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1 Introduction

Let E be a nonempty subset of a metric space X. We shall denote by 2¥ the
family of nonempty subsets of E, by CB(FE) the family of nonempty closed and
bounded subsets of E, by K(FE) the family of nonempty compact subsets of E,
and by KC(FE) the family of nonempty compact convex subsets of E. Let H be
the Hausdorff distance on CB(E), that is,

H(A, B) := max {sup d(a, B),sup d(b, A)} , A,Be CB(E).
a€A beB

Copyright (© 2014 by the Mathematical Association of Thailand.
All rights reserved.



196 Thai J. Math. 12 (2014)/ N. Nanan

where d(a, B) := inf{|ja — b|| : b € B} is the distance from a point a to a subset
B. Let t be a mapping of E into E and T a multivalued mapping of F into 2.
The set of fixed points of ¢t and T' will be denoted by Fiz(t) := {x € F : tx = z}
and Fiz(T) := {z € E : © € Tz} respectively. A nonempty subset C of E is said
to be t-invariant if ¢(C) C C. C is said to be T-invariant if Tz N C # () for all
x € C. tand T is said to commute if for each = € E, t(Tz) C T(tz). A sequence
{z,} in E is called an approximate fixed point sequence (afps for short) for T if
limy, 00 d(2, Txy) = 0.

Definition 1.1. A multivalued mapping 7 : E — 2¥ is said to satisfy

(i) condition (E) if there exists u > 1 such that for each z,y € E,

Ad(z, Ty) < pd(x, Tx) + d(z,y);

(ii) condition (Cy) if there exists A € (0,1) such that for each z,y € E,

M(x,Tx) < d(x,y) implies H(Tz, Ty) < d(x,y).

Recall that I — T is strongly demiclosed if for every sequence {x,} in E which
converges to * € F and such that lim, . d(x,,Tz,) = 0, we have z € Tx.
Notice that if T satifies condition (F) then I — T is strongly demiclosed (see [1,
Proposition 2.10]).

Recently, Akkasriworn et al. [2] defined a condition on single-valued mapping
which is weaker than quasi-nonexpansiveness and asymptotically nonexpansiveness
and proved the existence of common fixed points in uniformly convex Banach
spaces.

Definition 1.2 ([2, Definition 1.1]). A mapping ¢ on a set E is said to satisfy
condition (K) if

(i) Fiz(t) is nonempty closed and convex;

(ii) for each x € Fix(t) and any closed convex t-invariant subset C' of E, the
nearest point of x € C' must be contained in Fix(¢).

Theorem 1.3 ([2, Theorem 3.4]). Let E be a nonempty bounded closed convex
subset of a uniformly convex Banach space X. Lett : E — E be a mapping
satisfying condition (K), and let T : E — KC(E) be a multivalued mapping
satisfying conditions (E) and (Cy) for some A € (0,1). Ift and T are commute,
then Fixz(t) N Fiz(T) # 0.

Laowang and Panyanak [3] generalized Theorem 1.3 to uniformly convex hy-
perbolic spaces and they also proved that the condition (K) is weaker than asymp-
totically quasi-nonexpansiveness and is weaker than asymptotically pointwise non-
expansiveness.
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Theorem 1.4 ([3, Theorem 12]). Let E be a bounded closed convex subset of a
complete uniformly convex hyperbolic space X andt: E — E a mapping satisfying
condition (K). Suppose that T : E — KC(E) satisfies condition (Cy) and I —T
is strongly demiclosed. If t and T commute, then Fix(t) N Fiz(T) # (.

Garcia-Falset et al. [4] defined a class of multivalued mappings.

Definition 1.5 ([4, Definition 1]). A mapping T': E — C'B(FE) satisfies condition
(L) on a set E if

(i) every T-invariant closed convex subset possesses an afps;

(ii) for an afps {z,} for T'in E and = € E,

lim sup d(z,,, Tx) < limsup d(x,, ).

n— o0 n—oo

In this paper, we show that every total asymptotically nonexpansive mapping
satisfies condition (K') and a multivalued mapping T satisfies condition (L) when
T satisfies condition (C)) for some A € (0,1) and I — T is strongly demiclosed.
Moreover, we extend Theorem 1.4 to uniformly convex metric spaces while a class
of single-valued mappings is no longer finite and a multivalued mapping satisfies
condition (L). Moreover, we obtain a common fixed point theorem for a family of
weakly commuting single-valued mappings and a multivalued mapping satisfying
condition (L).

2 Preliminaries

Let (X,d) be a metric space. A geodesic path from z to y is a mapping
¢:[0,l]] C R = X with ¢(0) = z,¢(l) = y and d(c(t),c(t)) = [t — /| for every
t,t’ € [0,1]. The image ¢([0,!]) of ¢ forms a geodesic segment which joins x and
y and is not necessarily unique. We will use [z,y] to denote a geodesic segment
joining z and y. (X, d) is a (uniquely) geodesic space if every two points z,y € X
can be joined by a (unique) geodesic path. A point z € X belongs to the geodesic
segment [z,y] if and only if there exists ¢ € [0, 1] such that d(z,z) = td(z,y) and
d(z,y) = (1—-t)d(x,y) and we will write z = (1 —t)x+ty. A subset C of a geodesic
space is said to be convex if [z,y] C C for any z,y € C.

Definition 2.1. A geodesic metric space (X,d) is called uniformly convex if for
any r > 0 and any e € (0, 2] there exists 6 € (0, 1] such that for all a,z,y € X
with d(z,a) < r,d(y,a) <r and d(z,y) > er it is the case that

d(m,a) < (1 —=98)r,
where m stands for any midpoint of any geodesic segment [z,y]. A mapping

d : (0,00) x (0,2] — (0,1] providing such a § = §(r,e) for a given r > 0 and
e € (0,2] is called a modulus of uniform convexity.
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From the definition, it is clear that uniformly convex metric spaces are uniquely
geodesic. The mapping § is monotone (resp. lower semi-continuous from the right)
if for every fixed ¢ it decreases (resp. is lower semi-continuous from the right) with
respect to 7 (see [5]). Examples of uniformly convex metric spaces are uniformly
convex Banach spaces, CAT(0) spaces and CAT(1) spaces with small diameters
(see [6]).

Throughout this paper, we assume that all uniformly convex metric spaces
have monotone or lower semi-continuous from the right modulus of uniform con-
vexity.

Let X be a metric space and F a family of subset of X. Then, F defines a
convexity structure on X if it contains the closed balls and is stable by intersection.

Remark 2.2. [t is noted in [5] that if F stands for the collection of nonempty
closed and convex subsets of a complete uniformly convexr metric space, then F is
a nested compact convezity structure, that is, if any decreasing chain (Ay)acr of
nonempty bounded elements of F has nonempty intersection.

For a bounded sequence {z,} in X and x € X, define

r(z,x,) = linlsup d(x,zp).
n o0

The asymptotic radius of {x,} is given by
r({z,}) = inf{r(z,z,) : v € X},
and the asymptotic center of {z,} is the set

A{zn}) ={z e X :r(z,zn) =r({zn}).

In [5], the authors proved that every bounded sequence in a complete uniformly
convex metric space has a unique asymptotic center.

A bounded sequence {z,} is regular if r({z,}) = r({xn,}) for every subse-
quence {zy, } of {z,}. Every bounded sequence {z,} in a complete uniformly
convex metric space has a regular subsequence {z,, } and thus every subsequence
of {z,, } has the same asymptotic center as {x,, } (see [7]). The following lemma
can be found in [1].

Lemma 2.3. Let E be a nonempty closed convex subset of a complete uniformly
convex metric space X. Then for each x € X, there exists a unique point x¢ in E
such that

d(z,z0) = d(z, FE) := inf{d(z,y) : y € E}.

Definition 2.4. A single-valued mapping t : F — E is said to be
(i) quasi-nonexpansive if for Fiz(t) # () and for x € E and y € Fix(t),

d(tr,y) < d(z,y);
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(ii) asymptotically nonexpansive if there exists sequence {k,} in [1,00) with
lim,, oo Kk, = 1 such that

d(t"z, t"y) < kpd(x,y) for all z,y € E and n € N;

(iii) asymptotically pointwise nonexpansive if there exists sequence a,, : E —
[0, 00) with lim,,_,c o (z) = 1, such that

d(t"x,t"y) < ap(x)d(x,y) for all z,y € E and n € N;

(iv) asymptotically quasi-nonexpansive if there exists sequence {k,} in [1,00)
with lim,,_, o k, = 1 such that

d(t"x,p) < kpd(x,p) for all © € E,p € Fix(t) and n € N;

(v) generalized asymptotically nonexpansive ([8]) if there exist sequences {k}
in [1,00) and {s,} in [0, 00) with lim, . &k, = 1, lim, oo s, = 0 such that

d(t"z, t"y) < kpd(z,y) + s, for all z,y € F and n € N;

(vi) total asymptotically nonexpansive ([9]) if there exist nonnegative real se-
quence {/@S)} and {kf(f)} with lim,,_ o0 k%l) = lim,, 00 kr(f) =0, and strictly
increasing and continuous functions ¢ : R — R with ¢(0) = 0 such that

d(t"z, t"y) < d(x,y) + kP é(d(z,y)) + k2 for all 2,y € E and n € N.

Before passing to main results, we briefly recall the notations. Let E be a
nonempty subset of metric space X, C' a nonempty subset of £ and S a family of
self-mappings of E. The set of common fixed points of S in E will be denoted by
F(S). We denote by dgC the relative boundary of C, that is, 9pgC = C N E\ C.
Let t be a mapping of E into F and T a multivalued mapping of E into 27. ¢ and
T is said to commute weakly if for each x € E, t(0gTz) C T(tx). S and T is said
to commute (weakly) if each ¢ € S and T' commute (weakly).

3 Main Results

First we will show that every total asymptotically nonexpansive mapping sat-
isfies condition (K).

Proposition 3.1. Let E be a bounded closed convex subset of a complete uniform
metric space X. Ift: E — E is a continuous total asymptotically nonexpansive
mapping, then t satisfies condition (K).

Proof. The proof of Fiz(t) # () and closed convex follows similar patterns as in [5,
Theorem 3.11], so we omit it. Next, we need to show that for each x € Fiz(t) and
any closed convex t-invariant subset C' of E, the nearest point of x € C' must be
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contained in Fiz(t). Now, let © € Fixz(t), C be a closed convex t-invariant subset
of F and u € C be such that d(x,u) = d(z,C). We will show that v € Fixz(t). If
x € C, then u = x € Fiz(t). Suppose that = ¢ C. Since t is total asymptotically
nonexpansiveness, we have

limsup d(z, t"u) < d(x,u). (3.1)
n—oo
We will prove that {t"u} is a Cauchy sequence. Suppose not, there exists a sepa-
rated subsequence {t"u} of t"™u, that is, there exists € > 0 such that d(t™*u, t™"u)
> ¢ for every k # h in N.
For the monotone case, let myp, be the midpoint of the segment [t™+u, t"" ],
¢ = diam(E) and €9 = €/c. The uniform convexity of the space implies that for
every k and h in N

(1 = §(max{d(t™ u,z),d(t™ u,x)},eo)) max{d(t" " u,x),d(t"*u, x)}

d(mkh, QZ) S
< (1= 0(c,e0)) max{d(t™" u, z),d(t™ u,x)}.

Since u is a nearest point of z in C' and (3.1),

d(u, ) < d(mgp, x)

<
< (1 —=6(c,e0))d(u,x),

and so d(u,z) = 0 which contradicts to z ¢ C.

For the lower semicontinuous case, let my, be the midpoint of the segment
[tk u, t™u), &1 = e/d(u,z) and p € N. Then there exists N € N such that
max{d(t™u, x),d(t™ u,x)} < d(u,z) + p~! for each h,k > N. By uniform con-
vexity,

d(u,z) < d(mpn, ) < (1 —8(d(u,z) +p~*,e)(d(u, z) er*l). (3.2)

Note that if p is large enough,

S(d(u,x) +p~ 1) S(d(u,x) +p~te)

1
> —
=2
<1

1—6(d(u, ) +p~t,e) S(d(u, ) +p~t¢)

[N

From (3.2) and taking p to infinity, d(u,z) < d(u,z), which is a contradiction.
Therefore, {t™u} is a Cauchy sequence and its limit, by (3.1), is u. Then, from
the continuity of ¢, tu = u. O

Proposition 3.2. Let E be a bounded closed convex subset of a uniformly convex
metric space X. If T : E — CB(F) satisfies condition (Cy) and I —T is strongly
demiclosed, then T satisfies condition (L).

Proof. According to [1, Lemma 3.1], if C C F is closed convex and T -invariant,
we can assure the existence of an afps for 7' in C. Next, Let {z,} be an afps for
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Tin F and z € E. If x,, — z, then € Tx because I — T is strongly demiclosed.
So, for all n € N, d(z,,, Tx) = infycr, d(zn,y) < d(2,,x). Otherwise, there exist
N € N and y,, € Tx, such that for all n > N

M(xp, Txy) = Md(2n, yn) < d(zy, ).
By condition (C)), H(Txy,Txz) < d(z,,x) for all n > N. We know that
d(xn, Tz) < d(xp,Tx,) + H(T2y, Tx), for n > N.
Taking upper limits on n we obtain

limsup d(x,,, Tx) < limsup d(z,, ).

n—oo n— oo

Therefore, T satisfies condition (L). O

Theorem 3.3. Let E be a bounded closed convex subset of a complete uniformly
convex metric space X and S = {t; }icr a family of commuting mappings satisfying
condition (K) on E. Then F(S) is nonempty closed and convet.

Proof. Since t; satisfies condition (K), Fiz(t;) is nonempty closed and convex.
Suppose that F' := ﬂf;llF ixz(t;) is nonempty closed and convex for some 1 < k < n.
For x € FFand 1 < i < k, since t; ot; = t; o tg, we have

trx =ty ot;x =t; otrx,

thus txz is a fixed point of ¢; for every ¢ = 1,2,....k — 1, that is, tyx € F. Hence
ti(F) C F. Again by condition (K) of tx, tx has a fixed point in F, that is,
N¥_, Fiz(t;) is nonempty closed and convex. By induction, we obtain N, Fiz(t;)
is nonempty closed and convex.

Let I' = 2 = {8 : B8 C I}. It is obvious that I' is downward directed (the
order on T is the set inclusion). The above proof implies that for every 8 € T, the
set Fig = NiepFiz(t;) is nonempty closed and convex. Clearly the family (Fg)ger
is decreasing. By using Remark 2.2, F(S) = N;crFiz(t;) is nonempty. It is clear
that it is closed and convex. O

As direct consequences of Proposition 3.1 and Theorem 3.3, we obtain the
following corollaries.

Corollary 3.4 ([10, Theorem 3.2]). Let E be a bounded closed convexr subset
of a complete CAT(0) space X and {t;};cr any family of commuting asymptotic
pointwise nonexpansive mappings on E. Then N;crFixz(t;) is nonempty closed and
conver.

Corollary 3.5 ([8]). Let E be a bounded closed convex subset of a complete
CAT(0) space X and {t;}ien a countable infinite family of commuting continu-
ous generalized asymptotically nonexpansive mappings on E. Then N2, Fix(t;) is
nonempty closed and convez.
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Theorem 3.6. Let E be a bounded closed convex subset of a complete uniformly
convex metric space X. If T : E — K(E) satisfies condition (L), then Fiz(T) # 0.

Proof. By the condition (L), T has an afps in F, say {z,}. By passing through
a subsequence, we may assume that {x,} is regular. Let A({z,}) = {z}. We are
going to show that x is a fixed point of T'. By compactness of Tx implies that for
each n we can take z, € T'x for each n such that

d(xn, 2n) = d(zy, Tx).

By compactness of Tz, there exists a subsequence {z,, } of {z, } such that limy_, o 2p,
= z € Tx. Note that

d(Tpy, 2) < d(Tnys 2ny) + (205 2)
d(xn,,, Tx) + d(zn,, 2)
< d(xp,,x) + d(zn,, 2).

It follows that limsupy, d(x,,,2) < limsup, d(zn,,z). Since A({z,}) = {z}, we
have r = z € T'x. O

Remark 3.7. Notice that in the above proof, condition (i) of Definition 1.5 can
be replaced by the weaker assumption

(A" T has an afps in E.

Corollary 3.8 ([1, Theorem 3.2]). Let E be a bounded closed convex subset of a
complete uniformly convexr metric space X. If T : E — K(F) satisfies condition
(Cy) and I —T is strongly demiclosed, then Fixz(T) # 0.

Next, we will prove our main results which generalize Theorems 1.3 and 1.4.

Theorem 3.9. Let EE be a bounded closed convex subset of a complete uniformly
convex metric space X and S a family of commuting mappings satisfying condition
(K) on E. Suppose that T : E — KC(FE) satisfies condition (L). If S and T
commute, then F(S)N Fiz(T) # 0.

Proof. By Theorem 3.3, F(S) is nonempty closed and convex. Since S and T
commute, we can see that for ¢ € S and x € F(S),

t(Tz) C T(tx) =Tx.

Let u be the nearest point of z in Tz. Since ¢ satisfies condition (K) and Tz
is closed convex t-invariant, u € Fixz(t) for every t € S. Hence Tx N F(S) # 0
for all x € F(S). Define a multivalued mapping U : F(S) — KC(F(S)) by
Uz =TxN F(S) for every x € F(S). It is easily seen that d(u,Uv) = d(u, Tv) for
all u,v € F(S). Let us show that U satisfies condition (L). First, let C be a closed
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convex U-invariant subset of F'(S). Thus C is also T-invariant which assures that
T has an afps in C, say {z,}. Consider

lim d(z,,Uzx,) = lim d(z,,Tz,) =0.

n—roo n— oo
We obtain that U has an afps in C. Next, let {x,,} be an afps for T in F(S) and
x € F(S). Since T satisfies condition (L),

limsupd(x,,Uz) = lim d(z,,Tz) < limsupd(z,, ).

n—00 n—00 n—00

By Theorem 3.6, we obtain a fixed point in F(S) of U and thus of T and we are
done. O

Theorem 3.10. Let E be a bounded closed convex subset of a complete uniformly
convex metric space X and S a family of commuting mappings on E. Suppose
that T : E — KC(E) satisfies condition (L) such that for all t € S

0 #£TxNF(S)C Z(t)={z€ E:d(ztx) <d(z,z)} and

t(0p(Tx)) C Tx for all x € F(S).
If F(S) is closed and convez, then F(S)N Fix(T) # 0.

Proof. Define a multivalued mapping U : F(S) — KC(F(S)) by Uz = TN F(S)
for every x € F(S). We claim that dist(u,Uv) = dist(u,Tv) for all u,v € F(S).
Let a € Uu and b € Tv such that d(a,b) = d(a,Tv). For t € S, since a €
Uu C Z(t), we have d(a,tb) < d(a,b). By the uniqueness of b as the closest
point to a, b = tb for ¢ € S. Therefore b € Tv N F(S) = Uv. This shows that
dist(u, Uv) = dist(u, Tv). The proof now follows as Theroem 3.9. O

Corollary 3.11 ([11, Theorem 8]). Let E be a bounded closed convexr subset
of a uniformly convexr Banach space X and S a family of commuting quasi-
nonexpansive mappings on E for which F(S) # 0. Suppose that T : E — KC(F)
is nonezpansive mapping. If S and T commute weakly, then F(S) N Fiz(T) # (.

Corollary 3.12 ([1, Theorem 3.4]). Let E be a bounded closed convexr subset of
a complete uniformly convex metric space X and t: E — E a quasi-nonexpansive
mapping whose Fix(t) # 0. Suppose that T : E — KC(E) satisfies condition
(C)) and I —T is strongly demiclosed. If t and T commute weakly, then Fix(t) N
Fiz(T) # 0.

Remark 3.13. Theorems 3.9 and 3.10 hold if T is a nonself multivalued mapping
and Tx N E # O for each x € X where commuting of S and T is denoted by
t(TexNE)CTtxNE foreachx € X andt € S.
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Corollary 3.14 ([12, Theorem 3.3]). Let E be a bounded closed convexr subset
of a complete CAT(0) space X, t : E — E a mapping and T : E — KC(X) a
nonexpansive mapping such that Tx N E # O for each x € X. Suppose that t and
T satisfy the condition

0 #TxNFiz(t) C Z(t),t(0p(Tx) NE) C TxrNE for all x € Fix(t).

If Fixz(t) is closed and convez, then Fiz(t) N Fix(T) # 0.
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