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1 Introduction

A classical question in the theory of functional equations is that “when is it
true that a mapping which approximately satisfies on a functional equation must
be somehow close to an its exact solution. Such a problem was formulated by
Ulam in [2] and solved for the Cauchy functional equation by Hyers [3].

In [4], Rassias provided a generalization of Hyers theorem which allows the
Cauchy difference to be unbounded. Géavruta [5] extended the Hyers-Ulam sta-
bility in the spirit of Rassias approach. It gave rise to the stability theory for
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functional equations. In the case that every approximately solution of a func-
tional equation is an exact solution of it, we say that is superstable. The stability
problems of several functional equations have been extensively investigated by a
number of authors and there are many interesting results concerning this problem
(see [6-8]).

The functional equation

flx+y) + flz—y) =2f(x) +2f(y) (1.1)

is called a quadratic functional equation and every solution of the quadratic func-
tional equation is said to be a quadratic function. A generalized Hyers-Ulam
stability problem for the quadratic functional equation was proved by Skof [9] for
mappings f : X — Y, where X is a normed space and Y is a Banach space.
Cholewa [10] noticed that the theorem of Skof is still true if the relevant domain
X is replaced by an Abelian group. In [11], Czerwik established the generalized
Hyers-Ulam stability of the quadratic functional equation.

The Hyers-Ulam stability of quadratic derivations on Banach algebras was
studied in [12] for the first time. After that this is generalized to the stability and
the superstability of quadratic *-derivations on Banach C*-algebras in [1].

n [13], Bodaghi et al. proved the generalized Hyers-Ulam stability and the
superstability for quadratic double centralizers and quadratic multipliers by using
the alternative fixed point (Theorem 3.1) under certain conditions on Banach
algebras. This approach also is employed to establish of the stability of ternary
quadratic derivations on ternary Banach algebras and C*-ternary rings in [14] (for
more see [15-18]).

In this paper, we bring an example of quadratic derivations on a Banach
algebra and then we investigate their stability with directed method. We also
prove the stability and the superstability of quadratic *-derivations on Banach
x-algebras.

2 Stability of Quadratic Derivations

Let A be a Banach algebra. A Banach space B which is also a left A-module
is called a left Banach A-module if there is k > 0 such that

la-z|| < Kllal[|=]].

Similarly, a right Banach A-module and a Banach A-bimodule are defined.

Let A be a Banach algebra and B be a Banach A-bimodule. A mapping
D : A — B is called a quadratic derivation if D is a quadratic homogeneous
mapping, that is D is quadratic and L(ua) = p2D(a) for all a € A and p € C,
and D(ab) = D(a) - b* + a% - D(b) for all a,b € A.

First, we indicate an example of quadratic derivations on a Banach algebra.
In fact, this example is taken from [19] with the non trivial module actions while
in [19] the left module action is trivial.
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Example 2.1. Let A be a Banach algebra. Set

0 A A
T=10 0 A
0 0 O

Then 7T is a Banach algebra with the usual sum and product matrix operations
and with the following norm:

0 a b
0 0 c [||=lal+Ilol+]el  (a,b,ce.A).
0 0 O
So
0 A" A*
T =10 0 A* |,
0 O 0

=

is the dual of 7" with the following norm

0 f g
0 0 h {|l=Maz{[fl,llgll. IR} (f.g,h € A).
0 0 0
0 a b 0 =z y 0 f g
Supposethath:|:O 0 c],%z{() 0 z | €TandF=|0 0 h|E€
0 0 0 0 0 O 0 0 0
T* in which f,g,h € A*,a,b,c,z,y,z € A. Consider the module actions of 7 on

T* as follows:

(F -4, X) = f(ax) + g(by) + h(cz),
(- F,X) = f(xza) + g(ydb) + h(zc).
0 fo 9o
Obviously, 7* is a Banach 7-module. Let 7o = | 0 0 ho | € T* which is
0 0 0
fixed. We define D : 7 — T* by
D) =Fo- W —-A*-Fy (AeT).
0 a1 b 0 az b2
Given2=]0 0 ¢ [, =0 0 co | €T, wehave
0 0 O 0 0 0

(DA+DB),X) = (Fo- (A+B)? — (A+DB)?- Fp, X)
= go((a1 + az)(c1 + c2)y) — go(y(ar + az)(c1 + c2)). (2.1)

Similarly,
(DR —B),X) = go((a1 — az)(c1 — c2)y) — go(y(a1 — az)(c1 — c2)). (2.2)
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On the other hand,
(2D(A), X) = (2Fy - A — 2% - T, X) = go(2a1¢1y) — go0(2yaicy). (2.3)
Also,
(2D(%8), X) = 2go(azcay) + 2g0(yascs). (2.4)
If follows from (2.1)-(2.4) that
DR+ B)+ DR—B) =2D(A) +2D(B)

for all A, € T. This shows that D is quadratic, and thus D is a quadratic
homogeneous mapping. It is easy to check that 72 = {0}. Therefore D(AB) =
D) - B2+ A2 - D(B) =0 for all A, B € T. Hence, D is a quadratic derivation.

It is proved in [20] that for the vector spaces X and Y and the fixed positive
integer m, the map f : X — Y is quadratic if and only if the following equality

holds.
o () vy (P2) = o) s,

for all z,y € X. Also, we can show that f is quadratic if and only if for a fixed
positive integer m, we have

f(mz +my) + f(mz —my) = 2m® f(z) + 2m* f(y).

for all z,y € X.
Throughout this section, we assume that A is a Banach algebra and B is a

n—times
P NS
Banach A-bimodule and denote A x A x --- x A by A™.

Theorem 2.2. Suppose that f : A — B is a mapping with f(0) = 0. Assume
that there exists a functions ¢ : A x A — [0,00) such that

Hla,b) =" 4%(;5(2"@, 2"h) < o0 (2.5)

and

o (M) oy (M) < itp@ - 00| < otad)  (20)
1 (ab) = f(a) - b —a* - F(b)I| < ¢(a,b) (2.7)
Jorallp e T = {e?:0<0< Z—Z} and all a,b € A in which ny is a natural

number. Also, if for each fized a € A the mappings t — f(ta) from R to B is
continuous, then there exists a unique quadratic derivation D : A — B satisfying

If(a) = D(a)]| < 6(a,0) (2.8)
for alla € A.
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Proof. Setting b = 0, u = 1 and replacine a by 2a in (2.6), we get

L (2a) - f(a)

H 7 < i¢(2a,0) (2.9)

for all @ € A. Now, we use the Rassias’ method on inequality (2.9) to show that

f(2"a) — $(27a,0)
H 2o ) < o220 (2.10)
J=1
for all a € A and all positive integers n. We can also show that
F(2ntma) f( & $(29a,0) 2Ja 0)
[ <> (2.1)
j=m+1

for all @ € A and all non-negative integers n and m with n > m. It follows from

(2.5) and (2.11) that the sequence {f(iza)} is Cauchy. Due to the completness of

B, this sequence is convergent. So one can define the mapping D : A — B by

D(a) = tim 1" (2.12)

n—o00 4n

Replacing 2"a, 2™b by a, b, respectively (2.6) and multiplying both sides by ﬁ, we
get

H2D <’“‘a ;r “b> +2D (“a 5 “b> — 12D(a) — ,uQD(b)H

— 1L o (’“‘2(‘2’”’)) .y (W) (2 - uzf(Q”b)H
< i SELEY o

forall a,be Aand pe€ T1. So
no
b b
2D <““‘2“‘> +2D ( . K ) 12D(a) + 2 D(b) (2.13)
for all a,b € A and p € T . Putting =1 in (2.13) we have
o

2D (a;b> +2D (a;b> = D(a) + D(b) (2.14)

for all a,b € A. By [20, Proposition 1], D is a quadratic mapping, and thus by
(2.13) we can get

D(pa + pb) + D(pa — pb) = 2p*D(a) 4 21> D(b) (2.15)
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for all a,b € A and p € T_. Letting b = 0 in (2.15), we get D(ua) = p?D(a)
7o
foralla € Aand p € To. Now, let 4 € T = {XA € C: [A\] = 1} such that

no )
i = € in which 0 < 6 < 2m. Set pu; = e%, thus pq belongs to T 1+ and

no
D(pa) = D(u}°a) = p3™ D(a) = p>D(a) for all @ € A. Then under the hypothesis
that f(ta) is continuous in t € R for each fixed a € A, by the same reasoning as
in the proof of [11], D(ua) = p?D(a) for all 4 € R and a € A. So,

= iafﬂi2 aiLz? 0*2 a
DWMDQMM>“HMM)WPMDUuDU,

for all a € A and u € C (u # 0). Therefore, D is a quadratic homogeneous

mapping. If we substitute a,b by 2"a,2"b respectively in (2.7) and divide both
sides by 42" we have

“f(iZZab) @) s f(20D) H < $(2"a,2"b)

_ $(2"a,2"b)
4n 4n -

42n 4n

for all a,b € A. Taking the limit as n tend to infinity, we get D(ab) = D(a)-b*>+a?-
D(b), for all a,b € A. Moreover, (2.10) and (2.12) show that the inequality (2.8)
holds. For the uniqueness of D, let D : A —s B be another quadratic derivation
satisfying (2.8). Then we have

1D(a) - Bla)l| = 7 1D(2"a) ~ D(2"a)]

< %(IID(T‘G) —f@2"a)| + [ f(2"a) — D'(2"a)])

0o 1 . S 1 ‘
< 22; 4n+i ¢(2n+ja,0) = 22 47(15(2]@)0)
J:

Jj=n
which ||D(a) — D(a)|| tends to zero as n — oo for all a € A. O
Theorem 2.3. Suppose that f : A — B is a mapping with f(0) = 0 for which
there exists a function ¢ : A x A — [0,00) satisfying (2.6), (2.7) and

gg(a, b) = Z4k¢(27ka,27kb) < 00,
k=0

for all a,b € A. Also, if for each fivzed a € A the mappings t — f(ta) from R
to B is continuous, then there exists a unique quadratic derivation D : A — B
satisfying

If (@) = D(a)]| < (a,0) (2.16)
for alla € A.
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Proof. Substituting a by 2a and putting b = 0, x = 1 in (2.6), we have

[4f(a) = f(2a)|| < 6(2a,0) (2.17)

for all @ € A. Replacing a by § in (2.17) to obtain

|47 (5) - 1@ < é(a,0) (2.18)

Now, we use the triangular inequality and continue this way to get

w1 (5:) -0l = S we (550) e

for all @ € A and all positive integers n. So, we have

s ) - 70 ()= 3377 )

S o ()

3

for all a € A and all non-negative integers n and m with n > m. Thus the sequence
{47 f(5%)} is Cauchy. Since B is a Banach module, this sequence convergence to
the mapping D : A — B, that is

f(2"a)

D(a) := nh_}rréo o (2.20)
Similar to the proof of Theorem 2.2, we can obtain the desired result. O

Corollary 2.4. Let §,r be positive real numbers with r # 2, and let f : A — B
be a mapping such that

Hzf (Zr) o (M) - (@ —/Pf(b)H < 3(]lal” + bl")

2

1f(ab) = f(a) - b* = a®- ()] < 8(fla]” + [[b]")
forallpeT eX and all a,b € A. Then there exists a unique quadratic derivation

D:A— B satzsfymg

2"
|4 — 27|

1f(a) = D(a)|| < [lall” (2.21)

for all a € A.



350 Thai J. Math. 12 (2014)/ A. Bodaghi and G. Zabandan

Proof. By assumptions, we have f(0) = 0. Now, the result follows from Theorems
2.2 and 2.3 by taking ¢(a,b) = §(||a]|” + ||b]|") for all a,b € A. O

In the next corollary, we show that a quadratic derivation under which condi-
tion can be superstable.

Corollary 2.5. Letr,s,0 be non-negative real numbers with 0 < r+s # 2 and let
f:A— B be a mapping such that

o (M52 ) oy (M522) — (@) - i210)| < oGlallor)  (22)

1 (ab) = £(a) - b* = a* - FB)I < 5(llalI"[1b]|*)

forallp e T and all a,b € A. Then f is a quadratic derivation on A.
no

Proof. Putting a = b =0 in (2.22), we get f(0) =0. Now, if we put b=0, p =1
and replace a by 2a in (2.22), then we have

f(2a) = 4f(a) (2.23)

for all @ € A. It is easy to see by induction that f(2"a) = 4™f(a), and so
fla) = w for all a € A and n € N. On the other hand, if we replace a by § in
(2.23), then we have f(a) = 4f(%). Again, by induction we get f(a) = 4" f(5%). In
both cases, it follows from Theorems 2.2 and 2.3 that f is a quadratic homogeneous
mapping. Now, by putting ¢(a,b) = 6(||a||"||b]|®) in Theorems 2.2 and 2.3, we can

obtain the desired result. O

3 Stability of Quadratic x-Derivations

To prove the main result in this section, we need the following theorem which
has been proved by Diaz and Margolis in [21] (later an extension of the result was
given in [22]).

Theorem 3.1 (The Fixed Point Alternative). Let (2, d) be a complete generalized
metric space and T : Q — Q be a mapping with Lipschitz constant L < 1. Then,
for each element o € Q, either d(T"a, T a) = 0o for all n > 0, or there exists
a natural number ng such that:

(i) d(T"a, T" a) < oo for all n > ng;

(i)

(iil) B* is the unique fized point of T in the set A ={ € Q:d(T™a,B) < co};
)

d(B,8%) < 12£d(B, TB) for all B € A.

the sequence {T™a} is convergent to a fized point 5* of T;

(iv
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Let A, B be Banach *-algebras and B be also a Banach A-module. Then we
say B is a Banach *-module over A. Obviously, every Banach *x-algebra is a Banach
x-module over itself.

Throughout this section, we assume that A, B are Banach x-algebras and B is
also a Banach x-module over A.

A quadratic derivation D : A — B is is called a quadratic *-derivation if D
satisfies in condition D(a*) = D(a)* for all a € A. This definition was introduced
n [1]. The following theorem has been proved by Jang and Park in [1, Theorem
4.2).

Theorem 3.2. Suppose that f : A — A is a mapping with f(0) = 0 for which

there exists a function ¢ : A* — [0,00) such that

> 1
a b,c,d) Z 4— 2"a,2"b,2"¢,2"d) < oo

£ (na + b+ cd) + f(pa — b+ ed) — 24 f(a) — 2> F(b) — 2/ (e)d? — 22 f(d)|
S <)0((I7 b7 C’ d)’

Hf(a*) - f(a)*H < @(av%a’a)

for all a,b,c,d € A and p € T. Also, if for each fixed a € A the mappings
t — f(ta) from R to A is continuous, then there exists a unique quadratic -
derivation D : A — B satisfying

|f(a) ~ D(a)]| < (a,0,0,0)
for all a € A.

For the case f(z) = 22, we have f(a+8)+f(v+8) = a?+28%2+4%+2a3+273.
In the above theorem, the authors did not consider 2a8+2v/3. On the other hand,
one can show that the quadratic #-derivation D in the above theorem must be
zero, and thus the result is trivial. Therefore it could be true if we divide the main
inequality into two parts: quadratic part and derivation part. In the next theorem
we wish to modify Theorem 3.2 and deduce a similar result by using Theorem 3.1.

Theorem 3.3. Let f : A — B be a continuous mapping with f(0) = 0 and let
p: Ax A—[0,00) be a continuous function such that

H2f (““ - “b> 2f ( “b) — i f(a) - /ff(b)H <p@b) (1)

£ (ab) = f(a) - b* —a® - f(B)|| < p(a,b) (3-2)
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[1f(a®) = fa)*[| < ¢(a,a) (3.3)
forallp € T1 and a,b € A. If there exists a constant k € (0,1), such that

©(2a,2b) < 4ky(a,b) (3.4)

for all a,b € A, then there exists a unique x-derivation D : A — B satisfying

ko
1£(a) = D(a)|| < = ¢(a) (a€A) (3.5)
where $(a) = ¢(a,0).
Proof. Tt follows from (3.4) that
lin W ~0 (3.6)

for all a,b € A. Putting = 1,b = 0 and replacing a by 2a in (3.1), we have

[4f(a) — f(2a)]| < ¢(2a) < 4kg(a) (3.7)

for all @ € A, and so

@ - {1z < i3t (39

for all a € A. We consider the set  := {h: A — A| h(0) = 0} and introduce the
generalized metric on Q as follows:

d(hi,he) :=1nf{C € (0,00) : ||h1(a) — h2(a)|| < CP(a), Va € A},

if there exist such constant C, and d(h, ha) = 0o, otherwise. One can easily show
that (€2, d) is complete. We now define the linear mapping 7 : Q@ — Q by

T(h)(a) = ih(2a) (3.9)

for all @ € A. Given hy,hy € Q, let C € RT be an arbitrary constant with
d(hh hg) S C, that is

[h1(a) = ha(a)]| < C@(a) (3.10)

for all @ € A. Substituting a by 2a in the inequality (3.10) and using the equalities
(3.4) and (3.9), we have

[(Th)(@) = (Tha) (@)l = 411(26) — ha(20)]| < 3 CF(2a) < ChF(a),
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foralla € A, and thus d(T hy, The) < Ck. Therefore, we conclude that d(T hy, The)
< kd(hi, ha) for all hy, ho € Q. It follows from (3.8) that

d(Tf, f) < k. (3.11)

By the part (iv) of Theorem 3.1, the sequence {7 f} converges to a unique fixed
point D : A — B in the set Q; = {h € Q,d(f, h) < oo}, that is

im 22" _ pa) (3.12)

n—o00 4n

for all @ € A. By Theorem 3.1 and (3.11), we have

ATh) _ K
D) < < .
d(f, D) < 1-k —1-k
The above inequality shows that (3.5) holds for all « € A. Replace a, b by 2"a, 2",
respectively in (3.1). Now, dividing both sides of the resulting inequality by 2",
and letting n goes to infinity, we obtain

2D <“a ; “b> +2D ("“ 5 “b) = 12D(a) + u2D(b) (3.13)

for all a,b € A and p € T . Putting g =1 in (3.13) we have
no

2D ("‘2”)> +2D <“;b> — D(a) + D(b) (3.14)

for all a,b € A. By [20, Proposition 1], D is a quadratic mapping, and thus by
(3.13) we can get

D(pa + pb) + D(pa — pb) = 2u*D(a) + 2u*D(b) (3.15)
foralla,b € Aand u € T 1 . Letting b = 0 in (3.15), we get D(ua) = p?D(a) for all
no

a € Aand p € T_1 . Similar to the proof of Theorem 2.2, we have D(ua) = p?D(a)

0
for all a € A and pu € T, and thus D is quadratic homogeneous by [13, Theorem
2.2]. If we replace a,b by 2™a, 2"b respectively, in (3.2), we have

Hf@:;ab) j(2ra) 2 f(i:b) H - ©(2"a, 2"b) < ©(2"a, 2"b)

qn 42n - qn

for all a,b € A. Taking the limit as n tend to infinity, we get D(ab) = D(a) - b*> +
c? - D(b), for all a,b € A. Substituting a by 2"a in (3.3) and then dividing the
both sides of the obtained inequality by 4™, we get
f@2"a*)  f(2"a)" < v(2"a,2™a)
4n 4qn - 4n

(3.16)

for all @ € A. Passing to the limit as n — oo in (3.16) and applying (3.6), we
conclude that D(a*) = D(a)* for all @ € A. This shows that D is a quadratic
x-derivation. O
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Corollary 3.4. Letr,é be non-negative real numbers withr < 2 and let f : A — B
be a mapping such that

Jor (M52 ) ar (P51 ) < s s@) - 20)| < il + o1

£ (ab) = f(a) - b* = a® - F(B)I| < 6(llall" + [|b]|")

1f(a®) = fla)"|| < 26[al]"

forallpeT 1 and all a,b € A. Then there exists a unique quadratic *-derivation
D:A— B satzsfymg

2"

(@) = D@l < T

lall”

for all a € A.

Proof. The hypotheses show that f(0) = 0. The result follows from Theorem 3.3
by taking ¢(a,b) = o(||a||” + ||b||") for all a,b € A. O

In the following corollary, we show that under some conditions the supersta-
bility for quadratic *-derivations.

Corollary 3.5. Letr,§ be non-negative real numbers withr < 1 andlet f : A — B
be a mapping such that

Jor (M52 ) ar (M52) < s st@) — 25| < S(lall o) a7

1£(ab) — f(a) - b* —a® - F(B)]| < d([lall"[[B]]")

1£(a*) = f(a)*]| < 8ljal*"

forallp € T2 and all a,b € A. Then f is a quadratic x-derivation on A.
’VLO

Proof. Putting a = b = 0 in (3.17), we get f(0) = 0. Similar to the proof
of Corollary 2.5, we can obtain the desired result from Theorem 3.3 by putting
p(a,b) = &([|al["[|b]")- O
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