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1 Introduction

Variational inclusions, as the generalization of variational inequalities, have
been widely studied in recent years. One of the most interesting and important
problems in the theory of variational inclusions is the development of an efficient
and implementable iterative algorithm. Variational inclusions include variational,
quasi-variational, variational-like inequalities as special cases. Various kinds of
iterative methods have been studied to find the approximate solutions for varia-
tional inclusions. Among these methods, the proximal-point mapping method for
solving variational inclusions has been widely used by many authors. For details,
we refer to see [1-12] and the references therein.

In 2001, Huang and Fang [13] were the first to introduce the generalized m-
accretive mapping and have given the definition of the proximal-point mapping for
the generalized m-accretive mapping in Banach spaces. Since then a number of
researchers investigated several classes of generalized m-accretive mappings such
as H-accretive, (H,n)-accretive, and (A, n)-accretive mappings, see for example [3,
5, 11, 13-18]. In recent past, the methods based on different classes of proximal-
point mappings have been developed to study the existence of solutions and to
discuss convergence analysis of iterative algorithms for various classes of variational
inclusions, see for example [1-12]. Recently, by using proximal-point mapping
method, Chang et al. [19], Chidume et al. [14], Ding and Luo [2], Ding and Yao
[20], Fang and Huang [3], Kazmi and Khan [5], Noor [21, 22], Verma [23], Zeng
et al. [18] and Zou and Huang [11] introduced and studied a class of P-accretive
mappings and discussed the existence of solutions and convergence analysis of
iterative algorithms for various classes of variational inclusions (inequalities) in
the setting of Hilbert and Banach spaces.

Very recently, by using proximal-point mapping method, Ding and Feng [1],
Fang et al. [15], Feng and Ding [24], Kazmi and Bhat [4], Kazmi and Khan [6],
Kazmi et al. [7, 8], Noor [9], Peng and Zou [10] and Zou and Huang [12] introduced
and studied a class of P-accretive mappings and discussed the existence of solutions
and convergence analysis of iterative algorithms for various classes of system of
variational inclusions (inequalities) in the setting of Hilbert and Banach spaces.

Inspired by recent research work in this direction, we consider a class of accre-
tive mappings called P-accretive mappings, a natural generalization of accretive
(monotone) mappings studied in [3, 5, 11, 13-18] in Banach spaces. We prove
that the proximal-point mapping of the P-accretive mapping is single-valued and
Lipschitz continuous. Further, we consider a system of multi-valued variational in-
clusions involving P-accretive mappings in real uniformly smooth Banach spaces.
Using proximal-point mapping method, we prove the existence of solution and dis-
cuss the convergence analysis of iterative algorithm for the system of multi-valued
variational inclusions. The results presented in this paper generalize and improve
some known results given in [1, 4, 6-10, 12, 15, 24, 25].
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2 Preliminaries

Let E be a real Banach space equipped with norm || - ||; E* be the topological
dual space of E; (-, -) be the dual pair between FE and E*; CB(FE) be the family of
all nonempty closed and bounded subsets of F; C(E) be the family of all nonempty
compact subsets of E; 2F be the power set of E. Let H(-,-) be the Hausdorff metric
on CB(F) defined by

H(A,B) = max{sup inf d(z,y), sup inf d(z, y)} A,B e CB(E);
zeAYEB yeBTEA

and J : E — 27" be the normalized duality mapping defined by
J@)={feE: (z f) = |z|* |z = |fI}, z€kE
First, we recall and define the following concepts and results.

Definition 2.1 ([17, 26]). A Banach space E is called smooth if, for every x € E
with ||z|| = 1, there exists a unique f € E* such that ||f|| = f(z) = 1. The
modulus of smoothness of F is the function pg : [0,00) — [0, 00), defined by

z+yll+ [z —yl)
2

(I
pE(T):sup{ —1:x,yeE, |z|=1, |lyll=7¢-

Definition 2.2 ([26]). The Banach space E is said to be uniformly smooth if

lim PEAT) (7)

T—0 T

=0.
We note that if E is smooth then the normalized duality mapping .J is single-

valued and if £ = H, a Hilbert space, then J is the identity map on H.

Lemma 2.3 ([14, 27]). Let E be an uniformly smooth Banach space and let J :
E — E* be the normalized duality mapping. Then for all x,y € E, we have

(i) le+yl* < =1 +2(y, J@@+y));
(it) (x—y, J(@)=J(y) < 2dpp(4llz—yll/d), whered = /([lz|*+ [lyl]*)/

Definition 2.4 ([5, 28]). A multi-valued mapping T : E — CB(E) is said to be
&-H-Lipschitz continuous if there exists a constant £ > 0 such that

H(T(x), T(y)) < &llz—yll, Va,y € E,

where H(-,-) is the Hausdorff metric on CB(F).
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Lemma 2.5 ([28, 29]).

(a) Let E be a real Banach space. Let A : E — CB(FE) and let € > 0 be any
real number, then for every x,y € E and uy € A(x), there exists us € A(y)
such that

[lur — uz|| < H(A(2), A(y)) +ellz —yll;

(b) Let A : E — CB(E) and let 6 > 0 be any real number, then for every
z,y € E and uy € A(x), there exists uz € A(y) such that

lur — usl] < 6H(A(z), A(y)).
We note that if G : E — C(FE) then Lemma 2.5(a)-(b) is true for e = 0 and
0 = 1, respectively.
3 P-Proximal-Point Mappings
The following results give some properties of P-accretive mappings.

Definition 3.1 ([29]). A mapping A : F — E is said to be

(i) accretive if
(A(x) = A(y), J(@—y)) 2 0, Va,yek;
(ii) strictly accretive if
(A(x) = Aly), J(x—y)) >0, Vr,yek;

and the equality holds only when z = y.

(iii) &-strongly accretive if there exists a constant € > 0 such that

(Alx) = Aly), J(z—y)) = Elz—yl*, YVa,ye b
(iv) d-Lipschitz continuous if there exists a constant § > 0 such that

JA@) - AWl < dlle—yll, Va,yeE,
Definition 3.2 ([14]). A multi-valued mapping M : E — 2F is said to be
(i) accretive if
(u—wv, J(x—y)) > 0, Va,ye E,ue€ M(x),v e M(y);

(ii) &-strongly accretive if there exists a constant £ > 0 such that

(w—v, J(@—y) > €lz -yl VYa,ye B ueM)veMy):
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(iii) m-accretive if M is accretive and (I + pM)(E) = E for any fixed p > 0,
where I is identity mapping on E.

The following definition and results are given in [3], (see also [5]).

Definition 3.3 ([3, 5]). Let P: E — FE be a nonlinear mapping. Then a multi-
valued mapping M : E — 2% is said to be P-accretive, if M is accretive and
(P+ pM)(E) = E for any p > 0.

Theorem 3.4 ([3, 5]). Let P : E — E be a strictly accretive mapping and let
M : E — 2F be a P-accretive multi-valued mapping. Then

(a) (u—v,J(x —y)) >0, Y(v,y) € Graph(M) implies (u,x) € Graph(M),
where Graph(M) := {(u,z) €e EX E:u € M(x)};

b) the mapping (P + pM)~" is single-valued for all p > 0.
p

By Theorem 3.4, we can define P-proximal point mapping for a P-accretive
mapping M as follows:

TpL(2) = (P +pM) (), Vz€E, (3.1)
where p > 0 is a constant and P : E — FE is a strictly accretive mapping.

Theorem 3.5 ([3, 5]). Let P : E — E be a §-strongly-accretive mapping and
M : E — 2F be P-accretive mapping. Then the P-prozimal point mapping J{;{p :
E — FE is %—Lipschz'tz continuous, that is,

1
1T (2) = T, (W) < she—ul, Veyek.

4 System of Multi-Valued Variational Inclusions

Throughout rest of the paper unless otherwise stated, we assume that, for each
i =1,2, E; is a real uniformly smooth Banach space with norm || - ||;, and denote
the duality pairing between E; and its dual E} by (-, -);.

Let N; : By x E5 — E;, P;,9; : E; — E; be nonlinear mappings and A,C :
E, — CB(F,), B,D : E; — CB(F32) be multi-valued mappings. Let M :
EixE; — 281 and My : Eyx Ey — 282 be Pj-accretive and Py-accretive mappings,
respectively, such that (¢g1(z), g2(y)) € domain(My(-,x), Ma(-,y)) for all (z,y) €
E; x Ey. We consider the following system of multi-valued variational inclusions
(in short, SMVI):

Find (z,y) € E1 X Es, u € A(z), v € B(y), w € C(x), z € D(y) such that

Ni(u,v) + Mi(g1(x),x) 3 6q;
(4.1)
Na(w, z) + Ma(g2(y), y) > b2,

where 6; and 6, are zero vectors of £; and FEs, respectively.
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We remark that for suitable choices of the mappings ¢1, g2, A, B,C, D, M1, M,
Ny, Ns, Py, P5, and the spaces E1, F5, one can obtain many other known systems
of variational inclusions (inequalities) from SMVI(4.1), see for example [1, 4, 6-10,
12, 15, 24, 25].

Assume that dom(P;) N g;(E) # 0 for each i = 1,2.

We need the following concepts and results:

Definition 4.1. Let A, B : E — CB(E) be multi-valued mappings. A mapping
N :E x E — F is said to be

(i) a-strongly-accretive with respect to A in the first argument if there exists a
constant a > 0 such that

(N(ur,v1) = N(ug,01), J (21 = x2)) > allzi — 2|,
for all 21, x2, y1 € B, w1 € A(z1), uz € A(z2), v1 € B(y1);
(ii) (B,~y)-mixed Lipschitz continuous if there exist constants 3,~ > 0 such that

IN(z1,91) = N(z2, 92) | < Bllzy — w2l + vllyr — w2ll,
for all x1, 2, y1, y2 € E.

Remark 4.2. The concept of (8,~)-mized Lipschitz continuity of mapping N
is more general than the Lipschitz continuity of mapping N in first and second
argument.

The following lemma, which will be used in the sequel, is an immediate con-
JMLCx) - g Ma(y)

sequence of the definitions of Jp ', ™, Jp~)

Lemma 4.3. For any given (z,y) € E1 X E2, u € A(x),v € B(y),w € C(x),z €
D(y), (z,y,u,v,w,z) is a solution of SMVI(4.1) if and only if (z,y,u,v,w,z)
satisfies

(@) = TECD (P o gi(2) — puNy(u,v)),

92(y) = Tpy20." P2 © g2 (y) = paNa(w, 2)],

where p1, pa > 0 are constants; Jgfp('l’z) = (P +piMi(-2) 7L Jgf;;y) = (P +

p2Ms(-,y))~1, and Py o g1 denotes Py composition g .

5 Iterative Algorithm

Using Lemma 2.5 and Lemma 4.3, we suggest and analyze the following iter-
ative algorithm for finding the approximate solution of SMVI(4.1):

Iterative Algorithm 5.1. For given (zo,y0) € E1 X Ea, ug € A(xp),vo €
B(yo),wo € C(xg), 20 € D(yo), compute approximate solution (2, Yn, Un, Vn, Wy, Zn)
given by iterative schemes:

91(xns1) = T [Py o g1 () — p1 N (un, v)], (5.1)
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92(yns1) = Tp2 " [Py 0 ga(yn) — paNa(twn, )], (5.2)
Un € An) : Jtnss —tunl| < (L (1+0)7Y) Hi(Alwns), A(n)),  (5.3)
v € Blyn): Ivns1 —vall < (L4 (L +n)") Ho(Byas1), Blya)),  (5.4)
W € Clan) t flwngr —wall < (141 +n)7") Hi(Cl@nr), Clan),  (5.5)
2 €D(ya) ¢ |lzner = zall < (14 (14+0)7") Ha(D(yns1), Dyn)),  (5.6)

where n =0,1,2,...; p1,p2 > 0 are constants.

6 Main Result

Now, we prove the existence of a solution and discuss the convergence analysis
of Iterative Algorithm 5.1 for SMVI(4.1).

Theorem 6.1. For each i = 1,2, let F; be real uniformly smooth Banach space
with pg,(t) < c¢it? for some ¢; > 0; let the multi-valued mappings A,C : By —
CB(E1) be py-Hq-Lipschitz, pe-H1-Lipschitz continuous and B, D : Ey — CB(FE3)
be n1-Ha-Lipschitz, ne-Ho-Lipschitz continuous, respectively; let the mappings N1 :
Ey x E5 — FEy be aq-strongly accretive with respect to Py o gy in the first argument
and (B1,71)-mized Lipschitz continuous and Ny : E1 X Eo — E5 be ag-strongly
accretive with respect to Py o go in the second argument and (B2, ~2)-mized Lips-
chitz continuous; let the mappings P;, P;og;, (9. — I;) : E; — E; be such that
P; be §;-strongly accretive, P; o g; be &-Lipschitz continuous and (g; — I;) be k;-
strongly accretive, respectively, where I; : E; — FE; is an identity mapping; let
M, : By x E; = 281 and My : Ey x Ey — 2F2 be such that for each fized
(x,y) € F1 X By, My(-,z) and Ms(-,y) are Pi-accretive and Pa-accretive map-
pings, respectively. Suppose that there are constants A1, A2 > 0 such that

TR (2) = TR )|y < Mllay — 2ol Va,ai,ze € B, (6.1)
M , Ms(-,
TP () — TR0 () la < Nallys — y2llz, Yy, 91,92 € B, (6.2)

and p1, p2 > 0 satisfy the following condition:

[Rl (\/51 —2p100 + 64010151/11) + )\1} + pafBopaRaLy < 1;

L2 {Rg (\/f% — 2p20¢2 + 6462[)%’}/2277%) + )\2:| + p1’717]1R1L1 < 1; (63)
N 1 . 1. o 1 . 1
Lqi:= 5 TT) Ry = 5 Lo := Neoest Ry := 5

Then iterative sequence {(Zpn, Yn, Un, Un, Wn, 2n)} generated by Iterative Algorithm
5.1 converges strongly to (x,y,u,v,w, z), a solution of SMVI(4.1).
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Proof. Since for each i = 1,2, it follows from Theorem 3.5 that for (z,y) € F1 x Ea,

the proximal point mappings Jgﬁg;r)
1

E-Lipschitz continuous, respectively. Now, since (g; — I;) is k;-strongly accretive,
we have the following estimate:

M-, . . .
and J P22;52 Y) are %—LlpSChl‘DZ continuous and

Hanrl - an%
= [lg1(Tns1) — 91(@n) + Tpy1 — 20 — (1(Tng1) — gl(ifn))H%
<lgr(@ng1) — g1 (@n) 7 = 291 — 1) (@ng1) — (91 — 1) (@n), J1 (@01 — 2n))1

< lgr(@ng1) — g1(@n) 7 — 2k |@ng1 — 2l

which implies that

1
fonir = all € st 1) = gn @)l (64
Similarly, we have
|| 2 <~ llg2(vns1) — 9205 (65)
Yn+1 — Ynll2 = Ty 1 92(Yn+1 92(Yn)l2- .
Now, by using (5.1) and (6.1), we have
91 (zns1) — g1(2n)ll1
= | TP (P o g1(@n) = 1N (tn, vn)) — T (Py o gy (1)
— 1 N1 (Un—1,v0-1))[l1
TP (P o gy (wn) — p1NL(tn, vn)) — Tp S (Py o g1 (1)
= p1N1(Un—1,vn-1))[l1 + ||J£/II;S‘1’$")(P1 0 g1(n-1) — p1N1(Un—1,vn-1))
— T (P o gy (@) — pr N1 (1, vam1)
1
< 5*1(||P1 0 g1(zn) — Progi(zn_1) — p1[N1(tn,vn) — Ni(tn_1,v,)]|1
+ 1N (tn—1,v) = N1(un—1,0n-1)[1) + Ml 2n = zn-1]l1. (6.6)

Further, using «a;-strongly accretivity with respect to P; o g1 in the first argument
and (f1,71)-mixed Lipschitz continuity of Ny(-,-); u1-Hi-Lipschitz continuity of
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A; n1-Ha-Lipschitz continuity of B and Lemma 2.3, it follows that

1P o gi(xn) = Progi(zn1) = pr(Ni(tn,vn) = Ni(tn—1,v0))|7
<|Progi(zn) — Progi(zai)|?
— 2p1(N1(tn,vn) — Ni(tn-1,v5), J1(P1rogi(zn) — Progi(zn_1))1
= 2p1(N1(tn, vn) = Ni(tn—1,vn), J1 (P10 g1(zn) — P10 g1(xp-1)
— p1(N1(tn, V) = N1(tn_1,vn)) = Ji(Progi(zn) — Progi(zn_1)))
<|Progi(mn) — Progi(za1)|?
= 2p1a1 (N1 (un, v5) — Ni(tn-1,05), J1(Pr 0 g1(zn) — P10 g1(zn-1)))1
+ 6401P%||N1(umvn) — N1 (un— h%p)“%
< (& = 2pan + 64c1p1 BT (1 4+ (L +n) )P [lzn — zn s |17, (6.7)

and

||N1(un—lyvn) - Nl(un—hvn—l)nl S 717]1(1 + (1 + n)il)”yn - yn—1||2- (68)

From (6.4) and (6.6)-(6.8), we have

Hanrl _xnlll

NOTES ( <\/€1 —2p1aq + 64c1pSipf(1+ (1 + n)—1)2> + A1>
1

Xl = ol +EFE(

0 ) Dl o] 69
Also, by using (5.2) and (6.2), we have

g2 (Ynt1) — g2(yn)l2

= [ Jpe)

Paps (P20 92(Yn Ma(n-)

) p1N2(wnvZn)) Y Py po (P2 ng(ynil)
— p2Na(Wn—1,2n—-1))||2
M (-ym Mo (.,yn
< HJPZ p2y )(PQ 0 92(Yn) — p2Na(Wn, 2n)) — Jszlgzy )(P2 © 92(Yn—1)
M (,yn
- p2N2(wn 1y An— 1))”2 + ||JP22P27y )(P2 Og2(yn71)
)

V=) (Py 0 gy (yn_1) — paNa(Wn_1, 20-1))]2

= p2No(wp—1,2n-1)) — p2 p2
< g(sz 0 g2(Yn) — P2 0 g2(Yn—1) — p2[Na(wn, 2n) — No(wn, 2n—1)]|2
+ p2||N2(wna anl) - N2(wn717 anl)HQ) + )\2||yn - yn,1||2. (610)

Further, using as-strongly accretivity with respect to P, o g2 in the second argu-
ment and (B2, ~2)-mixed Lipschitz continuity of Na(-,-); pe-H1-Lipschitz continu-
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ity of C; na-Ho-Lipschitz continuity of D and Lemma 2.3, it follows that

P2 0 ga(yn) = P2 © g2(yn—1) — p2(Na(wn, 2n) = Na(wn, 2n-1))|13
< ||P2 0 g2(yn) — P20 g2(yn—1)l15 — 2p2(Na(wy, 2n) — No(wn, 2n—1),
J2 (P2 0 g2(yn) — P20 g2(yn—1)))2 — 2p2(Na(wn, 2n) — No(wn, 2n—1),
J2(P2 0 g2(yn) — P2 © g2(yn—1) — p2(Na(wp, 2n) — Na(wn, 2n—1))
— Jo(Pa o g2(yn) — P20 g2(yn-1)))2
<Py 0 g2(yn) — P2 ga(yn—1)13 — 2p2(Na(wn, 20) — Na(wp, 2n-1),
J2(Py 0 ga(yn) — P2 © g2(yn—1)))2 + 64c2p3|| Na(wn, zn) — Na(wn, zn-1) |3
< (€5 — 2p2a + 64cap3 a5 (1 + (14 n) ")) lyn — yn—1l3, (6.11)

and
[ N2 (Wi, 2n—1) = No(Wp—1, 2n-1)|l2 < Bopa(L+ (L +n)"Y|zy — 2no11. (6.12)

From (6.5) and (6.10)-(6.12), we have

[Yn+1 — Ynll2
1 1 2 22,2 ~1)2
< Tﬂ[ 5 \/52—2P2a2+6402P2'72772(1+(1+n) )2+ A2
2

P22 142
02

X lyn = yn—1ll2 + (1+(1+n)1)xnxn—1llf]- (6.13)

From (6.9) and (6.13), we have

|Zn+1 = Tallt + [[Ynt1 — Ynllz = k|20 — 21l + &3 |yn — yn—1ll2
<O"(|on — zn—1lls + lYn — Yn-1ll2),  (6.14)

where 6" = max{k}, k}'},

ki =Ly [Rl (\/5% —2pron + 6401/)%5%#%(13”)2) + Al} + p2fapa R Lo L™

§ = Lo| Ry (V& — 20002 + 64c2pBnB (L)) + Xo| + prnm RiLa L™ (6.15)

— 1 . 1. - 1 . — 1. — -1
Ll = \/ﬁ’ Rl = a7 L2 = W, R2 = E, L" .= (1 + (1 —|—n) )

Letting 0™ — 0 asn — oo (k] — k1, k) — kyasn — 00), where 0 = max{ky, ka2};

ky =1L, |:R1 (\/5% —2p1a1 + 6401035@?) + )\1} + p2f2p2Ra Lo;

ko := Lo [Rz (\/5% — 2paaz + 6402P%’Y§7]§) + )\2} +pimimBRiLy; (6.16)

._ 1 . 1. . 1 . — 1
Ly = V217 Ry = 51 Ly := V2ka+1° Ry = 02"
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Now, define the norm || - ||« on E; x E3 by
Izl = Nzl + llyll2, V(z,y) € By x Es. (6.17)

It is observed that (E; X Es, || - ||«) is a Banach space. Hence (6.14) implies that

H(mn-&-layn—i-l) - (xmyn)H* < 9”($myn) - (xn—layn—l)H*- (6'18)

By condition (6.16), it follows that § < 1. Hence 6,, < 1 for sufficiently large n.
Therefore, (6.18) implies that {(x,,y,)} is a Cauchy sequence in F; x F5. Let
(Tn,yn) — (z,y) € By X Es as n — oo. By pi-H-Lipschitz continuity of A, we
have

n = up—1lly < (1+ (1 +n)"") Hi(A(zn), A(zn-1))
<A+ 0 +n)"Y wmllzn — 2ol (6.19)
Since {z,} is a Cauchy sequence in F;. Hence there exists u € E; such that
{un} — uw as n — oo. Similarly, we can show that {v,} € Es, {w,} € F; and

{zn} € Ey are Cauchy sequences and hence there exist v € Eo,w € E; and z € Es
such that {v,} = v,{w,} — w and {z,} — 2z as n — cc.

Next, we claim that u € A(x). Since u,—1 € A(zy_1), we have
d(u, A(x)) < |lu = uplly + d(un—1, A(z))
< Ju—up—1l[1 + Hi(A(zn-1), A(z))
< ||lu—un—1]|1 + g1 ||n-1 —z|]1 = 0 as n — oc. (6.20)

Since A(z) is closed, we have u € A(z). Similarly, we can show that v € B(y),w €
C(z) and z € D(y). Furthermore, continuity of the mappings ¢1, g2, 4, B, C, D,

K1 , Ko, My, My, Ny, Ng, JM @) gM2Cy) o Tterative Algorithm 5.1 gives that

Py1,p1 Pa,p2
g1(@) = Jp PP o gi (2) — piNa(u,v)], (6.21)
2(2) = T2V [Py 0 galy) — paNa(w, 2). (6.22)
Finally, we define
wy = TR Py o ga(2) — puNa(u,0), (6.23)
wy = Jp2 Y [Py 0 ga(y) — paNa(w, 2)]. (6.24)

Using the similar arguments used to obtain (6.9) and (6.13) and using Lemma
2.5(b), we have the following estimates:

lg1(zns1) —wils < Ly <R1 (\/ﬁf —2p1ag + 64010%512Mf52> + )\1) |zn — 1

+ pryimR1L16% |y — i3, (6.25)
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and

llg2(Tny1) — wall2 < Lo <Rz (\/55 — 2pa0ry + 640205“/377552) + >\2> lyn — yll2
+ p2Bapia RoLod0? ||z, — |3, (6.26)

Now, it follows from (6.17), (6.25) and (6.26) that

(91 (zn+1), 92(Yn+1)) — (w1, w2)|l« = [[g1(Tnt1) — wills + [[g2(Yn+1) — w2ll2
< L(l|en — zll1 + [lyn — yll2), (6.27)

where

L= max{ll, 12},

=1L <R1 \/f% — 2p1ag + 64c1p3 B2 1362 + )\1> + paBaia Ry Lod?

ly:= 1Ly <R2 \/5% — 2paaig + 64cop3yan3? + )\2) + pryim Ry L1 6%

Assume that Iy, o are positive real numbers, then it follows from (6.27) that

I1(91(zns1)s 92(Yn+1)) — (w1, w2)||« — 0 as n — oo.

Thus,

g1() = w1 = TP [Py 0 g1(2) — pr Ny (), (6.29)
92(y) = we = T, 5 [Py 0 ga(y) — prlNa(w, 2). (6.29)
By Lemma 4.3, it follows that (z,y,u,v,w,z2) is a solution of SMVI(4.1). This
completes the proof. O

Remark 6.2.
(i) For A1, e, p1,p2 >0, it is clear that oy < Bru1; ag < Yome; ¢ > %12755;

R P1Bine
co > %; 2k1+1>0; 2ko+1 > 0. Further, 8 < 1 and condition (6.3)
2 1272

holds for some suitable set values of constants, for example,

car=4 =5 n=4 mn=10n=2 =1 k=1 um =1

1’}1:1.
.0[2:.2, /32:.3, "}/2:.2, p2:.2, 62:.3, 52:.2, k2:.2, /Lgil,
772:]..

(i) Theorem 6.1 generalize and improve the corresponding theorems presented
in [5-6, 10-12, 14, 15, 19, 20, 24, 25, 29] in the following sense:

o These theorems are proved in more general space, particularly, in real
uniformly smooth Banach space.
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o Multi-valued mappings with closed and bounded values have been considered
instead of multi-valued mappings with compact values.

e More general concepts of strongly accretivity, P-accretivity and mized-Lipschitz
continuity are considered.

(iti) Using the method presented in this paper, one can extend the existence result
for the system of n-generalized variational-like inclusions involving multi-
valued mappings.
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