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1 Introduction

Let f(z) = Y,2anz" be an entire function and M (r, f) = max,, -, |f(2)]
be its maximum modulus. The growth of f(z) is measured in terms of its order p
and type 7 defined as under

Inln M(r, f)

limsup ——MM% = 1.1

m sup —— = ps (1.1)
In M

limsupif’f) =T (1.2)
T

T—00

for 0 < p < oo. Various workers have given different characterizations for entire
functions of fast growth (p = co0). M. N. Seremeta [5] defined the generalized order
and generalized type with the help of general functions as follows.

Let L° denote the class of functions h satisfying the following conditions

(i) h(z) is defined on [a,00) and is positive, strictly increasing, differentiable
and tends to co as x — o0,

(i)
M @)
e h(a) ’

for every function 1 (x) such that ¥ (z) — oo as x — oo.
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Let A denote the class of functions h satisfying condition (i) and

lim h(cx)

ro0 (@)

for every ¢ > 0, that is, h(x) is slowly increasing.
For the entire function f(z) and functions a(z) € A, 5(z) € L°, the generalized
order of an entire function in terms of maximum modulus is defined as

o afln M(r, f)]
pla, B, f) = 11,11:8;1013 W

Further, for a(z) € L°,371(x) € L°~y(x) € L°, generalized type of an entire
function f of finite generalized order p is defined as

o = limsu ofln M(r, )]
m(a, B, f) = limsup B0 (1.4)

T — 00

(1.3)

where 0 < p < o0 is a fixed number.

Let f(z1,22,...,2,) be an entire function, z = (21, 22,...,2,) € C™. Let G
be a full region in R} (Positive hyper octant). Let Gr C C" denote the region
obtained from G by a similarity transformation about the origin, with ratio of
similitude R. Let di,(G) = sup,c¢ |2|F, where [2|% = |21|F1|25]F2 ... |2, |"", and let
O0G denote the boundary of the region G. Let

oo o0
f(Z) = f(Zl,Zg,...,Zn) = Z Ay ... ky, Zfl Z”Iin = Z ag Zk7
ki ka,. kn=0 l[E][=0
lk|| = k14 k2 + -+ + kn, be the power series expansion of the function f(z).

Let My a(R) = max, ¢ ¢ |f(2)|. To characterize the growth of f, order(pg) and
type (o¢) of f are defined as [2]

In In M
pc = limsup malthie HSASLA f’G(R),
R — 00 InR

T lanvg(R)

For the entire function, f(z) = Z]TZH:O ar ¥, A. A. Gol'dberg [3, Th .1]
obtained the order and type in terms of the coefficients of its Taylor expansion as

ey IR
pc = limsup

. (1.5)
Ikl — oo — Infax]

(e pc Ug)l/pc = limsup {sz”l/pc Hak\dk(G)}l/”kH}, (0 < pg < o)

1%l — oo

(1.6)
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where di(G) = max rks ok = phgke ke
r e
For an entire function of several complex variables f(z) = ZT\ZH:O ay 2*, and

functions a(x) € A, B(z) € L°, Seremeta [5, Th .1’] proved that

= limsu M = limsu o([|&[])
S (Y0 1\|k||~£ﬂ[—mln(|ak|dk(G))]' (1.7)

Further, for a(z) € L°, 87! (z) € L°,~(z) € L°, Seremeta [5, Th .2’] proved that

o = 1R_)Solip Bl(v(R))?] B 1\|k|\i1£ 5[(7{61/p[|ak| dk(G)]—l/IIkH})p] (1.8)

where 0 < p < o0 is a fixed number.
For the entire function f(z), we define

1 1/p
lfllze = {A// G|f(z)|p daldag...dan} < 00,
z €

where z = (z1,%2,...,2n), doj =dx; dy;, z; =x; +iy;, 1 =1,2,...,n.
and A is the area of G.

Let P, = {q tq = Z\|k|\<m ag zk} be the class of polynomials of degree at most

m. Then we define error of an entire function f on a region G as

By (f) = By (f,.G) = inf{||f —qller : ¢ € Py}, p>0.

To the best of our knowledge, polynomial approximation and growth charac-
teristics for entire functions of several complex variables on a full region G in R’}
have not been obtained so far. Similarly, the characterization of generalized order
and generalized type for approximating entire functions in a region in terms of
approximation errors have not been studied so far.

In this paper, we have made an attempt to bridge this gap. We have charac-
terized the generalized order and generalized type of the entire functions of several
complex variables in terms of the approximation errors.

Before proving main results we state a lemma.

Lemma 1.1 Let H(z) = Z”kH:m ar 2F be a polynomial of degree m, where
|kl = m = ki + ke + ... + ky. Let My (1) = max, c ¢ |H(2)|. Then

1 < Mye(1) ”]gﬁlixmﬂaﬂdk(G)} < (m+1)"

The result can be obtained on the lines similar to those used by A. A. Gol’dberg
[3].
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2 Main Results

First we prove the following

Theorem 2.1 Let a(z) € L°, and B(z) € A. Set F(x;c) = 7 e a(x)]. If
dF (z;c¢)/dlnz = O(1) asx — oo for allc, 0 < ¢ < oo, then

lim sup 7a[ln My.c(R)] = limsup a(llkl) .
R—oo (B (InR) Ikl — oo B(= Ty I (B (f)di(G)))
Proof. Let f(z) = Zﬁ}i”:(} ar 2* be an entire function and ¢ = 2kl <m @k 2"

be the partial sum of f. Therefore from the definition of error, we have

oo o0

Biy(H) < If=dllee =11 D aj &llwe < > aglr?,  (21)

ll7lI=I1Fl+1 I3 lI=Ilk[l+1
where 1 is a fixed number and r € (1,00). From (1.7), we have
lag|de(G) < e I¥l F(llkl %)

By using above inequality and (2.1), we get

oo

1 y Ly
Bl < 775 S el P
131 =lk]+1
1 L1 r -t
< ~(Ikl+D) PEI+13) Jdkl+ | T
= @) € o L= SR D

By setting r =1+ ”—}C” in the above inequality, we get

1+ )

L1 1 )
By (f) de(G) < e~ (IEI+1) F((I[klI+1);3) (1_~_7)(Hk|\+1) [1

1% = kD) F((IkI+1)54)

As ||k|| — oo, the above inequality becomes

1 1
O(1) IEIHD) F((kI+1):3) -1
By (f) di(G) @)

—In By (f) de(G)

Y]

(IEl+1) F(((I%] + 1); %)

(%[l +1) g~ [; a([|kll + 1)] +0(1).

Y

+0(1)

Y

Now proceeding to limits and since a(x) € L°, and f(x) € A, we obtain

imsu a(|l&)
|1\ku~£> ﬁ(_ﬁln(Euku(f)dk(G))) s P (2.2)

]1.
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Conversely, let

- oIkl )
S T (Byey () 4 (G)))

Suppose n < oo. Then for any ¢ > 0 there exists N’ such that for all k with
|kl =m > N’, we have

By (f) di(G) < exp{—[[k[IF([E]l; 1/7)} (2.3)

where 7 = 1 + e. The inequality

1/ 1
nkanku By di(G) < ReTIHI1m < = (2.4)
is fulfilled beginning with some ||k|| =m = m(R) = Ela"'[f S(InR + In2)]],

where E[Q] denotes the integer part of Q. Then

o0 00 1
S BmNA@RM < Y o<l (29)
k]l = m(R)+1 Il = m(R)+1
Now
M;ya(R Z By (f G) RIFI = Z By (f (G) RIFIN 4
&l =0 k|| =0
> Ep(H)de(G)RM 4 N By (f) di(G) RIMIL (2.6)
k]l = mo+1 Ikl = m1(R)+1

By applying the lemma and (2.5), the above inequality becomes

M:a(R) < (1+]k])™ + mi(R max By dip(G)RIFI o~ IIEl
ra(R) < (T+k]) 1( )moS”kH Sml(R)( % di( Z

From (2.4), we have
2R < exp{F(|[k]l; 1/7)}.

Now, we express k in terms of R. Thus

\ —

n2 + R < F(lkll; 1/7) = 67'[= a(|k])]

3

where m1(R) = m(R) + 1, and my = max{N’, my(R)}. Now
ll&l
(Bra () RM) < max )

exp{Aa”'[7 f(InR + A)}

IN

max
mo < [[k]| < ma(R)

IN
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where ¢ (||k||) = RI*I exp {—| k|| F(||k| ; 1/7)}. From (2.6), we have
Myc(R)(1+0(1)) < exp{(A+o(1)) o™ [7 B(InR + A)]}.

Then we have

ol(A+o(1) " mMe(R)
AR + A) ST =nte

Now proceeding to limits and using the properties of a(z) and [(x), since € is
arbitrary, we obtain

. a(ln Mf_G(R))
= limsup ————————= < 7. 2.7
PR By =T 27
From (2.2) and (2.7), we obtain the required result. O

Now we prove
Theorem 2.2 Let a(z), 37 (x) and v(z) € LY. Let p be a fived number, 0 < p <
0. Set F(x; o, p) = v H{[B (o a(z))]'/?}. Suppose that for all 7,0 < o < oo,
F satisfies
d In F(zo,p)/dlnz = O(1) asz — oo;

then the following equation holds:

lim su M = lim su O‘(@)

Proof. From (1.8), we have

~ ]
lar| ds(G) < el¥l/e {F(kH; L p)} |
p o

By using above inequality and (2.1), we get

1 rel/p ]_1
PO S 0))

. " i/e (Ikl1+1)
B () < 276 ({F(lkuﬂ_ ’p)]>

1
p 0

By setting r =1+ m in the above inequality, we get

(14 ) e/ (Ilkll+1)
Ll )])

By (f) di(G) < <[F( L I

°
Qll=
s
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As ||k|| — oo, the above inequality becomes

7 (B (F) du(@] T > 0(1) 4! { [ﬂl (1 o (”’;'))}/}

Now proceeding to limits and since a(x), 8~1(z), v(z) € L°, we obtain

Ql

. oI5
Imsup e (B () (@) T} = 28

Conversely, let

L]
a(LEL
lim sup ( £ )

1l BL(EP[Eyy (F) din(@)]- TR}~

Suppose 7 < oo. Then for every € > 0 there exists M’ such that for all k with
k]| =m > M’, we have

exp (120)

D 4G = w7 1/ o

where 7 = 7 + €. The inequality

. el/? R
B () ) BN < o < 29)

—_

is fulfilled for all || k|| beginning with some

Ikl =m = m(R) = Elpa™"{7 8 [(v (2¢"* R))]}].

Then
o0 o0 1
S B de(@ R <Y o < b (2.10)
Ik[|=m(R)+1 [IEll=m(R)+1
Hence
Mra(R) < > Epyde(G) R = 3" By (f) di(G) RIFI +
Ikl =0 Ikl =0
ml(R) o0
> By (f) di(G) RIFI 4 > By (f) di(G) R (2.11)
k]l = mo+1 Ikl = m1(R)+1

By applying the lemma and (2.10), the above inequality becomes

Mya(R) < (1+[[)" + mi(R) (B () di(G)RIF 4> oIk

max
mo < ||kl <m1(R)
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where m1(R) = m(R) + 1, and mo = max{M’, mi(R)}. Hence

a B (£) BIF
mo < |Ik] ;(ml(R)( 1y () )

IN

max k
mo < |lk|| < ml(R)X(” D

< exp{Apa {7 B [(v(Re? ~M))7]}},
where
x(IEl) = (R 2\ [E(||E] /p; 1/7, p))~IFI.
From (2.11)
M;c(R) < exp{(Ap +o(1)) a Y7 B [(v (Rer T4)]}},

al(Ap +o(1) ' InM;a(R)]
B (v (Rer t4))e]

Since a(z) € L°, B~ (z) € L°, ~y(x) € LY, proceeding to limits and since ¢ is
arbitrary, we obtain

<7 =r17T+c¢€.

L]
= lims M — lims Q(T) .
7 REY TAGmY] T T WL B B () G
(2.12)
From (2.8) and (2.12), we obtain the required result. O
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