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Abstract : In this paper, we will investigate the generalized Hyer-Ulam-Rassias
stability of an n-dimensional functional equation,

sz‘f(xi) = f<2pixi>7

where n > 1 is an integer, and p1,...,p, are positive real number with
n
i=1
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1 Introduction and preliminaries

In 1940 S.M. Ulam[6] proposed the famous stability problem of linear functions.
In 1941 D.H. Hyers[I] considered the case of an approximately additive function
f:E — E’ where E and E’ are Banach spaces and f satisfies the inequality

If(z+y) = f@) -yl <e
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for all z,y € E and for some € > 0. It was shown that the limit

L(z) = lim 27" f(2"x)

n—r oo

exists for all x € F and that L : E — E’ is the unique additive function satisfying

[/ () = Lz)[| < e

Hyers’ theorem was generalized by Aoki[7] and Bourgin[2] for additive mappings
by considering bounded Cauchy differences. In 1978 Th.M. Rassias[8] considered
an approximately additive function f : E — E’ satisfying

1f (@ +y) = f@) = fFI <0+ l[yll”)

for all z,y € E where # > 0 and 0 < p < 1 are constants. Since then, the stability
problem has been widely investigated for different types of functional equations.
The Jensen functional equation given by

f(w)-;f(y) _ f(:v;ry)

has close connection[3, [4] with the Cauchy functional equation

f@) + fy) = flz+y).

Stability of Jensen equation has been studied at first by Kominek[?]. In 1998, S.M.
Jung[f] investigated the Hyers-Ulam stability for Jensen’s equation on a restricted
domain.

In this paper, we will extend the Jensen functional equation to an n-dimensional
version,

Zpif(fvi) = f(Zpﬂ%) (1.1)
i=1 i=1

where n > 1 is an integer, and p,...,p, are positive rational numbers with

Zpi =1, (1.2)
i—1

will study a general solution and investigate its generalized stability. We will also
discuss Hyers-Ulam stability and Hyers-Ulam-Rassias stability.

For our convenience, we let n > 1 be an integer, p1,...,p, be positive rational
numbers with (L2)), X be a real vector space and Y be a Banach spaces.

2 Main Results

In this section, we will study the general solution and generalized stability of
(TI). The results are as follows.
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2.1 General Solution

Theorem 2.1. Let X and Y be real vector spaces. A mapping f : X = Y
satisfies the functional equation (1) where n > 1 is an integer, and p1,...p, are
positive rational numbers with Y. p; = 1 for all z1,...x, € X, if and only if
f(z) = A(z) — f(0) for all x € X where A: X =Y is additive function and f(0)

s a constant.

Proof. (Neccessity) Suppose f : X — Y satisfies the functional equation (L.
Define a function g : X — y by

for all z € X. Note that ¢g(0) = 0.

Consider

g(Zm) = f(me) F0) = " pif(xi) = £(0)

i=1 i=1 i=1
= Zpig(xz) (2.1)
i=1

Thus g is satisfies (ILI)). Let s € {1,...n}. Thenset z; =z andz1 =... =251 =
Xyl =...= T =0, then () becomes

g(psx) = psg(x) forall se{l,...n} forall ze X. (2.2)
Next, we put 3 = 2,241 =yand 1 = ... = Ts_1 = Ty42 = ... =2, = 0 in

1) and using 22), we will have
9(Ps® + pet1y) = psg(x) + psr19(y)

for all z,y € X. Therefore g is additive function, by definition of g we get
f(z) = A(z) — f(0) for all z € X.

(Sufficiency) Suppose f(xz) = A(z) — f(0) for all x € X where A : X — Y is
additive function and f(0) is a constant. Then,

f(Zpﬂ%) = A(Zm%) - f(0) = A(Zm%) - Zpif(o)

=" pilAlz;) — £(0) = Zpif(xi)'

i=1

This completes the proof. O
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2.2 Generalied Stabiltiy

Theorem 2.2. Let ¢ : X™ — [0,00) be a function. For each integer s =1,...,n,
let ¢s : X — [0,00) be a function such that

ds(z) = ¢(0,...,0,,0,...,0) (2.3)

and E ps ‘o(pix) converges and hrn p; "o, ..., pTey) =0 forallzy, ... 2, € X.
If a functwn f: X—=Y satzsﬁes the inequality

e

forallzy,...,z, € X, then there exists a unique function L : X — Y that satisfies
functional equation (1) and the inequality

< (a1, 2n) (2.4)

1f (@) = Zpsl Lo (Pl (2.5)

for all x € X. The function L is given by
L(z) = f(0) + lim pi™(f(pi"=) — f(0)) (2.6)
forallx € X.

Proof. Suppose f : X — Y satisfies the inequality (Z4). Define a function
g: X =Y by

g(x) = f(x) = f(0) (2.7)

for all #1,...,2, € X. It should be noted that g(0) = 0. By ([.2)), we get

J,'l (szx7,> < (b L1y ,(En) (28)
for all 1,...,2, € X. Let s € {1,...,n} . Setas =z and zy = -+ = z5_1 =
Tyl =+ = Ty = 0, then (Z])) becomes

|psg(x) — g(ps)|| < bs(2) (2.9)

for all x € X. Rewrite the above equation to

|9(z) — p; tg(ps)| < ps's(2) (2.10)
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for all x € X. For each positive integer m and each x € X, we have

)_.

Mg mz ( —ps g(pi ))
—1

Hg(x) — Ds

S

|pstg(pia) — py TV g(pitia)||
1=0
m—1
= > p|lgpia Lg(pspla)||
1=0
m—1 . )
<) pi los(pla). (2.11)
1=0

Consider the sequence {p;™g(pT*x)}. For each positive integers k < [ and each
re X,
s *g(phe) — p g i) || = v *[|g(pke) —ps gl pka) |
l—k—1

k Z psz 1¢s i+k )
=0

k 1Zpsl¢5 1+k

Since Z ps ‘o(pix) converges, hm 0 py SRt E Py los(pitka) = 0; therefore,

i=0
L(z) = f(0) + Tim p"g(psx) (2.12)

is well-defined in the Banach space Y. Moreover, as m — oo, (ZI1]) becomes

llg(x) + £(0) Zp? Los(pix

Recalling the definition of g(x), we see that inequality (23] is valid.
To show that L indeed satisfies (L)), replace each x; in (Z8) with pTa;,

e

If we multiply the above inequality by p; ™ and take the limit as m — oo, then
by the definition of L in (212) and (L2), we obtain

L) (zpm>

DIy, DT ). (2.13)

< lim p;mo(pt'xy,...,pe'w,) =0,  (2.14)
m—0oQ
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which implies that

ZPZL(%‘) = L<ZPZIL’1> (2.15)

for all z1,...,z, € X.

To prove the uniqueness, suppose there is another function L' : X >Y
satisfying (1)) and (Z3]). Observe that if we replace x5 by « and put 1 =--- =
ZTs—1 = Ts41 = -+ = @, = 0 in (ZIT), then

psL(x) + (1 = ps)L(0) = L(psx) (2.16)

for all x € X, and
L(0) = £(0) + lim_p;™g(0) = (0).
The function L' obviously possesses the same properties. Therefore,

ps(L(z) — L'(z)) = L(psz) — L (psz) (2.17)

for all x € X. We can prove by mathematical induction that for each positive
integer m,

’

Py (L(z) = L'(x)) = L) = L (')
for all x € X. Therefore, for each positive integer m,

|L(z) = L'(@)|| = ps™|| L(p™2) — L' (p") |
< p; (|| L™ ) — fra)|| + |2 () — fF)]|)

o0
<27y p T s (ph )
=0

for all z € X. Since iip;iqﬁ(pix) converges, mlgnOO p;™ Zip;iflqﬁ(pi*mx) = 0.
We conclude that L(z) = L'(z) for all z € X. O
Theorem 2.3. Let ¢ : X™ — [0,00) be a function. For each integer s =1,...,n,
let ¢s : X — [0,00) be a function such that (2.3) and ioz pLo(psiz) converges and
n}gnmp?¢(p;mx1, coy s M) =0 for all xy, ..., xn Gl:;(.

If a function f : X — Y satisfies the inequality (2) then there exists a unique
function L : X =Y that satisfies functional equation ({I1]) and the inequality

7@~ L@ < 30 ot 0) (218)
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for all x € X. The function L is given by
L(x) = (0) + lim_p"f(p;™) (2.19)
forallx € X.

Proof. Let f : X — Y satisfy the inequality (24). Referring the process (2.71)-
([2I0), we can replace inequality ([2I0) with

llg(@) — psg(ps )| < ¢s(p; ')

for all x € X. For each positive integer m and each x € X, we get

l|g() H—‘(Zp (=Vg) — pig(p?:v))H

<> P g a) - plg(ps )|

<Y b6, ). (2.20)
We investigate the sequence {p7'g(p;™x)}. For each positive integer k < [ and

each r € X,

|pEg(p F) — plolps'a)|| = ’“Hg p;k ) =P R gy T p R ||
<p52p§ s (py T Fa)
<pt? Zpicﬁs(p;i*kw)
=1

Since Zps ¢(p3r) converges, hm ph1 Eps(bs( J7*2) = 0. Thus,

L(z) = f(0) + lim pg(p,"x) (2.21)

is well-defined in the Banach space Y. Furthermore, (2.20) becomes as m — oo,
[|lg(x) + £(0) Zpé Yo (p;

By the definition of g(z), inequality (18] is valid.
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In order to show that L satisfies (ILT). We replace each x; by p; ™z; in ([2.8))
and multiply p7*, then take the limit as m — oo, we have

L) (zpm>

which implies (215).
To prove the uniqueness, suppose there is another function L' : X — Y
satisfying (II)) and ([Z.3). Replacing z by p;lz and put 21 = -+ = 251 = 2541 =
- =z, = 0 in [218); consequently, (ZI7) becomes

po(L(p;'a) = L' (p;'2)) = L(x) — L (@).

For each positive m, we can show by mathematical induction that

< lim pl*é(p; " z1,...,p; "x,) =0,
m—r o0

’

Py (L(p; ") — L' (p; ™)) = Lix) — L' (x)
for all x € X. Therefore, for each positive integer m,
[L(@) = L' (@)]| = p | Lp~2) = L' (p; )|
< pQ”(HL M) — f(p;m:zr)H + 12 ) = Fs o))

< 2py Zp ¢s(ps ")

for all z € X. Since Zps #(p;tz) converges, hm pS szs Lo(pyi=mx) = 0. We
i=1 =0

obtain that L(z) = L'(z) for all z € X. O

2.3 Stability

This section will give the stability of (IL1]) in various case. The following theorem
proves stability of (LI]).

Theorem 2.4. Let e > 0 be a real number. If a function f: X — Y satisfies the
inequality

(2.22)

>ista) (oo )| <

forallzy,...,z, € X, then there exists a unique function L : X — Y that satisfies

(1) and

3

/@) - L@ < g——

for all x € X, where pmin = min{p1,...,pn}.
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Proof. Let

O(x1,...,2n) =€
for all z1,...,z, € X in Theorem We can see that Theorem holds for
every s = 1,...,n. We choose s such that p; = pmin = min{pi,...,pn}. Then

(ZI8) becomes

3

_ i1
o) 0] <3 = 55~ o
for all x € X as desired. O

The following theorem proves the stability of (II]).

Theorem 2.5. Let ¢ > 0 and r > 0 be real numbers with r # 1. If a function
[+ X =Y satisfies the inequality

Zpif(l‘i) - f<2pz$z>

=1

<3 Jail” (2.23)
i=1
forallzq,...,x, € X, then there exists a unique function L : X — Y that satisfies
({I1) and
|£@) = L@)|| < =l
for all x € X, where M = max | pi — Pt |.

Proof. In the case 0 <1 < 1, let
(b(xlv e ,In) = EZ ||I’L||T
i=1

for all x1,...,2, € X in Theorem Then we can see that Theorem [2.3] holds
for every s = 1,...,n. We choose s such that

| ps =py |= M = max |p; —pi|.

Thus, ([2.85) becomes

& o0
[£@) = L@)| < 3 pi o3 el = ellel vy Y- pi
i=1 i=1

1—r

_ D € 5
= el (72) = el =
s

S

||

for all z € X. In the case r > 1, let

n
$a1, .. wn) =y |l
=1
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for all 21,...,2, € X in Theorem 21l Since Theorem 2] holds for every s =

1,...,n, Z3) becomes
1£@) - L@)| <& > prlptall = ellalp;t S 5D
i=0 i=0
1 € €
r,—1 T T
zsxps( Tﬁ): —||z]|" = — |z
[l ] — ps_pSH I"= 37 ll«l
for all x € X. This completes the proof. O
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