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1 Introduction

This paper is devoted to the study of the existence of multiple positive solutions
for the nonlinear fourth-order equation set on the positive half-line:

e (t) —na(t) + Az(t) = (1) f (¢, 2(t),2'(t), 2" (1), 2" (1)), te L,
2(0) = 2"(0) =0, =0, (1.1)

li
t——+o0 t——+oo

where 7 and \ are positive constants such that 7> > 4\. R* denotes the set of
nonnegative real numbers and I = (0, +00). The function f € C(RT x I x R? RT)
may have a singularity at the second variable and ¢ € C(I,1).

Boundary value problems (bvps for short) on the half line arise in many ap-
plications in physics such that in modeling the unsteady flow of a gas through a
semi-infinite porous media, in plasma physics, in determining the electrical poten-
tial in an isolated neutral atom, or in combustion theory (see [1-4]). In recent
years, boundary value problems on the half-line have received a great deal of
attention in the literature (see [5-19] and references therein). There are many
papers considering the existence of positive solutions for second-order and even
higher-order differential equations posed in the finite intervals (see, e.g., [20-29]).
However, to the authors’ knowledge, there are few results about third and fourth
order boundary value problems posed on unbounded intervals. The goal of this
paper is to fill the gap in this area. We aim to discuss the question of existence
and multiplicity of positive solutions for a class of singular fourth order boundary
value problems on the positive half-line with the nonlinearity depending on the
derivatives x,z’, 2", z""’; we shall define and make use of a fixed point index in
a cone of some weighted Banach space. The singularity is treated by means of
regularization, approximation, and compactness arguments.

This paper has mainly four sections. In Section 2, we prove some lemmas
which are needed to develop subsequent results, we gather together some auxiliary
results, and we give a fixed point formulation of the problem. In Section 3, we
construct a special cone; then using the fixed point index theory, we prove the
existence of at least one positive solution of (1.1). Finally, under a super-linearity
condition of the right-hand side, the existence of at least two positive solutions of
(1.1) is obtained in Section 4. An example is included to illustrate the applicability
of the final existence result.

2 Preliminaries

2.1 Auxiliary Results and a Compactness Criterion

Let p : I — I be a continuous function and let X, be the set of the functions
x € C3([0,),R) such that

sup{{l=(t)] + |2 (B)] + |2" ()] + =" (#)[]p(t)} < 0.
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Equipped with the norm ||z||, = sup,c{p(t) Zzzg |28 (¢)|}, X, is a Banach space.

Definition 2.1. A set of functions {2 C X, is said to be almost equicontinuous if
it is equicontinuous on each interval [0, T].

Lemma 2.2. Let the functions {x € Q C X,,} and their derivatives x’, " and ="’
be almost equi-continuous on I and uniformly bounded in the sense of the norm
lzllqy = suptel{[zzzg |z (t)[]q(t)}, where q is a positive continuous dominant

function on I, that is limy_, 4 % = 0. Then Q) is relatively compact in X,,.

Proof. If (zn)nen is a sequence in €2, uniformly bounded for the norm ||.||,, then
there exists some M > 0 such that

k=3 M
VneN, Vtel, Y [z ()| < —-
P q(t)
The functions (x%k))neN, k =0,1,2,3 are then uniformly bounded on any subin-
terval of I. In addition, these functions are, by assumption, equicontinuous on
subintervals of I. By the Ascoli-Arzela lemma and a diagonal procedure, there

exists some subsequence (x%j))jeN converging uniformly to some limit function

() on every compact subset of I; moreover Zzzg |z (1)] < %~ Let us prove
that the sequence (z,,)jen, which we shorten to (z,), converges in X, for the

p-weighted norm. Indeed, for any 7" > 0, we have

k=3
|z = ]l = sup > | () — ™ (1) p(t)
tel k—0

k=3 k=3

t
< sup 32 — P @)p(6) + sup 3 o)1) — P (D) lg(t) 22
tel0,1) 1= > = q(t)
S @
< Z sup |z () — 2™ (@)| sup p(t) + 2M sup vy
Lo t€[0,T] t€[0,T7] >1 q(t)

Since, (zn)nen converges uniformly to x on every compact subset of I and

limy s 4 0o % =0, we infer that lim,_, ||z, — 2|/, = 0, proving our claim. O

Definition 2.3. A nonempty subset P of Banach space F is called a cone if it is
convex, closed, and satisfies the conditions:

(i) ar € P for all z € P and a > 0,
(ii) x,—2 € P implies that z = 0.

Definition 2.4. A mapping A: F — F is said to be completely continuous if it
is continuous and maps bounded sets into relatively compact sets.
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The following two results will be needed in the sequel (for the main properties
of the fixed point index, we refer to [30-32]).

Lemma 2.5 (See [30]). Let 2 be a bounded open set in a real Banach space E,
P a cone of E and A : QNP — P a completely continuous map. Suppose that
Mz £ z,NVz e QNP and VA € (0,1]. Then i(A,QNP,P)=1.

Lemma 2.6 (See [30]). Let 2 be a bounded open set in a real Banach space E,
P a cone of E, and A : QNP — P a completely continuous map. Suppose
Az Lz, ¥z € 0QNP. Then i(A,QNP,P)=0.

2.2 Related Lemmas

With &y =/ V224 ”272_4’\ and ky = \/ T2 ”272_4/\, bvp (1.1) becomes

e (t) = (kT + k3)x" (1) + kik3a(t) = o(8)f (¢, 2(t), 2’ (), 2" (1), 2" (1)), tel,
z(0) = z"(0) =0, tiigloo x(t) = tiigloo 2"(t) = 0.

For a given positive constant k, consider the Green’s function G of the linear bvp:

2(0)=0, lim z(t) =0, (2.1)

t——+o0

{ a"(t) — k2x(t) =0, tel,

that is
Gt s)—i e kt(eks —e7ks), 0<s<t < 4o,
Tk | ekt — e, 0<t< s < 4oo,

with partial derivative with respect to ¢

1 { e~ks(ekt e M), 0<t<s,

Ge(t,s) = 2\ —ekt(eks —eks), 0<s <t

Lemma 2.7. Let y(t) := (€2 — 1)e=0+38)t Then the function G satisfies the
following properties:
(a) G(t,s) >0, VtseR".
t,s) = G(s,t), Vit,seRT.
t,s) < G(s,s) < i, Vt,s € RT.

(

(

(t,8)e7 % < G(s,s)e™*, Vi,sel, VO >k
( (

t,8)e % > y(t)G(1,8)e ", Vit,s,T€RT, VO>k.
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Proof. Tt is easy to prove the properties (a), (b), (c), and (d). So we only check

part (e):
e—ks(ektie—kt)
R (P e Fe) € €

e—kt(eksie—ks)

ot ,—0t
e (ko) ¢ €

—kt
e 97'6—91‘,7

G(t,s)e 0 k7 €
G(r,s)e 07
( ’ ) ePt_e=kt or —ot
kT —e—kr € € 7,
—kt
e ot ,—0t
k7 € Te ,

Kt —kt
e’"—e ot ,—0t
chr_o—kr € € )

which implies

O —0t
)

9

t<s<m,

@Ti,l)e(ﬁw(em — e OHRt <5< 7,
(o 0sbrrg-o4i, rSsst,
Glt,5)e | elorhre-oii, s<t<m,
Grs)e ™ | gy (€ — 1) 0+h, r<t<s,
e(0+k)T o—(0+k)t s <71 <H{,
(0+k)T _
(=) (€2 — 1)e= OFhI, STSs
Since 0 > k, we get
(ert _ 1)6—(9+k)t’ t<s<r,
e~ (0+k)t T<s5<t,
G(t,s)e ] e sStsT,
G(r,s)e 0T = ] (2 —1)e”OTR 7 <t <,
o= O+t s<T<t,
(ert _ 1)6—(9+k)t’ t<71<s.
Consequently
(24— 1)emOF301 _ (1) 1 <5<,
(€2kt _ 1)6—(0+3k)t = 'y(t)7 T<s<t,
G(t, s)e= . (et —1)e=(0F3R)t — ~n(1), s<t <,
Glrs)e @ = ) (5 —1)e 00 _a(t), 1<t <s,
(e2kt — 1)6*(9+3k)t =~(t), s<7<t,
(€2kt _ 1)6*(9+3’€)t =~(t), t<71<s.

643

O

Denote by Gi(s 4+ 0,s) the right-hand side derivative of G at (s,s) and
Gi(s — 0, s) the left-hand side derivative of G at (s, s). Further properties of the

Green’s function GG are presented in the next lemmas.
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Lemma 2.8.

(a) kG(t,s) < |Gi(t,s)| < kcoth(kt)G(t,s), Vit,s€RT witht+# s.

(b) Gul(t,s) = k*G(t,s) Vt,s € RT witht+#s.

(c) %335; (t,s) = k*Gy(t,s) Vt,s € RT witht +# s.

(d) G(s,5)+|Gi(s+0,5)| < HE vseRT.

(e) G(s,8)+|Gi(s—0,s)| < HE vseRY.

(f) [G(t,s) +|Gi(t,s)]le % < 2[G(s,s) + |Gi(s —0,8)|]e ks, Vi <s, VO > k.
(2) [G(t,s) +|Ge(t,s)]le”? < 2[G(s,8)) + |Ge(s +0,8)|]le ™, Vs <t, V0> k.
(h) ["°G(ts)ds <&, Vt>0.

Proof. The properties (d), (e), (f), and (g) are proved in [33]. The properties
(b), (¢), (h), and the first inequality of (a) are immediate. To prove the second
inequality of (a), it is sufficient to notice that

|Ge(t,s)] { % = coth(kt), 0<t< s < oo,

kG(t,s) 1 < coth(kt), 0<s<t<o0.
O
From [8, Lemma 2.1], we have
Lemma 2.9. Let h € L'(0,+00) and
+oo
x(t) = G(t, s)h(s)ds. (2.2)
0
Then
—a"(t) + k?z(t) = h(t), tel,
z(0) =0, tilinoox(t) =0.
The following two lemmas also hold
Lemma 2.10. Let h € L'(0,4+00) and
+o00o +o00o
() = / Gr(t, 5)Ga(s, 7)h(7) dr ds. (2.3)
0 0
Then x € C®> N W4L1(0, +00) and x is solution of the fourth-order bup:
e W (t) — (k3 + k3)a" () + kkda(t) = h(t), tel,
2(0) =2"(0) =0, lim x(t)= lim 2”(t) =0, (2.4)
t——+oo t—+oo
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where G; is the Green’s function of (2.1) with k = k; andi =1,2. As a consequence

+oo +oo
"(t) :/ G1(t, s)Ga(s, 7)h(T) dT ds, (2.5)
0
+oo
2" (t) = kix(t) — i Go(t, 7)h(T) d, (2.6)
) = B0 — [ Gl 7)) d (2.7)
0

Proof. Let x be a solution of (2.3) and let H(s) = 0+O° Ga(s,7)h(T)dr. Then
x(t) = O+°° G1(t,s)H(s)ds. G being symmetric, Lemma 2.8(h) and Fubini’s The-
orem imply

+00 +o00 +oo 1 +oo
H(s)ds :/ Ga(s,T)h(T)dTds < [ / h(T)dT < +00.
0 0 0

Then Lemma 2.9 guarantees that

—2"(t) + k3z(t) = H(t), tel,
x(0) =0, tligrrloox(t) =0

and
—H"(t) + k3H(t) = h(t), tel,
H()=0, lim H(t)=0.
t——+oo

This implies that

{ —(=a”() + Ke(0))"(1) + k3(~2"(0) + ki ()) tel,

h(t),

v = h(t)
(=2"(0) + K2(0) =0, Tim (~a"(t) + kx(t)) = 0.

Thus (2.4) holds. Now, it is easy to prove (2.5). So we only check (2.6). If we let
H(s) = 0+OO Gao(s, 7)h(T)dT, then

+oo
(1) = % /0 ag (t, $)H(s)ds

_ % (/O aacil(tvs)H(s)ds> +% (/t+oo aaC;’l (t,5)H (s )ds>

Baled
- /O L (s)dsGu(t,tO)H(t)}

400 92
! [/t %(t’s)H(S)dS + Gt t + O)H(t)]

© oo )
= Laftl (t,s)H(s)ds — §e_k1t(ek1t - e_klt)H(t)}
LJo

T 092G 1
- [/t 6Ttl(t, s)H (s)ds — ie_klt(eklt - e"“lt)H(t)]
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+oo 92
_ /0 8@21 (t, $)H(s)ds — H(1)

= k? /+OO Gi(t,s)H(s)ds — H(t)
0

+00
= k2a(t) — ; Go(t, T)h(T)dT
and
Z‘W(t) _ %(m”(t))
“+oo
- %(kfx(t) -~ /0 Ga(t, T)h(7)dr)
= k22 (t) — o Gor(t, T)h(T)dT.

0

O

Remark 2.11. We can also prove that x is a solution of (2.4) if and only if x is
a solution of

+oo +oo
x(t)z/o [ Gt s)Gis. i) s

and for all t,7 € RT
“+o0 “+ o0
G1(t,s)Ga(s, T)ds = Ga(t,s)G1(s, T)ds.
0 0

Lemma 2.12. For all 8 > ky and for all t,7 € RT, we have

“+o0o
/0 [G1(t, s) + |G1e(t, 5)|]Ga(s, T)e % ds <

Proof. Using the properties (d), (e), (), and (g) of Lemma 2.8, we have

1+k) [T

+oo
/ [G1(t,s) + |Gr1e(t, s)|]G2(s,T)e*0t ds < el Ga(s, T)e*’Cls ds
0

1 0
+o00o
- 2(1+ky)
kl 0
“+oo
S (1+I€1)/ e,kls ds
kika  Jo
14k
= K2ky

Go(s,s)e "% ds
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Lemma 2.13. For allt,7 € RT, we have

+oo
/ Gr(t,5)Ga(s,7) ds > K'Gr(t,)Ga(t, 7),
0

I 1—e— k1 = (k1+k2)
where k' = mm{ T e e

Proof. (1) If t > 7, we have

+oo +oo
/ Gi(t,5)Ga(s,7) ds > / Gr(t, 5)Gals, 7) ds
0 t

1
T dkiko
1

= m(eklt _ e*klt)(ekz'r o €7k27-)€7(k1+k2)t

G1 (t, t)Gg (t, 7')

+
(eklt _ e—klt)(ekgr _ e—sz)/ Ooe—(kr‘rkz)s ds
t

1
>
~ (k1 + k)
> K'Gi(t, t)Ga(t, 7).
(2) If t < 7, then we distinguish between two cases:

(a) If t <t+1 < 7, we have the estimates:

400 t+1
G1(t,8)Ga(s,7) ds > / G1(t,8)Ga(s,7) ds
0 t

1 t+1
esz‘r(elﬂt o efk1t)/ efkls(ekgs _ e*kgs) ds
t

= dkiky
1 t+1
= Wik e*kz"’(elﬁt _ efklt)(elmt _ e*kzt)/t e—k15
1
= 4]{:%]{:2 —k27(6k1t — e_lﬁt)(ekzt _ e—kzt)(e—klt _ e_kl(t+1))

= GG 71— e )
1
> K'Gi(t, t)Go(t, 7).

(b) If t <7 < ¢+ 1, then we have

+o0 +oo
/ G (t,5)Ga(s,7) ds > / Gu(t,5)Gals, 7) ds
0 t+1

1 oo
— (6k‘1t _ e*klt)(ekQT _ e*kQT)/ e*(lier)S dS
4k1 ko t+1
1
— (eklt _ efktlt)(ekz‘r _ e*kg‘l’)ef(kn*%ktz)(t#’l)
Ak ko (k1 + ko)
e~ (k1+k2)

= m( kit _ e—k1t)(€kzr _ €_k2T)€_(k1+k2)t
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ef(kl“’k?) G k?2 k}z k}zt
= t,t e —e " e”
ks (fr + ) (00 )
_ ei(k1+k2) G (t t)efk‘g‘r(erQTefkgt _ €7k2t)
P ACET S

e~ (k1+k2)
> 0000
= 2ko(k1 + ko)
e*(k1+k2)
= ———G1(t, t)Go(t,
T 1(t,1)Ga(t,7)
Z k/Gl(t7t)G2(t7T)'

Gl(t, t)e—k?QT(ek?Qt _ e—kzt)

2.3 General Setting and Assumptions

Given a real parameter 6 > ki, consider the weighted Banach space
k=3
E={recC}RNR): supz |2 (t)]e~ < 00
20 k=0
endowed with the weighted Bielecki’s sup-norm

k=3
|zllo = sup Y~ |a®) (t)[e~"".
>0 £=5

We have

Lemma 2.14. If z is solution of (2.4), then

P 1 K’ K’ . (p2k1t —(0+43k1)t
where k = me{l, B BT kl(lcfkur%g)} and v, (t) := (e*1t —1)e( )t

Proof. Let x be a solution of (2.4). Lemma 2.7(e) guarantees that

+oo +oo
(1) / Gr(t, 5)Ga (s, 7)h(r)drds
0 0
+oo +oo
= eet/ / e %G\ (t, 5)Ga(s,7)h(T)drds
0 0

“+o0 +oo
> ety (t)/ / e Gy (r,8)Ga(s, T)h(T)drds
0 0

> ’yl(t)efera:(r), YreRT.
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Passing to the supremum over r, we get the lower bound

x(t) > y1(t) tsel]gi |x(t)|e_9t. (2.8)

In the other hand, by Lemma 2.8(a), we have

“+oo +oo
2 (1)) < /0 /0 (Galt, 8)|Gals, 7)h(r)drds

+oo +oo
<k coth(klt)/ / G1(t,s)Ga(s, T)h(T)dTds
0 0
S k‘l COth(klt)x(t),

which implies that tanh(kq¢)|2'(¢)] < kiz(t). Since sup,cp+ tanh(kit) = 1 < oo
and sup,cp+ |2/ (t)|e~? < oo, then

sup |2’ (t)|e”% = sup tanh(kt) sup |z’ (t)]e %
teR+ teR+ teR+

= sup tanh(k;t)|z’ (t)|e %
teRT

< ky sup |z(t)|e b
teRT

Moreover, using (2.8), we obtain

x(t) > ki’yl(t) sup |z’ (t)]e~%. (2.9)
1 teRt+

Furthermore, Lemma 2.10 guarantees that

+oo
2 (t) = k2x(t) — o(t, 7)h(T) dT
(t) = kyz(t) /O Ga(t, T)h(T)d

and from Lemma 2.13, we get the estimates

Gi(t, )2 (t)| < kIG(t,t)x(t) + o G1(t,t)Ga(t, T)h(T) dT

0

kl 1 “+oo “+oo

< —z(t)+ — G1(t,s)Ga(s, T)h(T) dT ds
1

< Batt) + ()

kik +2
< - .
< 5 0
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Since sup,ep+ Gi(t,t) = 2k , then

/

sup |a(t)]e=" > sup G (t,0)[a" (t)]e” "

teR+ kik! 4+ 2 ep+
> — 2K sup Gy (t,t) sup |z (t)]e”%
= kk + 2 g teR+
/
> } " t —Ht.
= k(kik + 2) remr = 0)le
(2.8) yields
/
t) > —————— (¢ "(#)|e Ot 2.10
() 2 (D) sup 2 (D) (20)
Moreover, from Lemma 2.10, we have
“+o0
" (t) = kix'(t) — Got(t, 7)h(T) dT
0

and from Lemma 2.13 and Lemma 2.8(a), we have

+oo
Gi(t, 1) (1)] < K{Ga(t, )]’ ()] + Gt DIGa(t T)lR(T) dr

—+o00
< k3G (t,t)|2' (t)| + ko coth(kot) G1(t,t)Go(t, 7)h(T) dr

kl , +oo +oo
< IUH—wmbt Gi(t,5)Ga(s, 7)h(T) d ds

kl , ko
< =
<3 ' (t)| + ¥ coth(kot)z(t )
Hence
" kl / k'2
tanh(kst)Ga (£, )l (8)] < |/ (D] + T (t).
Then

k k
sup tanh(kot)Gy(t, £)]2" (t)]e ™ < =L sup |2/ (t)|e % + % sup |z(t)]e™?
teR+ 2 ter+ K ter+

which implies that

sup [ (§)]e= < k2 sup [/ (Bl + 22 qup [n(py]e?
teR+ teR+ K ters
By (2.8) and (2.9), we deduce that
2k1k
Y1(8) sup |2 (6)]e™"" < ki (e) sup o' (0)]e™" + =271 (1) sup fa(t)]e""
teR+ teR+ k teR*
2k ko
< Elx(t) + x x(t)
oy (K28 + 2k)

< #x(t)
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Hence

1%
> —— (¢ ") |e 0t 2.11

Finally, using (2.8), (2.9), (2.10) and (2.11), we obtain that

2(t) = kv (1) sup ()] + |2 (1)) + |2/ (8)] + " ()] =% =k (0)]12]o-

O

Throughout this paper, we denote F(t,z,y,u,v) = f(t,e%z, ey, e u, e v)
and 1 (¢) = v1(t)e~% and we list the following hypotheses:

(H1) There exist p € C(I,RT) and g € C(RT x R3 RT) such that g is nonde-
creasing in the second, third, and fourth variable with

F(t,z,y,u,v) < p@)g(t,y,u,v), V(t,z,y,u,0) e RT x I xR* (2.12)

and there exists a decreasing function h € C(I,I) such that ¥ is nonde-
creasing function with

+oo
/ &(T)h(eyi(1))g(r, ', )dr < 400, for each ¢, >0.  (2.13)
0

(Hz2) For each ¢, ¢ > 0, there exists a function ¢, € C(R™,I) such that

F(tamvyaua U) 2 wc,c'(t)7 vt € RJ’_’ v(x’yauav) € (O’C] X [_C/acl]g

with .
(T)e,er (T)dT < +00. (2.14)
0
(H3)
su ch(c) o (Lt k)14 5 + 2kaks)
50 p(c) Jo ™ ST (1 (r))g(7, ¢ ¢, ) R2hs '

3 Existence Result
Given f € C(R* x I x R3,R"), define a sequence of functions {f,},>1 by
fu(t,z,y,u,v) = f(t, max{e’ /n,z},y,u,v), nec{l,2,..}. (3.1)
Let P be the positive cone defined in E by

P={zcE: z(t)>kn)|ls Yt >0},
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where k is the constant defined in Lemma 2.14. For z € P, define a sequence of
operators by

+oo “+oo
Anl'(t) = /0 /0 Gl(ta5)G2(577)¢(T)f7l(77x(T)a‘T’(T)a‘T”(T)vx/”(T))deS;
(3.2)
forn €{1,2,...}.

Lemma 3.1. Suppose that (H1) holds. Then, for each n > 1, the operator A,
sends P into P and is completely continuous.

Proof. Step 1. First, we show that A, P C P. For each x € P, we have by Lemma
2.10

+oo

(Ap2)"(t) = ki (Anz)(t) — ; Ga(t, 7)P(7) fu (T, (1), 2 (7), 2" (1), 2" (1)) dT
and
+oo
(Ap2)"(t) = k2 (Anz) () — ; Gor(t, T)O(T) fru (T, 2(T), 2/ (1), 2" (1), 2" (T))dT.

Using Lemmas 2.8 and 2.12 and the condition (H;), we obtain the estimates

k=3
> 1 Apz) P ()]
k=0
< (L4 k) [[Anz(6)] + [(Ana) (8)[Je"
+oo
+/O [Ga(t, ) + |Gar(t, ) Je " G (7) fu (7, (1), 2/ (7), 2" (7), 2" (7))dr
+oo +oo
2 —ot
< (1+k1)/0 /O [G1(t,5) + |Gre(t, 8)||Ga(s, T)e " p(7)
X fa(ryx(7), 2" (1), 2" (1), 2" (7))drds

+oo
+/O (Ga(t,7) + [Gae(t, 7)))e " S(7) fu (7, 2(7), 2 (7), 2" (7), 2" (7)) dT

+oo +o0
< (1+k§)/0 (/0 Gt 5) + |G (t, 5)[|Gals, 7)e=" ds)
X ¢(7) fu(T, 2(7), 2" (1), 2" (1), 2" (7))dT
+oo
+/0 [Ga(t,7) + |Gar(t, )]e " (1) fu (T, (1), 2/ (1), 2" (1), 2" (7)) dr

o (k) + k)
- k%k‘g
21+ k)
+ T

+oo
/0 O(7) fo(r,2(r), 2/ (7), & (), 2" (7)) dir

+oo
/0 O(7) fo(r, 2(r), 2/ (7), 2" (7), 2" (7)) dr
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cU+k)(+ k3 + 2k ko)
- k‘%kg

+oo
X / (7)F(r,max{1/n,z(r)e "}, 2 (1)e= 07, 2" (1)e= 07, 2" (1)e~°T) dr
0

o (LA F) (A + K + 21 ko) p(max{1/n, [|z]le})
- ki ks h(max{1/n, [lz]l})

+o0 -
x/o S(r)h(k71(7)2ll0)g (T, l|zllo, [Izlle, llzllo) dT < +oo.

Then A,z € E. As in Lemma 2.14, we can prove that for each n > 1, A,z € P.

Step 2. We will show that, for each n, the operator A,, : P — P is completely
continuous.

(a) Let {z;}; C P, o € P with lim;_, ;. z; = xo. Then there exists M > 1
such that ||z;]lp <M, Vje€{0,1,2,...}. Then, for any j € {0,1,2,...}, we have

fn (Tv Lj (T)v 1'; (7_)’ 1';!(7—)& .’t;—”(T))
= F(r,max{1/n,z;(t)e "7}, x;(T)€_977 x;-'(T)e_077 x;”(T)e_eT)
< p(max{1/n, z;(t)e " })g(r, ) (t)e 7, m}'(r)e‘GT,:E;”(T)e_aT)
p(max{1/n,z;(t)e 7}
h(max{1/n,z;(T)e=7}
x g(T, .’L‘;(T)B_QT7.T;-/(T)€_GT,LC;-”(T)B_GT)
e k(1 ot el o )

< wh(l/nﬁ(ﬂ)g(ﬂ M, M, M),

< §h<max{1/n, 2;(7)e0])

<

By the continuity of f, for 7 € Rt

|fn(7—’ wj(T)’ $;<T),$;/(T)7.'L‘;N(T>) - f?’b(7—7 xO(T),x6(7’),x3(7’),x8'(7’))| — 0,

as j — +o0.
Moreover,
[Anz; — Anzolle
k=3
= sup [(Apzy) () — (Apzo) P (8) ]
k=0 TERT
L4 k1) (1 + k2 + 2k1ko) [0
< EERIELALIRE) [T o0 a(rvay (1), r), 2 (), ()
1

= fn(720(7), 20(7), 20 (7), 20" ()| dr.
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Since

| fn (725 (7), 25(7), 25 (7), 25" (7)) = fu(T0(7), 2 (7), 2 (7), 2" (7))

< 2%h(1/nﬂ(7))g(ﬂ M, M, M),

then the condition (#H;) and the Lebesgue dominated convergence theorem imply
that the right-hand side term tends to zero, as j — +o0.

(b) Let D C P be a bounded set; then there exists an M > 1 such that
lallo < M, ¥z € D.

(i) Ap(D) is uniformly bounded. To prove this, let p € (k,0) and take
q(t) = e " in Lemma 2.2. Then, for each € D, we have

[Anzllu < (1+ kD[ Anz ()] + |(Anz)' (£)]]e"

tee ’ i "
+/0 [Ga(t, 7) + |Gae(t, 7)[Je™ " $(7) fu (7,25 (7), 2 (), 25 (7), 2 (7) dT

2 +oo
LR kl)(ll:%rkl? + 2k1ka) z%; /0 G(r)h(1/nA (7))g(r, M, M, M) dr < +oc.

(ii) The functions of the sets A, (D), (A,(D))’, (A,(D))”, and (A, (D))"
are almost equicontinuous. For a given T > 0, € D, and t,t' € [0,T], we have
the estimates
| Anz(t) — Apz(t)]

—+oo —+o0
< / / G (£, 5) — Gr(t, 9)|Ga(5, )(7) (7 (7). 2 (7), 2 (7), " (7)) dis dr
0 0

+oo  ptoo
< /0 /0 |G1(t,8) — G1(t, 8)|Ga(7, 7)p(7) fu (T, 2(7), 2 (1), 2" (), 2" (7)) ds dT

+0o0 +oo
= /O |G1(t75) - Gl(tlvs>|d3 0 GQ(T,T)(b(T)fn(T,x(T),I/(T),QTN(T),.%‘W(T))dT
T +oo
< </0 |Gl(t,s)—G1(t,s)\ds+/T |G1(t,s)—G1(t,s)|dS>

“+o0
< ( [ Gatr 1ot ool (00" 1) <r>>df)

T
< 2 7 (/ Ga(t,5) = Gt )] ds + [(e1t — e™M10)

— (Mt — emRity] /;Oo e ds) (/Om &(T)h(1/nY1(7))g(r, M, M, M) dT> .



Positive Solutions for a Class of Fourth-order Singular BVPs ... 655

In the same way, we have
(An2)' () — (An) ()]

400 ptoo
< /0 /0 |G1t(t, 8) — Gt (¥, 8)|Ga(s, T)P(T) fu (T, 2(7), 2" (7), 2" (T), 2" (7)) ds dT

1 I ! oo / 1z "
< %A |G1e(t,s) — Gre(t ,S)|d8/0 O(T) fr(ry (1), 2" (1), 2" (7), 2" (7)) dT
+o0o +00
< 21;22%3 /0 |G1e(t, s) — G (¥, s)|ds/0 o(T)h(1/ny1(7))g(T, M, M, M) dr,

[(An)"(t) — (Anz)" ()|
< K2|(Anz)(t) — (Apz)(t)]

+oo
+/0 |Ga(t, 7) = G2(t', 7)|¢(7) fu (7, 2(7), 2 (7), 2" (7), 2" (7)) dr,
and
|(Anz)" () — (Anz)" ()|
< kFJ(Ana)'(t) = (Apz)' ()]
+oo
+ /O |GQt (tv T) — Gy (tl7 T) ‘¢(T)fn(7’ .CE(T), I/(T)a I//(T)v :C”,(T)) dr.

Now since f0+°° &(T)h(1/ny1(7))g(T, M, M, M)dr < +oc and f;oo e ks ds <
+o00, then (A4,D), (A,D), (A,D)”, and (A,D)"” are almost equicontinuous.
Hence Lemma 2.2 with ¢(t) = e”#* guarantees that A, (D) is relatively compact
in E; hence A, : P — P is completely continuous. O

Theorem 3.2. Assume that Assumptions (H1) — (Hs) hold. Then Problem (1.1)
has at least one positive solution x € P.

Proof. From Lemma 3.1, we know that A, : P — P is completely continuous.
Using Lemma 2.5, we show that it has a fixed point.

Step 1. From (#3), there exists R > 0 such that
RW(R) N (14 k1) (1 + kf + 2k1 ko)
p(R) [iF ¢()h(k71(r)R)g(r, R, R, R)dr Kk
Let

. (3.3)

O ={z€E: |z|¢ <R}

We claim that x # AA,z for any © € 93 NP, A € (0,1] and n > ng > 1/R. On
the contrary, suppose that there exist n > ng, ¢ € 921 NP and Ag € (0, 1] such
that g = Mg A, 2. Since xg € Q1 NP, we have

zo(t) > kv (t)||molle = ki ()R, Vit > 0.
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As a consequence, we have
R = [lzollo
< [[Anollg
< (L4 k7) sup [[Anzo ()] + [Anag ()]

teRt+

+oo
+ sup / [Ga(t, 7)) + |Gar(t, ) Je™ " G (7) fu (7, w0 (1), 25 (7), 2 (7), 2 (7)) d
teR* JO
cU+k)(+ k3 + 2k ko)
- k‘%kg
o U+ k)(A 4k + 2k k2) p(R)
- k3 ks h(R)
This yields

+oo
/0 BT (7, 20(7), 2y (), 2y (), 2 (7))

+oo _
/o o(T)h(ky1(T)R)g(T, R, R, R)dr.

Rh(R) < (14 k1) (1 + kF + 2k ko)

p(R) [,7° ¢(T)h(kF1(T)R)g(r, R, R, R)dr ~ k3ks

contradicting (3.3). From Lemma 2.5, we can compute the index fixed point of
the mapping A4,
i(A,, QNP P)=1, forall ne{ng,no+1,...}. (3.4)

By the nonvanishing property (existence property) of the index, we obtain the
existence of x, € Q1 NP such that A,x, = z,,Vn > ng. Since ||z,|ls < R,
then from (#Hs), we have that ||z,|l¢ < R. From (#Hz), there exists a function
Yrr € C(RT,(0,+00)) such that

futan (), 2, (), 2y (1), 23/ () = Yrp(t), VE=0
with
+oo
/0 O(T)YR,r(T)dT < 400.
Then
n(t) = Apzy(t)

+oo +oo
- / [ Gut. )Gl 110U ()., (). 7). 4 (7)) s

400 +oo
Z/o / G1(t, 5)Ga(s, T)$(T)R R (T)dsdr.

Lemma 2.7 guarantees that

+o0 +oo
T, (t)e % > e_et/ G1(t,5)Ga(s,7)d(T) R, r(T)dsdT
0 0

+oo +oo
> ’yl(t)/o /0 e_eTGl(r, $)Ga(s, T)P(T)¢YRr,r(T)dsdr, Vr > 0.
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Passing to the supremum over r, we get
zn(t)e™" > (1),
where

+oo +oo
¢ = sup /0 /0 e~ G (r, 5)Ga (s, 7)p(T)r, p(T)dsdr.

reR+

Step 2. The sequence {x;, } n>n, is relatively compact.
(a) Let p € (k,0). By the condition (#1), we have

(1 + kl)(l - Kt + 2k1k2) e / " "
k%k; /0 ¢(T)fn (T’ Tn (T)’ In (T)’ T (T)a T, (T) dr

_ (Lt k) + Kf + 2k1ks) p(R)
= K ks h(R)

[nll, <

—+o0
/ h(q* 1 (1) R)g(r. B, R, R) dr < +oc.
0

Then the sequence {xy, }, is uniformly bounded in the sense of the norm ||.||,.
(b) For any T > 0 and ¢,¢ € [0,T], we have
| (t) — @n (t')]

+oo oo
- / / IGr(t,5) — Ga(t', 8)[Go(s, T)$(T) i (7, (), & (7). 2 (7), 2 (7)) dis b

< (/OT |G1(t,8) — Gi(t', 5)| ds + /Jﬂ><> |G1(t, s) — Gl(t',s)|ds)

T

“+oo
x ( [ Gatm et mnm,m;v)wx(f)wx’(f))dr)

T ' / oo
L R R e R s A

<( e (M)(r, R R, R) ).

In the same way, we have
|20,(8) — 20, (¢')]
+o00 +o00
— [ [ 160t~ Guult )Gl 10T (7)., (1), ). (7)) s d
0 0

+oo 400
< 2/1@27&%/0 |G14(t, s) — Gre(t, s)] ds/o o(T)h(g*y1(7)R)g(T, R, R, R) dr.

Furthermore

|25 (t) — 2 ()]
< k%lxn(t) —zn(t')]

+oo
+ / |G2(ta T) — G2(tl,7)|¢(7)fn(7—a $n(7)7$%(7)733;;(7')733;7(7)) dr
0
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and

|2 (1) — a3/ (¢)]
< ki, (1) — 27, (t')]

+oo
+ / |Gt (t,7) = Gor (', T)A(7) fu (7, 2 (7), 20, (7), 2, (7), 2 (7))
0

Therefore, as in the proof of Lemma 3.1, the functions {z,, : n > ne}, {a], : n >
not {z! : n>no}, and {2/ : n > ng} are equicontinuous and hence the sequence
{Zn}n>n, is relatively compact in E. As a consequence, there exists a subsequence
{Zn, te>1 such that limy_, 1o ,, = xo. Since x,, (t) > Y1 (t)g*,Vk > 1 it follows
that xo(t) > 41(t)¢* Vt > 0. Therefore, by Lemma 2.8(h), we have

+oo  p+too
/0 [ Gt )Gate. 10t (o o() ). ). (7))

+oo “+o0
< / [/0 G (t, 5) ds|Ga(r, T)S()) f (ry 20 (7). (7, 2 (7).l (7)) dr

+oo
- 2]6%]?2 Y]ZE% /0 QS(T)h(q*’?l(T)R)g(T, R, R, R)dT < +00.

Now, the continuity of f guarantees that, for all 7 > 0,

o (7,0, (), 2, (7). 2, (), 2 (7))
= kEToo f(T7 max{ee‘r/nka Ly (T) ) x’,ﬂk (7—)7 xﬁk (T)7 x;;/k (T))

= f(r,max{0, 20(7)}, 26(7), 24 (1), 2(' (7))

= f(Tv 330(7'), 336(7'), x8(7)7 xg/(T))

Applying the Lebesgue dominated convergence theorem twice, we find

zo(t) = lim xn, (1)

k—+oco
+Oo +Oo / 1 1"
lim G1(t, 8)G2(8, T)P(T) fry, (T, Ty, (T), T (T), Tio,, (T), Ty (7)) ds dT

k—+oo Jq 0

+o0 +o0
/o G1(t, 8)G2(s,7)p(T) f (T, 20(T), 24 (T), 20 (1), 25 (7)) ds dr.

0

Finally, it is clear that ||zo|l¢ < R and from (3.3), ||zolls < R and z¢ is a positive
solution of Problem (1.1). O
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4 A Multiplicity Result

Theorem 4.1. Assume that Assumptions (H1) — (Hs3) hold together with

(Ha) there exist 0 < a < b < +00 such that

lim f(ta z,Y,u, ”U)
T——+0o0 X

= +o0, wuniformly in (t,y,u,v) € [a,b] x R3.

Then Problem (1.1) has at least two positive solutions in P.

Proof. Let

1

+ b
r ff o(1)dr mj[nb] IOJFOO G (t,8)Ga(s, T)e—0 ds
t,7€a,

N*=1

where r = Eminte[a,b] 71 (t). By (Ha4), there exists some R’ > R such that
ft,z,y,u,v) > N*R', Va >R, V(ty,uv)€ [a,b] xR

Let
Q={recE: |z|e<R/r}.

Without loss of generality, assume that R’ > max{1, Rr}. We show that A,z £ z
for all z € 902 NP. Suppose on the contrary that there exists an 2o € Qs NP
with A, x¢ < xg. Since xy € P, we have

~ ~ R
20(t) 2 Fn(®lleollo = ¥ min 0 (s)7- = R, ¥t € fa,b].
s€|a,
Then for any ¢ € [a, ], we have

o (t)e_et > A,xo (t)e_gz

+oo +oo
= /(; ; Gl(t,S)GQ(S,T)e*Gt(Zg(T)fn(T, 20 (1), o (1), 24 (1), 24 (7)) ds dr
b +oo
-0 ! " "
z /a ( 0 Gl(t’s)GQ(S’T)e ds) d)(T)f’ﬂ(T,1'0(7)71'0(7'),230(7'),330 (7—)) dr

b +oo
2/ ( Gl(t,s)@(s,ﬂe*‘”ds) o(T)N*R' dr
a 0

+o0 b
>N'R rni[nb] G1(t,8)G2(8,7)679td8/ (1) dr
t,7€la, 0 a

R/
> —
r

and a contradiction with ||zglle = R% is reached. Finally Lemma 2.6 yields

(A, 22NP,P)=0, (4.1)
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while (3.4) and (4.1) imply that
i(An, (2 \ Q) NP, P)=—1, forall n € {ng,no+1,...}. (4.2)

Therefore A, has a second fixed point y, € (25\Q1)NP. Since y,, (t) > kv1(t)R, Vi
€ RT and ||ynls < RTI, then arguing as in Theorem 3.2, we can show that {y, }n>n,
has a convergent subsequence {y,,};>1 with lim;_, o yn; = yo. From (3.3), we
have |lyolle > R and thus yo is a solution of Problem (1.1). In addition ||zglls <

R < |lyolle < R%. Hence z( and y, are two distinct positive solutions of Problem
(1.1). O

Remark 4.2. Another way to prove the results of Theorems 3.2 and 4.1 is to
consider the sequence of operators, for n € {1,2,...},

+oo +oo
‘%“”:A LA Galt, $)G1 (5, 7)$(r) fu(r, 2(r), &/ (r), 2" (7), " (v))drdSs,

and the following Banach space
k=3
E={rcC*R",R): sup Z lz® (t)]e™" < 0oy, 6> ko.
tERY 1o
In this case, the cone of solutions is defined by

P={v€E: a(t) > ky(t)|zls, vVt >0},

where vy (t) := (e2k2t — 1)e~(0+3k2)t g

k= 1min 1 i K K
T4 ’ k‘g’ kQ(ka/ + 2)’ k‘g(k‘%k/ + 2k‘1)

. I 1—e k2 e (k1tka)
with k' = mln{ el iy e el

Example 4.3. Consider the singular fourth-order boundary value problem
at(t) = 52" (t) + qga(t) = o(t) f(t,2(t), ' (1), 2" (t), 2" (1)),
2(0) =2"(0) =0, lim z(t)= lim 2"(t) =0, (4.3)
t—+oo t——+oo
where

Ae*(%*l)t(x“ez‘”+1)(1/1(y62t)+1/1(ue2t)+1/)(v62t)
b

f(t’ x’ y7 u7 U) =
and ¢(t) = (3 — 1)~ 2. A a,b are positive constants with a > b+ 1, and 1
is defined by
eY, <0,
vt = { NP

7
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Here ky = 3 and ko = § and for 6 = 2, we have v, (t) = (¢3 — 1)e” 2
(3 —1e 2t and
L@+ D) +9(u) +9(v)

b

F(t,z,y,u,v) = Ae

Let p(x) = 32, h(z) = 5, and g(t,y,u,v) = Ae™ (P(y) + ¥ (u) + $(v). Then

h is decreasing, § is nondecreasing and g(t,-,-,-) is nondecreasing in y,u,v with

+o0 A
/ d(T)h(eyi(1))g(r, ', )dr = BT < 400, for each ¢, ;" > 0.
0 &

Then the condition (H1) hold. In addition, for each c,¢’ > 0 and for (t,z,y,u,v) €
Rt x (0,¢] x [, c]?, we have

34e~¢
b

F(ta z,Y,u, U) > €7t = wc,cl (t)

and f0+°° O(T)e,er (T)dT < 400. Then the condition (Hz) hold. Also, we have

k3kach(c)
sup Foo =
>0 (14 k1)(1 + k% + 2k1k2)p(c) o O(T)h(kVi(T)c)g(T,c,c,c)dr
k2ko kb &
SA(L+ k1) (1 + K2 + 2k1ks) wob c® +1°

K3 koK b+1
If we choose A small enough, say 0 < A < 3(1+k1)(i+2k%+2k1k2) SUP.s0 gagys then

the condition (Hs) holds. Finally it is clear that the condition (H4) also holds.
Therefore all conditions of Theorem 4.1 are satisfied and then Problem (4.3) has
at least two positive solutions.
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