as n — oo in (3.10), using (3.11) and the continuities of ¢ and ¢,
we have

P(r) <¢(r) —¢(r),

which is a contradiction unless » = 0. Hence,

R, — 0 as n — oo. (3.12)
Then
lim d(gzpi1, gzn) =0 (3.13)
n—oo
and
lim d(gyn+1, gyn) = 0. (3.14)
n—oo

Next we show that both {gz,} and {gy,} are Cauchy sequences. If possible
suppose that at least one of {gz,} and {gy,} is not a Cauchy sequence. Then
there exists e > 0 and sequences of positive integers {m(k)} and {n(k)} such that
for all positive integers k,
n(k) > m(k) >k,
max {d(gZmk)y, 9Tnk))> AGYmk), IYni))} > €
and
max {d(gZmk), 9Tnk)—1)s AGYm(k)> GYn(k)—1)} < €

Now,

e < max {d(gTm k), 9Tn(k))s AIYmk)> 9Yn(r))}
< max {d(9Zmr)s 9Tnk)-1)s AIYmk)> GYn(k)—1)}
+ max {d(gxn(k)—lv gmn(k))v d(gyn(k)—lv gyn(k))}v

that is,
€ < max {d(gTm(k)s 9Tn(k))s AIYmk)s IUn(k))} < €+ Ryy—1-

Letting kK — oo in the above inequality and using (3.12), we have

lim max {d(gZmr)s 9Tn(k))s A(GYm(k), IYn(r))} = €. (3.15)

k—oc0

Again,

max {d(9Tmk)+1> 9Tnk)+1)s AGYmk)+15 IYn(k)+1)}
< Ry + max {d(9Zmk)s 9Tnk))s AIYmk)> 9Yn(k))} + Ruck)
and

max {d(gzm(k)7 gxn(k))a d(gynL(k)a gyn(k))}
< Ryyry + max {d(9Zm) 115 9Tnk)+1)s AGYmk)+1> 9Ynk)+1)} + Bncr)-



Coupled Coincidence Point Theorems in Partially Ordered Metric Spaces 673

Letting k — oo in above inequalities, using (3.12) and (3.15), we have

lim max {d(gxm(k)+1v 9$n(k)+1)7 d(gym(k)+1» gyn(k)—‘rl)} =€ (3.16)

k—o00
Since n(k) > m(k), 9%nk) = 9Tmx) a0d gYn(k) = 9Ym(k), applying (v) for a = ayg
and using (3.1), we have

V(9T (k) 115 9Tm(k)+1))
V(A(Fao(Tnk)s Ynk))s Foo@mk), Ymr))))
< p(max {d(9Tnk), 9Tmk))s AGYnk)s 9Ymk))})
— ¢p(max {d(gTnk)s 9Tmk))s AIYnk)s IYmx))})
+ L min {d(Fo, (Tnr)s Ynk))s 9Tmi))s A Foo(Tmk)s Ymk))s 9Tn(k)),
A(Foo(Tnk)s Ynk))s 9Tnk))s A Fag(Tmk)s Ym(k))s 9Tmk))}
= p(max {d(gZnk), 9Tmk)), AGYnk)> 9Ymk))})
— ¢p(max {d(gTn k), 9Tmk))s AIYnk)s IYmx))})
+ L min {d(Fo, (Tn(k)s Yn(k))> 9Tmk))s A Fao(Tmk)s Ym(k))s 9Tn (k)
d(9Tn (k)15 9ZTn(k))> AITmk)+1, 9Tm(k))}- (3.17)
Again, since n(k) > m(k), gymr) = 9Ynk) and g2y = 9Tn(), applying (v) for
a = ag and using (3.1), we have

V(A GYmk) 110 IYn(k)+1))
= Y(d(Fao Umk)ys Tmk))s FooUnk)s Tnk)))
< Y(max {d(gYm(k)s 9Ynk))s AITm(k)> 9Tn(k))})
— ¢(max {d(9Ymk)> Yn(k))> AITmk)s 9Tn(r))})
+ L min {d(Fo,(Ymk)s Tmk))s 9Ynk))s A FaoWUnik)s Tnk))s 9Ym(k))s
A(Foo(Umk)s Tmk))s 9Ymk))s A Fag(Ynk)s Tnik))s 9Ynir))}
= Y(max {d(9Tpnk), 9Zm))s AIYnk)s 9Ymx))})
— ¢p(max {d(gTn k), 9Tmk))s AGYnk)s IYmk))})
+ L min {d(Fo,(Ymk)s Tmk))s 9Ynk))s A FaoUnik)s Tnk))s 9Ymk))s
A(GYm(k)+15 9Ymk))s AGYn(k)+1s 9Yn(i))}- (3.18)
From (3.17) and (3.18) and using the monotone property of ¢, we have

Y(max {d(9Tnk) 115 9Tmk)+1)s AIYmk)+1, IYn(k)+1)})
= max {P(d(gTn)+1, 9Tm)+1))s V(A(GYmk)+15 9Ynk)+1))}
< p(max {d(9Tn), 9Tmk)), AGYnk), 9Ymk))})
— ¢p(max {d(gTn k), 9Tmk))s AIYnk)s IYmk))})
+ L min {d(Fo, (Tnk)s Unk))s 9%mi))s A Fao (Tmk)s Ymk))s 9Tnk))s
A(GTnk) 115 9Tn(k))> AITmk) 415 9Tmk))}
+ L min {d(Foy(Ymk)> Tmk))s 9Ynk))s A FaoWUnik)> Tnk))s 9Ymk))s
A(GYmk)+1> 9Ym(k))s AGYn(k)y+1> IYn(k))}-
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Letting k& — oo in the above inequality, using (3.13), (3.14), (3.15), (3.16) and the
continuities of ¢ and ¢, we have

P(e) < Y(e) — o(e),

which is a contradiction by virtue of a property of ¢. Hence both {gx,} and {gy, }
are Cauchy sequences in X. From the completeness of X, there exist z, y € X
such that

nl;rr;o Foo(zn, yn) = nh%rrgo gTy, =T (3.19)
and
nh_{rgo Foo(Yn, xn) = nh_}n’olo 9Yn = Y. (3.20)

Since the pair (g, Fy,) is compatible, from (3.19) and (3.20), we have

lim  d(gFaq(Zns Yn)s Fao(92n, gyn)) =0 (3.21)
n—oo

and
nlggo d(gFao (ym xn), Fa, (gym gxn)) =0. (3-22)

For all n > 0, we have

d(9z, Foo(92n, gyn)) < d(9x, gFao(@n, Yn)) + d(9Fae(@n, Yn), Fao(g9Tn, gyn))

and

d(9y, Foo(9yn, 974)) < d(gy, 9FaeUns Tn)) + d(9F 0o (Yns Tn), Fao(g¥n, 9Tn))-

Taking n — oo in the above inequalities, using (3.19), (3.20), (3.21), (3.22) and
the continuities of F,,, and g, we have

d(gz, Fao(‘ra y)) =0 and d(gy, Fa,(y, z)) =0,

that is,
gr = F(xo(xa y) and gy = Fao(ya :C),

that is, (z, y) € X x X is a coupled coincidence point of the mappings g and F,,.
Then by what we have already proved, (x, y) is a coupled coincidence point of g
and {F, : « € A}. O

Theorem 3.2. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Assume that X has
the P- property. Let ¢ : [0, co) — [0, o0) be a continuous function with ¢(t) =0
if and only if t = 0 and ¢ be an altering distance function. Let g : X — X be a
monotonic increasing and continuous mapping and {F, : X x X — X : a € A}
be a family of mappings. Suppose there exists ag € A such that

(i) Foo(X x X) C g(X) and F,, has the mized g-monotone property on X,
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(ii) there exists xo, yo € X such that gro < Fu, (%o, Yo) and gyo = Fa, (Yo, To),
(#ii) the pair (g, Fa,) is compatible,

(iv) there exists a non-negative real number L such that for all x, y, u, v € X
with gx = gu, gy = gv and o € A,

Y(d(Fao (2, y), Falu, v))) < ¢(maz {d(gz, gu), d(gy, gv)})
— ¢(maz {d(gz, gu), d(gy, gv)})
+ L min {d(Fu,(z, y), gu), d(Fy(u, v), gz),
d(Fao (2, y), g92), d(Fa(u, v), gu)}.

Then there exist x, y € X such that gr = Fy(x, y) and gy = Fo(y, x), for all
a € A, that is, g and {F, : « € A} have a coupled coincidence point. Moreover,
any coupled coincidence point of g and F,,, is a coupled coincidence point of g and
{Fo:a €A}

Proof. We take the same sequences {z,,} and {y,} as in the proof of Theorem 3.1.
Then like in the proof of theorem 3.1, we have (3.1), (3.6), (3.7), (3.12), (3.13),
(3.14), (3.19), (3.20), (3.21) and (3.22). Using the P-property of X we have from
(3.6), (3.7), (3.19) and (3.20),

gxrn, Sz and gy, =y,
which, by the monotone property of g, implies that

992y = gz and ggy, = gy. (3.23)

Since the pair (g, Fy,) is compatible and g is continuous, by (3.19), (3.20), (3.21)
and (3.22), we have

Jim ggw, = gr = lim gFuy(2n, yn) = Im Fo,(gn, gyn) (3.24)
and
Dim ggyn = gy = lm gFo,(yn, 2n) = Hm Foo(gyn, gon). (3.25)
Now,
d(Foo (7, y), gv) < d(Foo(, y), 997n41) + d(9gTn+1, go),
that is,

d(Fao(x) y)? gx) < d(Fao(xv y), gFao(xnv yn)) +d(ggxn+la gx).
Taking n — oo in the above inequality, using (3.24), we have
d(Fay (2, y), g2) < lim d(Fo, (2, y), gFaq(Zn, yn)) + lim d(ggzni1, gz)
< lim d(FaO(I, y)? Fao(gxna gyn))

n—oo
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Since v is continuous and monotone increasing, from the above inequality, we have

Y(d(Foo(z, y), g2)) < Y(lim d(Foy (@, Y), Foo(9Tn: 9Yn)))

n—oQ

= lim w(d(Fao(xv ), Fao(gxm 9Yn)))-

n—0o0
By virtue of (3.23), applying (iv) for o = ag, we have
V(d(Fao (2, y), g2)) < lim [(max {d(gz, g92n), d(9y, 99yn)})

— ¢p(max {d(gz, ggxn), d(gy, 99yn)})
+ L min {d(Fo, (2, ), 992n), d(Fay(9Zn, gyn),gz),
d(Foy(z, y),92),d(Fay(9Tn, 9Yn), 99Tn)}].

Using (3.24), (3.25) and the properties of 1, ¢, we have
Y(d(Fo, (2, y), gz)) =0,

which implies that d(F,,(x, y), gz) =0, that is, gz = F,,(z, y).
Again, we have

d(9y, Fao(y, ) < d(gy, 99Yn+1) +d(99yn+1, Foo(y, ©)),

that is,

d(gy, Fao(y, ) < d(9y, 99Yn+1) + d(9F ey Yn, Tn), Fao(y, 2)).

Taking n — oo in the above inequality, using (3.25), we have
d(gy, Fa,(y, x)) < lim d(gy, ggyn+1) + lm d(gFa,(yn, @n), Fao(y, 2))
n—oo n—oo
n—oo
Since 9 is continuous and monotone increasing, from the above inequality, we have

(d(gy, Foo(y, 2))) < d(lim d(Fag(gyn: g2n), Foo(y, )))
= lim w(d(Fao(gyna gzn), Fao(y’ x)))

n—oo
By virtue of (3.23), applying (iv) for a = ag, we have
P(d(gy, Faoly, ©))) < lim [¢p(max {d(ggyn, 9y), d(992n, 92)})

— ¢p(max {d(g9g9yn, 9y), d(ggzn, gx)})
+ L min {d(Fuy(9Yn, 92n), 9y), d(Fay(y, ), 99Yn),
Ad(Foo(9Yn, 9T0n), 99Yn), d(Fay(y, x), gy)}].

Using (3.24), (3.25) and the properties of ¢, ¢, we have

Y(d(gy, Fay(y, 7)) =0,
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which implies that d(gy, Fu,(y, )) = 0, that is, gy = Fo,(y, x). Hence the
element (x, y) € X x X, is a coupled coincidence point of the mappings g and F,, .
By what we have already proved in theorem 3.1, (z, y) is a coupled coincidence
point of g and {F, : o € A}. O

The compatibility of the pairs (g, F,,) and the properties (continuity and
monotonicity) of g which are assumed in Theorem 3.2 have been relaxed in the
next theorem by taking ¢g(X) to be closed in (X, d).

Theorem 3.3. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Assume that X has
the P- property. Let ¢ : [0, co) — [0, o0) be a continuous function with ¢(t) =0
if and only if t = 0 and ¢ be an altering distance function. Let g : X — X be a
mapping such that g(X) is closed in X. Let {F, : X x X — X : a € A} be a
family of mappings. Suppose there exists ay € A such that

(i) Foo(X x X) C g(X) and F,, has the mized g-monotone property on X,
(ii) there exists xo, yo € X such that gro X Fu,(zo, yo) and gyo = Fa, (Yo, Zo),

(iii) there exists a non-negative real number L such that for all x, y, v, v € X
with gx = gu, gy = gv and o € A,

Y(d(Fao (2, y), Falu, v))) < ¢(maz {d(gz, gu), d(gy, gv)})
— ¢(maz {d(gz, gu), d(gy, gv)})
+ L min {d(Fu,(z, y), gu), d(Fy(u, v), gz),
d(Fao (2, y), g92),d(Fa(u, v), gu)}.

Then there exist x, y € X such that gv = Fy(x, y) and gy = F,(y, z), for all
a € A, that is, g and {F, : a € A} have a coupled coincidence point. Moreover,
any coupled coincidence point of g and F,, is a coupled coincidence point of g and
{Fo € A}.

Proof. We take the same sequences {z,} and {y,} as in the proof of Theorem 3.1.
Then like in the proof of Theorem 3.1, we have (3.1), (3.6), (3.7), (3.12), (3.13),
(3.14), (3.19) and (3.20). Since the metric space (X, d) is complete and g(X) is
closed in X, (3.19) and (3.20) implies that x, y € g(X). Since z, y € g(X), there
exist u, v € X such that x = gu and y = gv. Then from (3.19) and (3.20), we
have

nl;rr;o Foy(zn, yn) = nILH;O gTy, =T = gu (3.26)
and
Jim Foy(Yn, 2n) = lim gy, =y = gv. (3.27)

By (3.6), (3.7), (3.26), (3.27) and the P- property of X, we have

gry, 2 gu and gy, = gv, for all n >0.
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Then applying (iii) for o = g, we have

Y(d(Foy (U, ), Foo(Tn, yn))) < P(max {d(gu, gz,), d(gv, gyn)})
— ¢(max {d(gu, gzn), d(gv, gyn)})
+ L min {d(Fo,(u, v), g2n), d(Fao(Tn, yn), gu),
d(FOlo(u’ U)? gu)? d(FOlo(xnv yn)a g'rn)}
Taking n — oo in the above inequality, using (3.26), (3.27) and the properties of

¥ and ¢, we have d(F,,(u, v), gu) = 0, that is, gu = Fy,,(u, v). Then applying
(iii) for a = oy, we have

Y(d(FooWn, Tn)s Fao(v, v))) < Y(max {d(gyn, gv), d(gzs, gu)})

— ¢(max {d(gyn, gv), d(gzn, gu)})

+ L min {d(Foy(Yn, zn), gv), d(Fay(v, u), g¥n),

d(Fao (Yns Tn)s 9Yn), d(Fu,(v, u), gv)}.

Taking n — oo in the above inequality, using (3.26), (3.27) and the properties
of ¢ and ¢, we have d(gv, Fyu,(v, w)) = 0, that is, gv = F,,(v, u). Therefore,
gu = Fu,(u, v) and gv = F,, (v, u), that is, (v, v) € X x X is a coupled
coincidence point of the mappings ¢ : X — X and F,, : X x X — X. By

what we have already proved, (u, v) is a coupled coincidence point of g and
{Fo:a €A} O

Considering {F, : @« € A} = {F} in Theorems 3.1 and 3.2, we have the
following corollaries respectively.

Corollary 3.4. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Let ¢ : [0, co) —
[0, o) be a continuous function with ¢(t) = 0 if and only if t = 0 and ¥ be an
altering distance function. Let g: X — X and F: X x X — X be two mappings
such that

(i) g and F are continuous,
(ii) F(X x X) C g(X) and F has the mized g-monotone property on X,
(i4i) there exists xo, yo € X such that gro < F(xo, yo) and gyo = F(yo, xo),
(iv) the pair (g, F') is compatible,
(v) there exists a non-negative real number L such that for all z, y, u, v € X
with gr >~ gu, gy = gv,
Y(d(F(z, y), F(u, v))) < ¢(maz {d(gz, gu), d(gy, gv)})
— ¢(maz {d(gz, gu), d(gy, gv)})
+ L min {d(F(z, y), gu), d(F(u, v), gx),
d(F(z, y), gz), d(F(u, v), gu)}.
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Then there exist x, y € X such that gv = F(z, y) and gy = F(y, z), that is, g
and F' have a coupled coincidence point in X.

Corollary 3.5. Let (X, <) be a partially ordered set and suppose that there is a
metric d on X such that (X, d) is a complete metric space. Assume that X has
the P- property. Let ¢ : [0, co) — [0, 00) be a continuous function with ¢(t) =0
if and only if t = 0 and ¥ be an altering distance function. Let g : X — X and
F: X xX — X be two mappings such that

(i) g is monotonic increasing and continuous,

(ii) F(X x X) C g(X) and F has the mized g-monotone property on X,
(#ii) there exists xg, yo € X such that gxo <X F(xo, yo) and gyo = F(yo, x0),
(i) the pair (g, F) is compatible,

(v) there exists a non-negative real number L such that for all x, y, u, v € X
with gz = gu, gy = gv,

Y(d(F(z, y), F(u, v))) < ¢(maz {d(gz, gu), d(gy, gv)})
— ¢(maz {d(gz, gu), d(gy, gv)})
+ L min {d(F(z, y), gu), d(F(u, v), gx),
d(F(z, y), gz), d(F(u, v), gu)}.

Then there exist x, y € X such that gv = F(z, y) and gy = F(y, z), that is, g
and F' have a coupled coincidence point in X.

Example 3.6. Let X = [0, oc0). Then (X, <) is a partially ordered set with
the natural ordering of real numbers. Let d(z, y) = |z —y|, for x, y € X. Then
(X, d) is a complete metric space.

Let g: X — X be given by gr = 2%, for all x € X. Also, consider

Lo oy
F: XxX—=X, F(z, y)= g(f —y7), if >y,
0, if «<uy,

which obeys the mized g-monotone property. Let {x,} and {y,} be two sequences
i X such that

lim F(x,, y,) = lim gx, =a, lim F(y,, ©,) = lim gy, =0.
n—oo n—oo n— oo n—oo

Then obviously, a =0 and b = 0.
Now, for all n >0, gz, = 22, gy, = y2, while

1 2 2 .
F(l’n, yn) = g(mn - yn)7 lf Tn Z UYn,
0’ lf Ln S Yn,
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and 1
(02 _ 2 .
F(yn, xn) = S(yn lfn), if Yn = T,
0, ity <z
Then it follows that

lim d(gF(:z:n, yn)7 F(gxn, gyn)) =0

n— oo

and

n—oo

Hence, the pair (g, F) is compatible in X.
Let 29 = 0 and yo = c¢(> 0) be two points in X. Then

g(wo) = g(0) = 0= F(0, ¢) = F(zo, o)

and

[ V)

g(yo) = g(c) =c* > %

Let 1, ¢:[0, oo) — [0, o0) be defined as follows:

= F(e, 0) = F(yo, o).

Then v and ¢ have the properties mentioned in corollaries 3.4 and 3.5. We now
verify the inequality (v) of corollaries 3.4 and 3.5. We take z, y, u, v € X such
that gz > gu and gy < gv, that is, 22 > u? and y? < V2.

Let M = max{d(gz, gu), d(gy, gv)} = max{|z* — u?|, |y* — v?|}. Then M >
|22 —u?| = 2% —u? and M > |y? —v?| = v —y?. The following are the four possible
cases.

Case 1: x >y and u >v. Then

22 —y? 4 — o2 (2% — y2) — (u? — v?)
d(F(.’L’, y)? F(u7 U)) _d( 3 ) 3 )_ 3
2 _ .2 2 _ .2 2,2 2 _,2
@)+ @) | @)+ Py 2
3 3 3
Case 2: v <y andu <wv. Then
2
d(F(z, y),F(u, v)) =d(0, 0)=0< §M
Case 3: x>y andu <wv. Then
22 — 2 2?2 — 2w a?—y? 2
d(F(z, y), Flu, v) = d(—50) = == = .
W) (o) 2y
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Case 4: The case “x <y and u > v” is not possible. Under this condition
22 < y? and u® > v2. Then by the condition y? < v?, we have 2 < 3% < v? < u?,
which contradicts that x2 > u?2.

In all above cases, for any L > 0,

YUE(, v), Flu, v) < gM? = M2 = 2r?
< Y(maz {d(gz, gu), d(gy, gv)})
— ¢(maz {d(gz, gu), d(gy, gv)})
+ L min {d(F(x, y), gu), d(F(u, v), gx),
d(F(z, y), gz), d(F(u, v), gu)}.

Hence the required conditions of Corollaries 3.4 and 3.5 are satisfied and it is seen
that (0, 0) is a coupled coincidence point of g and F.

Remark 3.7. Considering 1 to be the identity mapping and ¢(t) = (1 —k) t with
0 < k <1 in Corollaries 3.4 and 3.5, we have the generalizations of Theorems 2.1
and 2.2 of Bhaskar and Lakshmikantham [11] respectively and of Theorem 2.1 of
Luong and Thuan [20].

Remark 3.8. In the above example v is not the identity mapping and ¢(t) #
(1—k) t with0 < k < 1 and hence the above mentioned generalizations of Theorems
2.1 and 2.2 of Bhaskar and Lakshmikantham [11] and of Theorem 2.1 of Luong
and Thuan [20] are not applicable to the above example. Therefore, corollaries 3.4
and 3.5 and hence Theorems 3.1 and 3.2 are actual extensions of Theorems 2.1
and 2.2 of Bhaskar and Lakshmikantham [11] respectively and of Theorem 2.1 of
Luong and Thuan [20] which are also noted here as Theorems 2.8, 2.9 and 2.10
respectively.

Example 3.9. Let X = [0, o). Then (X, <) is a partially ordered set with the
natural ordering of real numbers. Let d(xz, y) = |x —yl|, for z, y € X. Then
(X, d) is a metric space with the required properties of Theorem 3.3.

Let g : X — X be defined as follows:

T
— ) <zxz<

gz = 5’ f0<ax<1,
200, if x> 1.

Then g has the properties mentioned in theorem 3.3.
Let A ={1, 2, 3, ...}. Let the family of mappings {F, : XxX — X : a € A}
be defined as follows: for a € A with o # 1,

2
7&, ifx>1, andy > 1,
gl
Fo(z, y) = 5 fr>1 and0<y<1,
0, otherwise,
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and

L land0<y<1
Fi(z, y) =4 3 Je>lmd0sysl,
0, otherwise.

Then F1 (X x X) C g(X) and Fy has the mized g-monotone property on X.
Let v, ¢: [0, c0) — [0, oo) be defined as follows:

YO =2 o) =2

Then ¥ and ¢ have the properties mentioned in Theorem 3.3.
In following cases, we consider (x, y), (u, v) € X x X for which gz > gu and
gy = gv.

Case 1: x>1and 0 <y < 1.

(i) u>1andv>1,
(1) w>1and 0<v <1 withy <w,
(i) 0 <u<1landv>1,

(iv) 0<u<1land0<v<1 withy<w.

Case 2: x> 1 and y > 1.
(i) w>1andv>1,

(i) 0<u<1andv>1.

Case 3: 0<zx<land0<y<l1.
(i) 0<u<lwithu<zandv>1,

() 0 <u<1lwithu<zand0<v <1 withy <w.

Case 4: 0 <z <1 andy > 1.
(i) 0<u<1withu<z andv > 1.

Let L = 1. Then, in all cases, the condition (iii) of Theorem 8.3 is satisfied.
Hence all the required conditions of Theorems 3.3 are satisfied. Here, it is seen
that (0, 0) € X x X is a coupled coincidence point of g and {F, : a € A}.

Remark 3.10. Theorem 3.3 is a generalization of Theorem 2.2 of Bhaskar and
Lakshmikantham [11] and Theorem 2.1 (when the condition (b) holds) of Luong
and Thuan [20] which are also noted here as Theorems 2.9 and 2.10 respectively.
The above example, in which the family of mappings {F, : & € A} contains count-
ably infinite no of functions, is not applicable to above mentioned theorems which
are special cases of Theorem 3.3.
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Note 1. In the above example, the function ¢ is not continuous and hence it is
not applicable to Theorems 3.1 and 3.2.

Note 2. If L = 0, then for (z, y) = (u, v) the conditions (v) of Theorem 3.1 or
the condition (iv) of Theorem 3.2 or the condition (iii) of Theorem 3.3 implies that
Fo(z, y) = Fo,(z, y) for all & € A, that is, the family of mappings {F, : a € A}
becomes the single mapping.
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