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1 Introduction

Throughout this paper, R denotes the set of real numbers. We shall assume
that H is a real Hilbert space with inner product (,) and norm ||.||, while K will
stand for a nonempty, closed and convex subset of H.

A mapping A : K — H is called a— inverse-strongly monotone (see, for
example, [1, 2]) if and only if there exists @ > 0 such that (Ax — Ay, x — y) >
al|Az — Ay||? ¥V =,y € K.

Let A : H — H be a single-valued nonlinear mapping and let M : H — 2 be
a set-valued mapping. The variational inclusion is to find v € H such that

0 € A(u) + M(u), (1.1)

where 0 is a zero vector in H. The set of solutions to the variational inclusion
(1.1) is denoted by I(A, M). When A = 0, (1.1) becomes the inclusion problem
introduced by Rockafellar [3].

A set-valued mapping M : H — 2 is called monotone if and only if for all
x,y € H,f € M(z) and g € M(y) we have that (x —y, f —g) > 0. A monotone
mapping M is said to be maximal if and only if the graph G(M) is not properly
contained in the graph of any other monotone map, where G(M) := {(z,y) €
H x H :y € M(x)}. Equivalently, M is maximal if and only if for (z, f) € H x H,
(x —y, f—g) >0 for every (y,g9) € G(M) implies that f € M(x). The resolvent
operator Jys x associated with M and A is the mapping Jys » : H — H defined by

Jur(u) =T +AM)" (u), we H, \>0. (1.2)

It is known that the resolvent operator Jys  is single-valued, nonexpansive and
1—inverse-strongly monotone (see, for example, [4]) and that a solution of (1.1) is
a fixed point of Jys (I — AA),¥ A > 0 (see, for example, [5]). If 0 < A < 2a, it is
easy to see that Jys x(I — AA) is nonexpansive and I(A, M) is closed and convex.

Let ¢ : K — R be a real-valued function and A : K — H be a nonlinear
mapping. Suppose F': K X K — R is an equilibrium bi-function, that is, F(u,u) =
0, V wuw € K. The generalized mixed equilibrium problem is to find z € K (see
e.g., [6-8]) such that

F(z,y) + ¢(y) — p(z) + (Az,y — 2) > 0, (1.3)

for all y € K. We shall denote the set of solutions of the generalized mixed equi-
librium problem by €. Thus

Qi={a" e K: F(a",y) + o(y) — (@) + (Az",y —2") >0 Vy € K}.

If =0, A =0, then problem (1.3) reduces to equilibrium problem studied by
many authors (see e.g., [9-15]) which is to find 2* € K such that

F(z*,y) >0, (1.4)

for all y € K. The set of solutions of (1.4) is denoted by EP(F).
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If ¢ = 0, then problem (1.3) reduces to generalized equilibrium problem stud-
ied by many authors (see e.g., [16-18]) which is to find z* € K such that

F(z*,y) + (Az",y —2") > 0 (1.5)

for all y € K. The set of solutions of (1.5) is denoted by GEP(F, A).
If A =0, then problem (1.3) reduces to mixed equilibrium problem considered
by many authors (see, for example, [19-22]) which is to find 2* € K such that

F(x*,y) + ¢(y) — p(z*) >0, (1.6)

for all y € K. The set of solutions of (1.6) is denoted by M EP(F, ).

The generalized mixed equilibrium problem includes fixed point problems, op-
timization problems, variational inequality problems, Nash equilibrium problems
and equilibrium problems as special cases (see e.g., [23]). Numerous problems in
Physics, optimization and economics reduce to find a solution of problem (1.3).
Several methods have been proposed to solve the fixed point problems, variational
inequality problems and generalized mixed equilibrium problems in the literature.
See e.g., [18, 21, 24, 25].

A mapping T': K — K is said to be nonezrpansive if

Tz = Ty|| < [lz - yll, (1.7)

for all z,y € K. A point € K is called a fized point of T if Tx = x. The set of
fixed points of T is the set F(T):={z € K : Tax = x}.

Finding a common element of the set of fixed points of nonexpansive mappings
and the set of solutions of variational inclusions and equilibrium problems has been
studied by many researchers (see e.g., [18, 26-28] and the references contained
therein).

Recently, Takahashi and Takahashi [18] introduced an iterative scheme for
approximating the common element of the set of fixed points of a nonexpansive
mapping and the set of solutions to a generalized equilibrium problem in a real
Hilbert space. In particular, they proved the following theorem.

Theorem 1.1 (Takahashi and Takahashi [18]). Let K be a nonempty, closed and

convez subset of a real Hilbert space H. Let F be a bi-function from K x K satisfying

(A1) — (A44), ¢ be an p— inverse-strongly monotone mapping of K into H and

let T be a nonexpansive mapping of K into itself. Suppose F(T) N EP # () and

u€ K. Let {x,}22, and {z,}52, be generated by x1 € K,

F(zn,y) + Y20,y — 20) + 5o (y = 2,20 —@0) 20 Vy € K T
Tnt+1 = ﬂnxn + (]- - 5n)T[anu + (]- - an)zn]7n Z ]-7 ( ' )

where {an}5nZy, {Bn}nzy C [0,1) and {rn}32, C [0,24). If {an}iy, {Bn}0Z, and
{rn}52, are chosen so that {r,}°, C [a,b] for some a,b with 0 < a < b < 2,
limy, 00 ap, = 0, Zzozl Qp = 00, lim,, 0 ‘Tn-ﬁ-l - Tnl =0,0<c< ﬁn <d<1
then, {x,}52, converges strongly to zo = Pr(ryngpu.
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Most recently, Shehu [28] modified the algorithm (1.9) and obtained strong
convergence of the scheme to an element common to the set of fixed points of
nonexpansive maps, set of solution of generalized equilibrium problems and the
set of solution of variational inclusion. He proved the following result.

Theorem 1.2 (Shehu [28]). Let K be a nonempty, closed and convex subset of a
real Hilbert space H. Let F' be a bi-function from K x K — R satisfying (Al)—(A4),
1 be a p— inverse-strongly monotone mapping of K into H A an a— inverse-
strongly monotone mapping of K into H and M : H — 2% o mazimal monotone
mapping. Let T : H — H be a nonexpansive mapping such that Q := F(T) N
I(A,M)N EP # 0 and suppose f : H — H 1is a contraction map with constant
v € (0,1). Let {xp}52, and {z,}52, be generated by z1 € K,
{ Fzn,y) + (0, y = 20) + 7y = 20, 20 — 20) 20 Yy € K (1.9)
Tp+1 = ann + (1 - Bn)T[o‘nf(xﬂ) + (]- - O‘n)JM,A(Un - AAun)]; n Z ]-7 '

where {a, 1521, {Bn 152, C [0,1] and {r,}5°, C [0, 00) satisfying (i) 0 < ¢ < B, <
d <1, (i) limp_eo ay = 0, Yoo @y = 00, (iii) A € (0,20], (iv) 0 < a <7y, <
b < 2u, lim, o0 [Ppy1 — mn] = 0.

Then, {xn}52, converges strongly to zg = Pp(r)ynppu-

Let K be a nonempty subset of a real normed linear space E. A mapping
T: K — K is called asymptotically nonexpansive (see e.g., Goebel and Kirk [29])
if there exists a sequence {k,}, k, > 1, such that lim,_, k, = 1, and

1Tz = T"yl| < Eallz - yll

holds for each z,y € K and for each integer n > 1. Many authors have studied
the approximation of fixed points of asymptotically nonexpansive maps (see e.g.,
[30-34] and the references contained therein).

Motivated by [18, 28], we introduce an iterative scheme by using the so-called
hybrid method, and prove that the scheme strongly converges to an element com-
mon to the set of solutions of a system of generalized mixed equilibrium problem,
the set of fixed points of infinite family of asymptotically nonexpansive mappings
and the set of solutions to a variational inclusion in a real Hilbert space. Finally,
we give some applications of our results to Optimization problems in a real Hilbert
space.

2 Preliminaries

Let H be a real Hilbert space with inner product (.,.) and norm |[|.|| and let
K be a nonempty closed and convex subset of H. In what follows, we shall write
Zp — T as n — oo to mean that {x, }>°; converges strongly to z.

For any point u € H there exists a unique point Pxu € K such that

lu = Prul| <[lu—yll, vyeK. (2.1)
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Pk is called the metric projection of H onto K. We know that Pg is a nonexpan-
sive mapping of H onto K. It is also known that Pk satisfies

(z —y, Pxx — Pxy) > ||Pxz — Pryl|, (2.2)

for all x,y € H. Furthermore, Pxx is characterized by the properties Pxx € K
and

(x — Pgx, Pgkx —y) >0, (2.3)
for all y € K and

lz — Pre|” < [l -yl — lly — PxelP’ Ve H, ye K. (2.4)

If A is an a-inverse-strongly monotone mapping of K into H, then it is obvious
that A is é—Lipschitz continuous. We also have that for all z,y € K and r > 0,

(I —rA)e — (I = rA)y|* = |lz —y — r(Ax — Ay)|]”
= [Jz = yl|* = 2r{Ax — Ay, z — y) + r*|| Az — Ayl®
<l = yl? +7(r - 20)|| Az — Ay||*. (2.5)
So, if r < 2a, then I — rA is a nonexpansive mapping of K into H.

For solving the generalized mixed equilibrium problem for a bifunction F :
K x K — R, let us assume that F, ¢ and K satisfy the following conditions:

(Al) F(z,z) =0 for all x € K;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y, € K;
(A3) for each z,y,z € K, limy_,oF(tz+ (1 —t)x,y) < F(x,y);
(A4)
(B1)

B1

for each z € K, y— F(z,y) is convex and lower semicontinuous;

for each x € H and r > 0 there exist a bounded subset D, C K and y, € K
such that for any z € K \ Dy,

F(,0) + 0lus) = 9(2) + ~{ya = 22— ) < (26)

(B2) K is a bounded set.
Then, we have the following lemma.

Lemma 2.1 (Wangkeerece and Wangkeeree [35]). Assume that F': K x K — R
satisfies (A1)-(A4) and let ¢ : K — R be a proper lower semicontinuous and
convez function. Assume that either (B1) or (B2) holds. Forr >0 and x € H,

define a mapping TT(F’“;) :H — K as follows:

T (x) = {z € K : F(z,y) +¢ly) —v(2) + %(y— zz—-2) 20,y € K}

for all z € H. Then, the following hold:
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1. for each x € H, T (x) £ 0;
2. TfF’W) 1s single-valued;
3. TrgF’”’) 1s firmly nonexpansive, i.e., for any x,y € H,

T = T2 < (T~ Ty, —y);

4. F(T")) = GMEP(F);
5. GMEP(F) is closed and conve.
We shall also use the following lemma in our results

Lemma 2.2 (Baillon and Haddad [36]). Let E be a Banach space, let f be a con-
tinuously Fréchet differentiable convex functional on E and let V f be the gradient
of f. If Vf is é—Lipschitz continuous, then V f is a-inverse-strongly monotone.

Lemma 2.3. Let H be a real Hilbert space, and K a nonempty closed convex
subset of H. Then for all x,y,z € H and a real number a € R, the set

{ve K :lly—vll2 < llo - ol + (,0) +a}
18 closed and convex.

Lemma 2.4 (Goebel and Kirk [29]). Let K be a nonempty, closed and convex
and bounded subset of a uniformly convex Banach space X, and let T : K — K be
asymptotically nonexpansive. Then T has a fized point.

Lemma 2.5 (Lemaire [5]). Let M : H — 22 be a mazimal monotone mapping
and A : H — H be a Lipschitz continuous mapping. Then the mapping S =
M+ A: H— 2% is a mazimal monotone mapping.

3 Main Results

We now prove our main theorems.

Lemma 3.1 (Goebel and Kirk [29]). Let K be a nonempty closed and convex sub-
set of a real Hilbert space H and let T : K — K be assymptotically nonerpansive.
Then the set of fized points of T, F(T) is closed and convezx.

Lemma 3.2. Let K be a nonempty, closed and convez subset of a real Hilbert space
H. For each m = 1,2, let F,, be a bi-function from K x K — R satisfying (Al) —
(A4), pm : K — RU{+o0} be a proper lower semicontinuous and convex function
with assumption (B1) or (B2), A be an a-inverse-strongly monotone mapping of
K into H, B be a B-inverse-strongly monotone mapping of K into H and for
each i = 1,2,..., let T; : K — K be an asymptotically nonexpansive mapping.
Let D be a y-inverse-strongly monotone mapping of K into H. Suppose F :=
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ﬁ;’ilF(Tl) ﬂGMEP(Fl, A, @1) OGMEP(FQ, B, QDQ) ﬁI(D, M) 7& 0 and bounded .
Let {Zﬂ}%ozla {un}?zo:b {wn}?zo:h {yn,i}zozl (Z = 1727"') and {l“n}?f:o be
generated by xop € K, Ci1; =K, Ci=n2,C1;, 1= Fc,x0
Zp = Tr(fl’%)(mn —rpAxy,)
un = T2 (2, — A, Bz,)
Wn = JM,sn (un - SnDun)
Yn,i = QnTy + (1- O‘n)Tinwn (3.1)
Crt1,i = {2 € Cpi t lyni — 211> < |Jzn — 2|2

—an (1 = ap)||@n — Ty il + Oni}
Cnt1=M21Cny1,i
Tn+1 = PC"+1J:O7 n Z 1?

where i = (1 — o) (k7 ; — 1)(supg-cp{llen — 2*|[*}),i = 1,2,.... Assume that
{an}?f:1 - (071)v {Tn}%o:l - [0,2&] and {An}zozl C [072ﬂ] Satisfy (Z)O <a
rn <b<2aq, (11)0 < c< A\, < f <28, (i) lim, y00o ap, = 0, (iv) 0 < h < s,
7 <27.

Then for each n > 0, the following hold:

N IN

1. C,, is closed and conver,
2. FcCCy,
3. {xn} is well defined.

Proof. Observe that Lemma 2.3 implies that C,, ; is closed and convex for each
n > 1 and for each i = 1,2,.... This implies that C,, is closed and convex for
n > 1, establishing (1). Forn =1, F C K = C4 ;. For n > 2, let 2* € F. We have
[Yn,i — x*||2 = [lan(zn — %) + (1 — ) (Tiwn, — 37*)“2

an|Tn — x*Hz + (1 = an)|[Tiwy, — x*||2 —an(l—ay)l|lzn — Tiwn||2

IN

anl|Tn — x*HZ +(1 - an)ki,inn - x*HQ —an(l = ap)l|lzn — Tiwn|‘2

IN

anl|Tn — x*HQ + (1 - an)k?”Hxn - x*HQ — an(l = ap)l|lzn — Tiwn|‘2
1+ (1- O‘n)(szl,i = Dlf|lzn — I*||2 —ap(l — )|z, — Tzwn||2

<||zn —gc*||2 — an (1l — ap)||zn —Tiwn||2 +0,,

which shows that z* € Cy,;, V n>2, V i=1,2,.... Thus FCC(C,; V n>
1, V i=1,2,.... Hence F' C C,, ¥V n > 1, establishing (2). Therefore {x,} is
well defined, completing the proof. O

Lemma 3.3. Let K be a nonempty, closed and convexr subset of a real Hilbert
space H. For each m = 1,2, let F,, be a bi-function from K x K — R sat-
isfying (Al) — (A4), om : K — R U {+o0} be a proper lower semicontinuous
and convez function with assumption (B1) or (B2), A be an a-inverse-strongly
monotone mapping of K into H, B be a (-inverse-strongly monotone mapping
of K into H and for each i = 1,2,..., let T; : K — K be an asymptotically
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nonexpansive mapping such that N2, F(T;) # 0. Let D be a ~y-inverse-strongly
monotone mapping of K into H. Suppose F := N2 F(T;) NGMEP(F1, A, 1) N
GMEP(Fy, B,p2)NI(D, M) # 0 and bounded . Let {z,}52 1, {un}%y, {wn}S2y,
{Yni}2y (i = 1,2,...) and {z,}52, be as defined in Lemma 3.2, then the
sequences {zp}tply, {untniy, {wn}ile, {ynidni:s (@ = 1,2,...), {za}3l, are
bounded and ||xn+1 — Tp|| = 0,n — oo.

Proof. Since x,, = Pc,xzo Vn > 1 and x,41 € Cpy1 C Cp, Vn > 1, we have
lzn — @ol| < [|&nt1 — mol| VR = 0. (3.2)
Again, from F' C C,, and using inequality (2.1), we obtain
[|zn, — zol| < ||z —x0|]] 2€ F VYn>0. (3.3)

From inequalities (3.2) and (3.3), we have that lim,_, ||z, — o] exists. Hence
{zn}52 is bounded and so are {z, }52 o, {Azn 152 o, {un 120, {Dun S, {Bzn}22,,
{wn}sZ0, {T7wn o2y and {yni}oey ¢ =1,2,.... For m > n > 1, we have that
zm = Peo,,x0 € Cp, C C,. By inequality (2.4), we obtain

lzm = znll* < llzn — 20l* = [lom — ol|*. (3.4)

Letting m,n — oo in inequality (3.4), we obtain ||, — z,|| — 0. In particular
lim;, o0 [|Znt+1 — Zn|| = 0, completing the proof. O

Lemma 3.4. Let K be a nonempty, closed and convez subset of a real Hilbert space
H. For each m = 1,2, let F,, be a bi-function from K x K — R satisfying (Al) —
(A4), pm : K — RU{+o0} be a proper lower semicontinuous and convex function
with assumption (B1) or (B2), A be an a-inverse-strongly monotone mapping of
K into H, B be a B-inverse-strongly monotone mapping of K into H and for each
i=1,2,...,letT; : K = K be an asymptotically nonexpansive mapping such that
N2, F(T;) # 0. Let D be a vy-inverse-strongly monotone mapping of K into H.
Suppose F = NS, F(T;) NGMEP(Fy, A, 1) N GMEP(Fy, B,p2) NI(D, M) #
0 and bounded . Let {zp,}22 1, {un}2q, {wn}slq, {yni}iy (i =1,2,...) and

{zn}52 be as defined in Lemma 3.2, then limy, o0 ||2n — tn|| = limy, o0 ||wn —
Zn|| = 0. In addition lim, oo ||Yn,i — Zn|| = liMpoeo ||wn — Tiwy|| = 0 (3 =
1,2,...).

Proof. By hypothesis F' # (). Let 2* € F, then using the fact that Jy; (I — s, D)
is nonexpansive for all n € N, we have

[|wn —&*[[* = || Tara (un — 80 D) — Jara(a* = spDa®)|?
< llun — o2
Since both I —r, A and I — )\, B are nonexpansive for each n > 1, using inequality
(2.5) and the fact that o* = T/ (2% —r, Az*), 2% = T/{f“’?)(x* — A\, Bx*), we
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obtain
||Un . .%'*||2 _ ||T)(\f'2,<,02)(zn _ )\nan) . T)(\fz,tm)(x* . )\nBa:*)HQ
< |lzn — 2*|?
and

|20 — z*|)* = ||T(F1*‘91)(xn —rpAxy,) — T(Fl"”l)(x* — Az |2

Tn Tn

< lwg — ¥,

Therefore, ||lu, — z*|| < ||z, — 2*||. Since 2,11 = Pe
i=1,2,...,

w10 € Cpy1, then for each

[Yn,i — mn—o—lHQ <||wn — xn+1”2 —an(l —ayp)l|lzn — lenHz +6n,; — 0.
Using the fact that

Hyn,i _xn” < ||yn,i _$n+1|| + Hxn _anrle

we obtain that lim ||y, ; — z,|| = 0, ¢ = 1,2,.... Furthermore, for each i =
n—oo
1,2,...,
|yni — 2
Saonn_x*W I—ap ||Ti"wn—x*||2

+(1— o)
< allzn — 2|2 + (1= an)k2|Ju, — 2|2
< anllzn — 27|+ (1= an)k2 TS (2 — A Ban) — T2 (0" — X, Ba)| 2
< allzn — 2|2 + (1= an)k2 || (20 — AnBza) — (2* — Ay Ba*)|?

+ (1 —ap)k?

< aullan = 2P+ (1= @)k [[[20 = 2|12 + Aa(n = 28) | Bz — Ba* ||

< anllon = 2|12+ (U= an)k2 [[lzn = 2 + (A = 28)[| B2, — Ba'||?]

<o = 2|+ (1 = @) (k2 ; = Dllwn — "1

+(1- an)ki,i)\n()\n —2B)||Bz, — Bx*||?

< |y — x*||2 + (1 - an)ki,i)‘n()‘n —28)[|Bzy — Bx*HQ + O i
Since 0 < ¢ < A\, < f <28, we have for each i =1,2,...,
(28 = £)(1 = an)k2 1Bz — B | < [Jan — 12 = [lyni — 2| + On,

< yni = @nll (20 = 271+ [y = 2 []) + O

So,

2 || n 7L||(H n H || n H)
Yni — T T — T + ||y i
(1 — ozn)kn,ic@ﬂ — ?)

1Bz, — Ba*[|* <

1

e L
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Hence, lim,, o || Bz, — Bx*|| = 0. From the recursion formula (3.1), we have

[lgni = @12 < @nlln = 2%+ (1= an) 1T} wn = |

< anllzy — 2|2 + (1= an)k; illun — 27| (3.5)
On the other hand,

|ty — $*||2 < ||T>(\f'2,$02)(zn — MBz,) — T)(\f‘zxsoz)(m* _ )‘7le*)||2
< (2, — AnBzp) — (" = A\pyBz"), up — ™)

= 2 [ = AuBz) = (@ = MBI+ Jhun — |
~11(zn = A Bzn) = (2" = \Ba*) = (un — 2*)]?]
< 2 [llzn = 1P + lfun — 2°]
—||(zn. — AnBzn) — (" — A\, Bx™) — (u, — x*)||2]
= & [len = "1 T — 2112 = Tl — 222

+ 2Xn (2p — Up, Bz, — Bz*) — \2||Bz, — B:z:*||2}

and hence

llun — 2*[|* < [lzn — 21 — |lun — 2al[* + 2An{2n — un, Bzn — Bz™)
— 1Bz, — Ba*|?
< lzn = 21 = llun — 2nll* + 2Anl|2n — unlll| Bz — Ba*|]

<|lzn — x*HQ — |up — ZnH2 + 2Anl|2n — unl|[|Bzn — Bz™||.  (3.6)
Putting inequality (3.6) into inequality (3.5), we have

1Yni = 2*|* < anllen = 2* | + (1 = an)k; llen — 27112 = (1 = an)k3 il Jun — 20l
+2(1 - O‘n>k721,i)‘n||zn — Uy ||| Bzn — Bx™||
= llen = "I = (1= an)k; sllun — 2l
+2(1 — an)k; Anllzn — unll||Bzn — Ba*|| + On .
It follows that
(1= an)kp illzn = unll® < |l — 2% = [lyni — |
+2(1- an)kr%,i)‘nuzn = unl|||Bzn — B[ 4 bnq

< yni — @all([|2n — &[] + [lyn — 27[])
+2(1 - O‘n)kﬁ,iAnHZn — un||||Bzn — Bz™[| + Ori-



Iterative Solution of Fixed Points Problem, System of Generalized Mixed ... 233

Consequently,
[l2n — unl® <  — yn,i = @nll(llzn — 2" + llyn: — "))
T (L—ap)kl 0" ’
1
2)\77, n — Un Bn_B* 70712
#2hullen — B0 — B (0
Therefore lim,, oo ||2n — uy|| = 0. Furthermore,

yn.i — 2*|1> < anllzn — 2| + (1 — an) || T wy — 27|
< apllz, - x*HZ + (1 - O‘n)ki,iHun - x*HZ

< anllon — 2|2 + (1 = an)k; jll2n — 2|2

IN

O‘onn _x*HQ
+ (1 - an)k%,iHTr(fl’%)(xn —rpAxy) — Tr(fl’(pl)(x* - rnAx*)||2
anl[rn — m*|‘2 +(1 - an)ki,ill(zn —rpAzy,) — (z¥ — TnAm*)HQ

O‘onn_m*H2

AN

(1 k2 [l — 2| 4l — 20)]| Az, — Az
<lan — 2 |P + (1 — o) (K7 ; = D|an — ¥

+(1- an)ki,irn(rn —2a)|| Az, — Aaz*||2
<||lzn — :c"‘||2 +(1- an)ki,irn(rn —2a)||Az,, — Aa?*||2 + O

A

Since 0 < a <7, <b < 2a, we have
(1= an)k ;20 = b) || Az, — Ax*|* < ||z — 2|1 = ||yni — 2| + O

< |yn,i = znll([|l2n — 2] + [[Yn,s — 2"|]) + Onjs-
So,

1

A an * 2<
|| Az z||” < 0 —oniZa

+ ! On.i
(1 —an)k2 ;a(2a —b) ™"
Hence lim,_, ||Azy, — Az*|| = 0. From (3.1), we have

1yn,i = 2711* < omllen — 2|2 + (1 = o) || T} w0y — 2™
= anllen — 2*|P + (1 - an )k, 4]

< anllan — |2+ (1= an)ky llzn — 2. (3.7)

|2 — 2" |2
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Moreover,

[l2n —2*||* < HTr(fl’(pl)(xn —rndzn) — Tr(fh%)(x* —rpAzt)|?

< (xp — rnAzy,) — (" — rp,Ax"), x, —x¥)

1
2 [H(xn —rpAz,) — (2% — TnAx*)HZ +||zn — JL‘*H2

—l(n = rnAzn) = (2" =y Az”) = (20 — x*)l\z}

1 * *
< 5 |l =272 + 1120 — 2|1
(@0 = radzy) = (" = raAa*) = (2, — ")
1 * *
= 5 [llen =212 + llzn = @117 = l|on = 20l

+ 20 (T — 2, Ay — Az™) — 12| Az, — Ax*||2}
and hence

l|2n —m*||2 <|lzn _$*||2 —|zn — Zn||2 + 21 (Tn — 2n, Azn — Ax™)

—||Aa:n—A:r*||2
<|lzn — 2*|° = llzn — znll* + 2rall2n — z0l|||Azn — Az*|]
< lan — 2| = ||zn — znl]? + 2rallen — znl||[| Az, — Az*||. (3.8)

Putting (3.8) into (3.7), we have for each i = 1,2,...,

lyni — 2|1 < anllen — 2| + (1= an)ky il |20 — 27| — (1= an)k llen — 2l
+2(1 - an)ki,ironn — znl||| Az, — Az™]|
= |lzn = 2(* + (1= an) (ki ; — Dl — 2| = (1= an)k? l[en — 2o
+2(1— an)ki,ironn — znl||| Az, — Az™||
< lwn — ™12 = (1 — an)ky ;|

+2(1 - an)ki,irnﬂxn — zn|||| Az, — Az™|| + Op .

|Zn _Zn||2

It follows that for each i = 1,2,...,

(1= an)k illzn = zal® < |20 — 211 = |lyn,i — 2|
+2(1 - an)kziﬁirnﬂxn — up||||Azy, — Az™|| + On
< Myni — zall([lzn — 27| + llyn,: — 27[])
+2(1 - an)kiirnﬂmn — zn||||Azy, — Az™|| + Op ;.
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Consequently,
1
2 * *
lrn = znll? < gy lms = @nllClan =11+ llgni = 1)
1
2 — Az, — Az* — 0, i=1,2,....
+ 2rp|[Tn — 20 l|[|Azn || + (1—(1”)]@21’1, nyis s 4

Therefore, lim, o ||z — 24| = 0. But ypn,; = anzy + (1 — o) T w, for each
1=1,2,..., implies that

||y7l7i - Tz'nw"H = O‘nHIn - TznwnH — 0. (3.9)

Consequently, we have
zn — T wnl] < |lyn,i — T wnll + |[Yni — 2al| = 0, i=1,2,....
Furthermore, for each ¢t =1,2,...,
1yns — 2*|* < anllen — (] + (1 — an) | T w, — 2|
< anllrn — m*HQ +(1 - an)ki,iﬂwn - x*HZ
< apllz, — m*HZ
+ (1 = )k || T a (U — sn D) — Japa(a* — s Da*)||?
< agllz, - x*HZ + (1 - an)ki,iH(un — spDuy) — (z* — san*)”Q
< apllz, —x*|\2
+(1 - an)k%,imun - I*H2 + sn(8n — 29)||Duy, — DCC*HQ]
< apllz, — m*HZ + (1 - an)krgz,inn - m*HZ
+ (1= an)k? 50 (sn — 27)||Duy, — Da*[|?
<z — 2| + (1 = an) (b = Dllzn — 2|
+(1— O‘n)ki,isn(sn - 29)[|Duy, — Dx*”Q
< |z —x*|)>+ (1 — an)ki,isn(sn — 29)||Du,, — Dz*||* + Oni-
Thus,
(1 = an)ky ;1(2y = j)|Dun — D2*[|* < ||lzn — 27|* — [lyni — "|* + Oni
<lyn,i = @nll(llzn — 2| + [lyni — 27|]) 4 On .
So,
1
(1 —an)ky ;h(2y —j

- Oni, 1=1,2
L= ankZ hzy—g) " P T

1Dy — Da||* < )||yn,i = @n||([Jen — 27 + [lyni — 2"[])

+
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Since 0 < h < s, < j < 2, condition (iii) and ||yn; — zn|| = 0 as n — oo, we
have that lim, o || Du, — D2z*|| = 0. Using inequality (2.2), we obtain

|Jwn — 33*”2 < ||JM,/\(un — spDuy,) — JM,A(x* - San*)HQ

< A(un — 8 Duy) — (¥ = s, Dx™), wy — *)

1 X % *
= 5[l = D) = (@ = 5, D)2 + [, - |
— |(tp — spDuy) — (z* — 5, Dz*) — (w,, — z*)||?
1
< 5 [lhn = 27112
+ [|wn — x*||2 —|[(un — spDup) — (2" — s, Dz™) — (wy, — x*)Hz]

1 * *
5 [llan = 2112 + o = 27112 = [ =
+ 28, (U, — Wy, Duy, — Dx*) — 52 || Duy, — Dx*Hz]

Thus,

Hwn _x*HQ < Hxn _x*||2 — ||wn, _un||2 +23n”wn _UHHHDUH _Dx*H

Using this last inequality, we obtain from the recursion formula (3.1) that
lyni = 2*|° < anllzn — %[ + (1 = an)kl || T w, — [
< aplle, — |+ (1 - an)kfl7i||wn — 2|
< anlln — @12+ (1= an)k2 [ [lon = @ |2 = lwn = unl
+ 28 |wn — tin ||| D —Dac*||}
= [lzn = 2(* + (1 — an) (kg ; — Dlln —2*|?
—(1- an)ki,iﬂwn - unH2
+ 28, (1 — ap)||wn — un||||[Dun, — D™
<oy — 2> = (1 — an)ki,iﬂwn — Uy ||?

+ 25, (1 — a)||wn, — un||||Dun, — Dx*|| + 0piyi =1,2,. ...

This implies that for each ¢ = 1,2,...,
(1= an)ki llwn = unl* < llzn — 2| = |lyn,i — <"
+ 25, (1 — o) ||wn, — un||||Duy, — Dz*|| + 6y, -
1 * *
m”ym = ol ([len — 2| + |yn: — 2*]])
1 2j
.+
(1- an)k%,i it kr%z

|[wn _unH2 <

+ [wn = unll[[Dup — D],
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Since for each ¢ = 1,2,..., lim, oo @p = 0, [|yns — Zn|| = 0 as n — oo and
|| Duy, — Dz*|| = 0 as n — oo, we have lim,, o0 ||wn, —un|| = 0. Hence ||w, —2,|| =
lwn — un + up — 20|] < |wn — tn|| + ||un — zn]] = as n — oo, Also

Hw7L+1 _wnH - Hwn-i-l — T +xn _wnH S ||wn+1 _-TnH + ||xn _wnH

<Nlwnt1 = Tngal| + [[Tns1 — 2all + |20 — w4l

Thus limy,—, 0 ||Wn+1 — wy]| = 0. Now ||wy, — T wp || < ||@n — TP wp ||+ | |wn, — 24|

Therefore lim,, oo ||wn — Twy|| = 0, for each i = 1,2, .. ..

T+t
7

|[wnt1 — Tywn || < Jwp1 — Tin+1wn+1” +I Wnt1 — TZH_lwnH

+ 117wy, — Tiwn 4 ||

< wng1 — Tin+1wn+1” + kn-i-l,inn — Wn 1|
+ kl,iHTz‘nwn — W]

< w1 — Tin+1wn+1” + (knJrl,i + kl,i)Hwn |
+ kleTznwn — wy].

Thus lim, e ||w, — Tiw,|| =0, ¢ =1,2,..., completing the proof. O

Theorem 3.5. Let K be a nonempty, closed and convex subset of a real Hilbert
space H. For each m = 1,2, let F,, be a bi-function from K x K — R sat-
isfying (Al) — (A4), om : K — R U {+o0} be a proper lower semicontinuous
and convex function with assumption (B1) or (B2), A be an a-inverse-strongly
monotone mapping of K into H, B be a (-inverse-strongly monotone mapping
of K into H and for each v = 1,2,..., let T; : K — K be an asymptotically
nonexpansive mapping such that N2, F(T;) # 0. Let D be a vy-inverse-strongly
monotone mapping of K into H. Suppose F := N2, F(T;) N\GMEP(Fy, A, 1) N
GMEP(Fy, B, p2)NI(D,M) # 0 and bounded . Let {z,}5% 1, {un}2q, {wn},
{Yn,i}o2 (1=1,2,...) and {x,}5%, be as defined in Lemma 3.2, then {x,} con-
verges strongly to Ppxg.

Proof. Observe that in the proof of Lemma 3.3, we obtained that lim ||x,, — 2, || —
0 as m,n — oo. That is {z,} is a Cauchy sequence. Therefore =, — z,n — oo
for some z € K. Since lim, o ||w, — z,]| = 0 and lim, o ||z, — 2|| = 0, we
have that lim,,_,« ||w, — 2|| = 0. Using the fact that lim,_, ||w, — z|| = 0 and
limy, o0 [Jwn, — Tiwy|| =0, i =1,2,..., we have that z € N2, F(T;).

We show that z € I(D, M). Since {w,}32, is bounded, there exists a subse-
quence {wy,; }32, of {wn}52, that converges weakly to z. From the fact that D is
a %— Lipschitz continuous mapping and D(D) = H, we obtain from Lemma 2.5
that M + D is maximal monotone. Let (v, g) € G(M + A), that is, g— Av € M (v).
Since wy; = Jus, (I — 85.D)n;, we get (I — spD)un; € (I + 5,M)w,,, that is,

L (un; — 8n DUy, —wp,;) € M(w,,). Using the maximal monotonicity of M + D,

Sn
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we obtain

1
<v —Wp;,9 — Dv+ S—(unj — 8, Duy, —wnj)> >0,

1
<v - wn].,g> > <v — Wy, DU+ —(Up,; — 8, Dy, — wn7)>
s . .

n

1
= <v — Wp;, Dv — Dwy; + Dwy; — Duy; + ;(unJ — wn1)>

n

1
>0+ <v — Wp,;, Dwp; — Dunj> + <v — W, S—(unj — wn7)>

It follows from the fact that lim; oo ||wn,; —tn, || = 0, lim; o [|[Dwpn; —Duy,, || =0
and lim;_, o wy,; = z (since lim; o [|wn; — ;|| = 0, and lim; o z,, = 2) that
lim; s oo (v — Wy, 9) = (v — 2,9) > 0. Using the maximal monotonicity of M + D,
we obtain 6 € (M + D)(z) and this implies that z € I(D, M).

Further, we show that z € GMEP(F1,A,p1). Since z, := Tr(fl’m)(xn —
rnAxy,), n > 1, we have for any y € K that

1
Fi(zn,y) + 01(y) — p1(2n) + (ATn,y — 2n) + — (Y — 2, 20 — Tp) > 0.

T'n

Moreover, replacing n by n; in the last inequality and using (A2), we obtain

1
<P1(y) - (pl(znj> + <Amnj7y_ an> + 7,7<y_ Znjy Zn; _‘r’ﬂj> > F]-(y7z’ﬂj)'

j

Let z; :=ty+ (1 —t)z for all t € (0,1] and y € K. This implies that z; € K. Then,
we have

(2t = 2n;, Azt) 2 01(2n;) — p1(28) + (2t — 2n;, Aze) — (2t — 2, ATny)

Zn; — T, >

+ F1(2t, 2n;)

— (2t — zn,,
n;
= 901(2”]‘) - 801(Zt) + <Zt - ZﬂijZt - AZTLJ>

Zn; — Ty

J

+ (2t — 2n,, Az, — Axp,) — (2t — 2, )+ Fi(2t, 7n,).

nj

Since ||z, — zn,|| = 0, j — oo, we obtain [|Az,, — Az,,|| — 0, j — oo. Further-
more, by the monotonicity of A, we obtain (z; — 2y,;, A2y — Azp,;) > 0. Then, by
(A4) we obtain (noting that z,, — z)

(2t — 2, Az) > p1(2) — p1(2¢) + Fi(24,2), j — 0. (3.10)
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Using (A1), (A4) and (3.10) we also obtain

0= Fi(zt,2t) + o1(zt) — v1(2t)
< tFy(z,y) + (1 — t)F1( z,2) +tp1(y) + (1= t)p1(z) — 1(2)
< t[F1(z,y) +o1(y) — p1(z0)] + (1 =) (2 — 2, Azp)
=t[F1(2,y) + p1(y) —p1(ze)] + (1 =)ty — 2, Az)

and hence
0 < Fi(2,y) + 91(y) — @1(z0) + (1 = t)(y — 2, Azy).

Letting t — 0, we have, for each y € K,
0 < Fi(z,y) + o1(y) — ¢1(2) + (y — 2, Az). (3.11)

This implies that z € GMEP(Fy, A, ¢1). By using similar arguments, we can
show that z € GM EP(Fs, B, p2). Therefore, z € N2, F(T; ) NGMEP(Fy, A, p1)N
GMEP(Fy, B, ps) N I(D, M).

Noting that z, = Pc, 2o, we have by inequality (2.3) that

<I’0 7In7y7$n> S 07

for all y € C),. Since F' C C,, and by the continuity of inner product, we obtain
from the above inequality that

<$072’7y*2> Soa

for all y € F. By inequality (2.3) again, we conclude that z = Ppxzo. This
completes the proof. O

Corollary 3.6. Let K be a nonempty closed and convex subset of a real Hilbert
space H. For each m = 1,2, let F,, be a bi-function from K x K — R sat-
isfying (A1) — (A4), om : K — R U {+o0} be a proper lower semicontinuous
and convez function with assumption (B1) or (B2), A be an a-inverse-strongly
monotone mapping of K into H, B be a [-inverse-strongly monotone mapping
of K into H and let T : K — K be an asymptotically nonexpansive mapping.
Let D be a vy-inverse-strongly monotone mapping of K into H. Suppose F :=
F(T)NGMEP(Fy,A, 1) NGMEP(F3, B, p2) NVI(K,D) # 0 and bounded. Let
{zntois, {undiZes {wn}nZo, {un}aly and {zn}72, be generated by xo € K, C1 =
K, Tr1 = Pclxo

Zp = Tr(fl’“al)(x —rpAxy,)
Up = T(F27<P2)( _ AnBZn)
Wy, = PK(un — $pDuy,) (3.12)
Yn = anZo + (1 — apn)T"wy,
Cni1={2€Cy t|lyn — Z||2 <|lzn — ZHQ —ap(l —ap)l|lzn — TnynHQ + 00}
Tn+1 = PCnJrl 0, N > ]-7
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where 0, = (1 — a,) (k2 ; — 1)(supgeep{||lzn — 2*||?}). Assume that {a,}32, C
(0,1), {r,}2, C [0,20] and {)\,}5, C [0,20] satisfy (i) 0 < a <1, <b < 2a,
(1) 0 <e< A, < f <28, (4i1) limyooan, =0, (iv) 0 < h < s, <j<27.

Then, {x,}52, converges strongly to Prxg.

4 Applications

We study here, the problem of finding a minimizer of a continuously Fréchet
differentiable convex functional in a Hilbert space.

Theorem 4.1. For each m = 1,2, let F,, be a bi-function from H x H — R
satisfying (Al) — (A4), ¢ : H — RU {400} be a proper lower semicontinuous
and convex function with assumption (B1) or (B2), A be an a-inverse-strongly
monotone mapping of H into itself, B be a [S-inverse-strongly monotone mapping
of H into itself and for each i = 1,2,..., let T; : H — H be asymptotically
nonezpansive mappings such that N2, F(T;) # 0. Suppose f is a functional on H
which satisfies the following conditions:

1. f is a continuously Fréchet differentiable convex functional on H and V f
18 %-Lipschz’tz continuous,

2. (VH)'0={z€ H: f(z) = mingen f(y)} #0.

Suppose F := N2 F(T;)NGMEP(Fy, A, 1) NGMEP(Fy, B, p2) N (Vf)~1(0) #
0 and bounded. Let {2,352 1, {un}iq, {wn}sly, {yni}s2, (i =1,2,...) and
{zn}22, be generated by xg € K, C1,;, =K, C1 =N2,C1,, 1 = Poyxo
Zn = Tr(fl’“ol)(xn —rpAzy,)
Uy, = Tifz’W)(zn — A\nBz)
Wy, = (Up — $nV fuy,)
Yn,i = Qnlp + (1 - an)Enwn (41)
Crnt1i = {2 € Cni t ||yn,i — 2|1 < |lzn — 2|
_an(l - O‘n)Hzn - T;nyn,i |2 + on,i}
Cny1 =N2,Chi1,
Tny1 = Po,, 0, n2>1,

where O = (1 — o) (k3 ; — 1) (sup,-cp{|Jan — 2*|]?}),i = 1,2,.... Assume that
{an}52, € (0,1) (i=1,2,...), {rn}22y C [0,2a] and {\,}22, C [0,25] satisfy
()0<a<r, <b<2a (i) 0 <c <A\, < f <28, (#4) limy oo vy, = 0,
(iw) 0 <h<s, <j<2y.

Then, {x,}52, converges strongly to Ppx.

Proof. We know from condition (1) and Lemma 2.2 that Vf is an 7-inverse-
strongly monotone operator from H into H. Using Theorem 3.5 we have the
desired conclusion. O
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We now study a kind of multi-objective optimization problem with nonempty set
of solutions:

min by (x)
min ho(x) (4.2)
reK

where K is a nonempty closed convex subset of a real Hilbert space H and h; :
K — R, i=1,2is aconvex and a lower semicontinuous functional. Let us denote
the set of solutions to (4.2) by Q and assume that Q # (.

We shall denote the set of solutions of the following two optimization problems
by €7 and 5 respectively.

{ aIcrél%hl (x)

and

{ géighQ(m).
Clearly, if we find a solution = € 1 N Q, then one must have x € Q.

Now, for each ¢ = 1,2, let F; : K x K — R be defined by F;(z,y) := h;(y) —
h;(x). We consider now the following equilibrium problem: find z € K such that

Fi(z,y) 20, i=1.2, (4.3)

for all y € K. It is obvious that F; satisfies conditions (A1) — (44) and EP(F;) =
Q;, i=1,2, where EP(F;) is the set of solutions to (4.3). By Theorem 3.5, we
have the following.

Theorem 4.2. Let K be a nonempty closed and convex subset of a real Hilbert
space H. For each i = 1,2, let h; be a lower semicontinuous and conver function
such that Q1N Qg # 0. Let {zn, 1221, {un}Sq, {yn}sy and {,}52 be generated
byxo € K, C1 = K, 1 = Pe,x0

hl(y) - hl(’zn) + %<y — ZnyRn T xn> >0, Vy €K,

h(y) - h(un) + ,\Ln<y — Un, Un — Zn> >0, VyeK,

Yn = QpTo + (1 - an)un

Crti,i = {2 € Cni  |lyni — 2I1* < llan — 2[?
_O‘n(l - O‘n)Hxn - Tinyn,i||2 + Hn,i}

Tpy1 = Pe, o, n2>1,

where 0, = (1 — an) (k7 ; — 1(sup,ecp{||en — *[*}),7 = 1,2,.... Assume that
fan}i2, € (0,1), {rn}ats € (0,00) and [}, © (0,00) satisfy

(1) liminf, o 7y, >0, (i) Uminf, o A, > 0, (442) lim, o v, = 0.

Then, {zn}52, converges strongly to Pa,na,%o-
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Remark 4.3. Our results in this paper extend many important recent results, in
particular, the results of [18, 28] were extended from the class of non expansive
mappings to a more general class of asymptotically nonerpansive mappings. Also,
there is no boundedness assumption on the domain of the operator.

Prototypes. The prototypes of our iteration parameters are:

oy = %w n>1; r,:= oz(ni_ﬂ);/\n = B(nL_H), n > 1; and s, = ’y(#) n>1,

sh=71b=a, f=8j=7.

s
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