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Abstract : In the past decades, modal analysis has become a major technology
in the quest for determining, improving and optimizing dynamic characteristics
of engineering structures. Not only has it been recognized in mechanical and
aeronautical engineering, but modal analysis has also been discovered in profound
applications for civil and building structures, biomedical problems, space struc-
tures, acoustical instruments, transportation and nuclear problems, (for more in-
formation, see [1]). Shortly, modals analysis relies on mathematics to establish
theoretical models for a dynamic system and to analyze data in various forms.
Since modals are used in different branches of engineering in order to contribute
to modals analysis, we have constructed some sequence spaces of modals and in-
troduced the null, convergent and bounded sequence spaces of interval numbers
which are denoted co(gl), c(gl) and lo.(gI), respectively, consisting of all se-
quences 4 = (fy) such that (@) is a sequence of modals. Also, we have given
some new definitions and theorems about sequence spaces of the modals. Thus,
we have contributed to the modal analysis.
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1 Introduction and Preliminaries

Interval arithmetic was first suggested by Dwyer [2] in 1951. Development of
interval arithmetic as a formal system and evidence of its value as a computational
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device was provided by Moore [3, 4] in 1959 and 1962. Furthermore, Moore and
others [2, 5-7] have developed applications to differential equations.

Recently Chiao [8] introduced sequence of interval numbers and Sengoniil and
Eryilmaz [9] defined not only usual convergence of sequences of interval num-
bers but also showed that these spaces are complete metric spaces, [9]. We take
courage from them and we defined bounded, convergent and null sequences spaces
of modals.

Let’s denote the set of all real valued closed intervals by I, the set of all positive
integers by N and the set of all real numbers by R, through all the text. Any
elements of I is called interval number and it is denoted by Z, [8]. Let z and T be
first and last points of & interval number, respectively. Since & — & # [0,0] = 0,
—Z is not an additive inverse for & in the I. Thus the algebraic structure of
(I,+) is a semigroup with respect to addition. This is very big deficiency because
of so many reasons. In interval analysis, as you will recall, an interval number
is defined by & = {# € R : 2z < # < Z,}. Therefore, when z > T, the Z is
not interval number. But in modal analysis, a modal is no longer restricted to
the ordered bound condition of z < Z. That is [Z,z] is also a valid interval. A
modal Z = {[z,Z] : z,T € R} is defined by a pair of real numbers z,Z. Let’s
denote the set of all modals by gI. Let us suppose that Z,y € gI. Then algebraic
operations between # and gy are defined in the Kaucher arithmetic, [10]. For a
modal Z = [z,Z], dual operator is defined as dual® = [T, z]. Thus, if € gI then
Z — dualZ = [0,0] = 0 and dual# € gI. If we consider above algebraic properties
then we see that the couple (gI,+) is a group and the triple (¢I,+,-) is a ring,
[11]. Let us suppose that & € gI then Z is called symmetric modal if x = —Z or
vice versa.

The set of all modals gl is a metric space defined by the metric

d(Z1, 2) = max{|z; — 2,/, [T1 — Z2[}. (1.1)

IfZ,5 € g and z <7, y < ¥ then the set gl is reduced ordinary set of interval
numbers which is complete metric space with the metric d defined in (1.1), [3].
Moreover it is known that the set gl is a complete metric space with the metric
d. If we take &1 = [a,a] and Zo = [b,b], we obtain the usual metric of R with
d(Z1,%2) = |a — b|, where a,b € R.

Let’s define transformation f from N to gI by k — f(k) = &, & = (&x).
Then, () is called sequence of modals. The Zy, is called k*" term of the sequence
of modals. Let us denote the set of all sequences of modals by w(gI).

For two sequences of modals (Z) and (gx), the addition, scalar product
and multiplication are defined as follows Zy + gx = [z}, + Y Tk + Tpl; o =
[, o]0 € Bs (35)(3k) = 2, T4G], respectively.

The set w(gl) is a vector space since the vector space rules are clearly provided.
The zero element of w(gl) is the sequence 6 = (A;) = ([0,0]) all terms of which
are zero interval. If (%) € w(gl) then inverse of (Zj), according to addition, is
dual(Zy).



Some Contributions to Modals Analysis 187

Definition 1.1. Let A(gI) C w(gl). A modal norm is a function [|.|[ : A(gI) — R
such that (1) [[Ellxn = 0 & & = 8, (2) Il = alllZln: () 117+
Ullacgry < N2l acgr) +13llagr)- So the pair (A(gI), ||.|[xyr)) is called normed space.

If a normed space A(gI) contains a sequence (€é,) of modals with the property
that for every @ € A(gl) there is a unique sequence of scalars (t,) such that
limy, [|& — (£1€1 + -+ 4+ £,8n)|[a(gr) — O then (€,) is called a Schauder modal basis
for A(gI). The series > p- 1€, which has the sum 7 is then called the expansion
of @& with respect to (é,), and we write & = > po | £Ex.

Let A(gI) and p(gI) be linear spaces of modals. Then a function A : A\(g]) —
p(gl) is called a linear transformation if and only if, for all @y, @2 € A(gl) and all
t~1,t~2 € gl, A(flﬂl + 52112) = flAﬂ,l + 'EQA{LQ.

A linear transformation A : A(gI) — u(gl) is called bounded if and only if

there exists a constant M such that, for all 4 € \(gI), fl(ﬂ)H oD < Ml ygr)-
(g

Proposition 1.2. If (), (0r), (Tx) are sequences of symmetric modal then the
following equality holds:

(k) () = (Fr)} = () (Or) — () (7r)- (1.2)

Definition 1.3. A sequence & = (@) of modals is said to be convergent to the
modal g if for each € > 0 there exists a positive integer ng such that d(ay, o) < &
for all k£ > ng, and we denote it by writing limy @y, = .

Thus, limy o0 U = U & liMg—00 Uy, = Uy and limy_, o U = Up.

Definition 1.4. A sequence of modals, & = (4x) € w(gl), is said to be modal
fundamental sequence if for every € > 0 there exists kg € N such that d(,,ar) < &
whenever n, k > k.

Definition 1.5. Let A(gI) be a linear space over gI and u(gl) C A(gl). Then
wu(gI) is called

1. Convex < V¢ =[¢,¢] € [0,1]: CA(gD) + (1 = OA(gI) C A(gD), T =[1,1],

2. Balanced < V(¢ € g1 : (] = max{|¢|, [¢|} < T = Cu(gl) C pu(gl)

3. Absolutely convex < V¢, € gI « |¢] + || = max{|¢[, ||} +max{|y], [¢]} <
1= Culgl) +du(gl) € plgl),

4. Absorbing < Vi € u(gl) 3p >0 V¢ e gl : [(] = max{[¢,[([} > p=u €
Culgl).

In Section 2, we compute Schauder interval basis of these spaces and we show
that these sets are Banach spaces. Also null, convergent and bounded sequence
spaces of modals which are denoted by ¢o(gI), ¢(g]) and £ (gI) respectively are
defined in Section 2. Furthermore in this section some interesting theorems and
definitions are given about the sequence spaces of co(gl), ¢(gl) and o, (gI).
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In Section 3 we define the a—, f— and y— duals of the spaces cy(gl), c(gI)
and ¢o(gI). In this section we give and prove some important theorems about
a—, B— and y— duals of the spaces co(gl), ¢(gI) and £ (gI). Finally, in the
last section, we characterize some matrix transformations on sequence spaces of
modals ¢o(gI), c(gI) and £ (gI).

2 Some Sequence Spaces of the Modals

In this section we define null, convergent, bounded, convergent series, bounded
series and p—absolute convergent series of sequences spaces of the symmetric
modals which are denoted co(gI), c(g9l), loo(gl), cs(gl), bs(gl) and £,(gI) re-
spectively, that is

colgl) = {a=(ux) € w(gl): liin d(@ig,0) = 0, where 0 =1[0,0]}, (2.1)
clgl) = {a=(ar)€wgl): liin d(ty, o) =0, o € gl}, (2.2)
lo(gl) = {u=(ax) €wlgl): sgp d(tg,0) < oo}, (2.3)

bs(gl) = {a= (i) € w(gl):sup{d() _ ax,0)} < oo}, (2.5)

tlgl) = {u=(ar) € w(gl): (Z(d(ak,o))l’> <oo, p=1}. (26

Clearly we see that the spaces co(gI), c(gl), loc(gI), cs(gl), bs(gl) and ¢,(gl)
are subvector spaces in accordance with scalar product and addition on w(gI).
Besides, for all (Zy), (gr) € co(g9l) (or c(gl), oc(gI)) the function d defined by

ik, ) = sup maxt|uy, — vy, [ = Uil} (2.7)

which satisfies the metric axioms.

Thus, (co(gl),d) (or (c(gl),d) and ({s(gI),d)) is a metric space.

Let us suppose that o € w(gl), v = ([ug, Ux]) and v, = U. Then, the sequence
¥ = (¥) is reduced sequence of real numbers. In this case, the sets co(gl), c(gl)
and o (gI) are reduced the classical sequence spaces (i.e., null, convergent and
bounded sequences of the real or complex numbers). We shall denote ¢, ¢ and
co for the classical spaces of all bounded, convergent and null sequences of real
numbers, respectively.

Let suppose that A(gI) = {co(g9I), c(gI), ¢ (gI)}. Also the metric d satisfies
following properties: For all & = (i), v = (0 - (1) € A(g[) and for all o € R,
(1) dla+7,0+7) =d(a,v), (2) dlat,ad) = |a|d(d,D).
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Thus, we have
(. 0) = sup maxc{ . [7e]} = [l (2.8

Based on the above explanations and definitions, we give following theorem :

Theorem 2.1. The sets co(gl), c(gI) and L (gI) are Banach spaces with the
norm defined by in (2.8).

Proof. We only give the proof for £, (gI). It is easy to see that norm conditions
are provided easily.

Let (") = (z}) = (&5, 37,%5,...) € loo(gl) for each n and (2") be a funda-
mental sequence. Then, for every € > 0 there exist a kg € N such that ||z"—2™|| <
¢ whenever n,m > ky. Hence, we have |z} — 2’| < ¢ and |7} —Z}'| < e. This
means that (z™) and (Z") are Cauchy sequences in R. Since R is a Banach space,
(™) and (z") are convergent i.e, (Z}) is convergent.

Now, let lim,,_,o, T = &, for each k € N. Since ci(i:",i:m) < ¢ for all n,m >
ko, 1My, oo d(Z7,27) = d(Z2,1iMpy, 0o ) = d(Z, %) < e. This implies that
" — Z, (n — oo) for all n > kg in £oo(gI). On the other hand, since d(Z, 7} —
) = supy max{ |z, — (23 —af)|, [T — (T —7})[} < supy max{|a, —zp|+[ag], [Tx—
Tp |+ |73} < supy, max{|z, — x|, [Tk — T} |} +supy, max{|z,|, |Zx|} this shows that
T € loo(gl). O

Definition 2.2. Let A(gI) is a sequence space of the modals. Then A(g[) is called
solid if o € A(gI) whenever ||Tx||xgr) < [|@x|[r(gr), (k € N) for some @ € A(g[).

Theorem 2.3. The sets co(gl) and c(gl)which are sequence spaces of modals are
solid.

Proof. We consider only co(gl). Now, let ||Tx|[xgr) < [|Gx||rqer), for all (k € N)
and for some @ € ¢o(gI). Then we have, d(oy,0) < d(i,0), that is {|v, — 0], |Tx —
0]} < {|up — 0|, [ux — 0]}. Thus we obtain v, < u;, and vy < Uy i.e., 0 < 4. It is

clear that ¥ € ¢o(gI). Therefore co(gl) is solid. O

Theorem 2.4. The inclusion w C w(gl) holds, where w denotes the space of all
real or complex valued sequences.

Proof. The proof is clear since every element of w is a degenerate modal sequence.
O

Also, the inclusions o, C loo(gl), ¢ C ¢(gl) and ¢y C ¢o(gI) holds.
Theorem 2.5. The inclusion co(gI) C c¢(gI) holds.

Proof. If we take any & € co(gI) then we see that & € c¢(gI) since d(Z,0) =
sup, max{ |z, — 0|,|Tx — 0|} < e. Furthermore, the convergent sequence of the
modals § = ([1,1+ £]) € c(g]) but § & co(gl) since lim,y =1 and lim,y, =
1. O
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Theorem 2.6. The space co(gl) which is the set of symmetric modals is convex
and balanced.

Proof. Let suppose that ¢ = [¢,¢] € [0,1] and @ = (@ix) an arbitrary element of
co(gI). Then limy, d(Ciig + (1 — ¢)tig, 0) = limy, max{[Cuy, + (1 — Quyl, [Cax + (1 —
O)tk|} = limg max{|u, |, [@x|}, which says to us (i + (1 — C)ﬂk € co(gl).

For the second part of the proof, let us suppose that \C | <1and @€ cogl).

(i) If —1 < ¢ < 0 then limy, d(Ciig, 0) = limy, d(C[uy,, @], 0) < M limy, d([ax, ], 0)
which it says to us (i € ¢o(gI), where M = max{| — ¢|,| — ¢|}.

(i) If ( = 0 then there is no need to prove.

(iii) If 0 < ¢ < 1 the proof is similar to the (i). Thus co(gI) is balanced. [

Theorem 2.7. The sequences (g, €1,€2,...,Ck,...) and (€,€0,€1,E2,...,ECk,...)
are Schauder modal bases for co(gl) and c(gl), respectively, where
ér = (0,0,...,[ 1,1 ],0,...).
——
kth  case

Proof. Let @ = (1) € co(gl). Therefore for every € > 0 there exists n € N such
that for & > n, [|@|[c,gr) = supy, d(ix,0) < e. Now we should show the following
statement.

m ||y, — Y Exly =0.
k=0 co(gl)
From here we can write next steps;
i = Y € = I(lzo, o), [z1, T, - (20, Tnl, [Zpg 1y Tra]s )
k=0 co(g1)
—{([zo, To], [z, 71, - - [2,0:T0), 0,0, . ) }Hleoor)
=1/(0,0,..., [Znt15 Tt [Znsz Tnta]s - - lleoon)

sup max{|ugl|, [ar|} — 0, (n — 00),
k>n+1

so we have
Up = Zakék- (2.9)
k

Let us show uniqueness of the representation given by (2.9) for 4y € co(gI).
Suppose that there exists a representation @, = >, Ux€x. Then, for n — oo, we
have
n

§ k_uk

k=0

00(91)

= d((0k — 1), 0) = kiuplmax{l(yk — ;) — 01, |(ox —ux) — 0]} = 0.
>n+



Some Contributions to Modals Analysis 191

This shows that for k > n+ 1, |v, — u| — 0 and |vy — ux| — 0. Therefore we
have, v, = u;, and Ty = Uy, i.e., 0 = u. O

3 «a—, f— and y7— Duals of Sequence Spaces of the
Modals

In this section, we have stated and proved the theorems determining the a—,
B— and y— duals of the spaces c¢(gI), co(gl), leo(gl). For the sequence spaces
AgI) and p(gl), we define the set S(A(gI), u(gl)) by

S(NgI), u(gl)) = {(ox) € w(gl) : (urtr) € p(gl) for all (ax) € A(gI)}. (3.1)

With the notation of (3.1), the a—, f— and y—duals of a sequence space \(gl),
which are respectively denoted by A*(gI), A?(gI) and \Y(gI) are defined by with

X (gI) = S(A(g]), €2(9D), N (gI) = S(A(g]), es(g1)) and A7 (g]) = S(A(g]), bs(g])).
Theorem 3.1. The S— dual of sequence spaces co(gl), c(gI) and o (gl) are the
set £1(gl).

Proof. Since the proofs are similar, we will give the proof only for the space co(g1).
Let us suppose that @ = (@) € co(gI) and @ = (ax) € w(gl). Then we can write

n

lim d( Z ay, G [Uy, Tkl (~]) = limd(Z[ngk,Ekﬂk],ﬁ)
k=0

k=0
n n
= limmax{| ) apu,| Y aunl}
k=0 k=0
< Mlimmax{) _a; |, [@|} = M1limd(D  ax,0
" k=0 k=0 " k=0

= Md(>_ a,0),

k

where M = max{M;, M}, My = sup,, |u,| and My = supy, |ag|. From here, we
see that to get (aruy) € cs(gl), (ax) should be in € ¢1(gl). O

Using similar techniques, we can calculate the a«— and y— duals of the sequence
spaces co(gl), ¢(gl) and £, (gI) which are identical to the set ¢4 (gI).

4 Matrix Transformations on Sequence Spaces of
Modals

Let A(gI) and p(gI) be two sequence spaces of generalized intervals and A =
(ank) be an infinite matrix of generalized intervals and @& = (4y) € A(gI), where
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n,k € N = {0,1,2,...}. Then, we can say that~/~1 defines a matrix mapping
from A(gI) to p(gl), and we denote it by writing A : A\(gI) — p(gl), if for every
sequence i = (i) € A(gI) the sequence Aw = {(flﬁ)n} , the A-transform of @, is
in u(gl), where

1) = Y nniih = s G [, k) = Y (@0, Tk, (4.1)
k

k k

and a,,j, Uy, Gnk, Ux € gI. For simplicity in notation, here and in what follows, the
summation without limit runs from 0 to oco. By (A(gI) : u(gl)), we denote the
class of matrices A such that A : X(gI) — u(gl). Thus, A € (M(gI) : u(gl)) if
and only if the series on the right side of (4.1) converges for each n € N and every

@ € Mgl), we have At = { (Ad), € u(gl) for all @ € A(gl).
N
ne

_In this section, we will seek answers, when does A € (boo(gl) : £oo(gl)) and
A € (co(gl) : co(gl))? Firstly, for second the question, the necessary and sufficient
condition is given by the following theorem:

Theorem 4.1. Let, for all fix k € N, lim, anx = = 0 and suppose that M =
sup,, 35 d(@nk, 0) < 0o. Then A defines a bounded linear operator from co(gl) to

co(gl)-

Proof. Firstly, we will show that A defines a bounded linear operator from cy (gI)
to co(gl). Let us suppose that @ € co(gl). If @ = =60 = (0,0,...,0,...) then
Au = Dok (ankuk, 0) = 6 which there is no need to prove. Now, let us suppose
that @ # 9 Under conditions of the hypothesis, that is, since @ € ¢o(gI) and
Dok d(@ng,0) < oo, for all n € N the series A, (i) = >kl Gnitix) in £1(gl).
On the other hand, since |||, ;) = supj, max{|u|, [ux|} we can write |||, ,7) =
{lug . [in]}. Accordingly,

N
E Aty + g Ak lk

co(gl) k=1 E>N+1

e

co(gl)

|ankukHco(gI)+ Z ||ankuk||c0 (gI)

N

ZI

k=1 kE>N+1

N

< 3 Vel 1o+ M o -

Since 4 € co(gl), we take k > N so large that ||drsn]| y < 37 and from

co(gl

lim,, @, = 0 ( k fixed) we take n so large that Zﬁzl lanklleyory < m
co

Hence, we have shown that A@ € ¢o(gI). Finally, we will show that A is bounded:

A coory = supy, d(X g Gnkite, 0) < M[]eg (g1,
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that isjl is bounded. Now let us suppose that 4,7 € co(gl) and p be an element
of gl. A(pti + ) = 3 (@ (puy, + wi), @ (P + 00)] = [0, 0) Xlanrtiy, nntie] +
Yk lCn Vs GnikTk) = pAt + AD. 0

The above-mentioned theorem shows that a certain type of matrix of gI's
defines a linear operator on cy(gI) into itself.

Example 4.1. Now let us show that there exists a matriz A = ([a, ., Gnk]) which
satisfies the condition of Theorem 4.3. Define a matriz A = ([a,y, Gnk]) by

11
G = [ el 0<k<n
" 0, otherwise.

The matriz A = ([a,y, Gnk]) satisfies to the condition sup, 3, d(@nk,0) = [1,1] <
00.

Theorem 4.2. Let A be any bounded linear transformation, from co(gI) to co(gl).
Then A determines a matriz (ank) of modals such that

(Aa), = Z ank Uk (4.2)
k

for every @ € co(gl).

Proof. Since (€x) is a basis in co(gl), every @ € co(g]) may be written as 4 =

>k Ukér, where &, = (0,0,...,[ 1,1 1],0,...). Linearity and continuity of A
<~
kth  case
yield
A=) g Aéy. (4.3)
k

Since Aéy = (a,ar,az,...) € co(gl),(k € N) from (4.3) we can write A =
>k UkGnk. That is (4.2) holds. O

Theorem 4.3. A = ([a,, @nk]) € (oo (9]) : Loc(g])) if and only if

1Alle or) = d(A@i, 0) = sup Y _ d(ank,0) < oc. (4.4)
"ok

Proof. Let us suppose that (4.4) holds and @ € ¢ (gI). Then,

|43,

o = SO d(> " anix, 0) < sup Y dldnk, 0)d (i, 0) < M |[all,_ ,p,
oo n k n k

< 00,

that is A € oo (gI).
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Conversely, let us suppose that A = ([a,,@nk]) € (loo(gI) : €oo(gI)) and
@ € lo(gl). Then, since Al € Lo (gl) exists, the series S, [@ny, Gnk] [y, Tr]
converges for each fixed n € N. And hence A € ¢2 (gI). This holds for the
sequence (Ug) = ([—1,1]) € loo(gI). Then, we can write

HA&HZ Wy =S A(S ki, 0) < sup, S d(Gn, 0)d(iig, 0)} < 00

(g

which means that (4.4) holds. O
References

[1] H. Jimin and F. Zhi-Fang, Modal Analysis, Active, Butterworth Heinemann,
Oxford, UK, 2001.

[2] P.S. Dwyer, Linear Computation, New York, Wiley, 1951.

[3] R.E. Moore, Automatic Error Analysis in Digital Computation, LSMD-
48421, Lockheed Missiles and Space Company, 1959.

[4] R.E. Moore, C.T. Yang, Interval Analysis I, LMSD-285875, Lockheed Missiles
and Space Company, Palo Alto, Calif., 1959.

[5] P.S. Dwyer, Erros of matrix computation, simultaneous equations and eigen-
values, National Bureu of Standarts, Applied Mathematics Series 29 (1953)
49-58.

[6] P.S. Fischer, Automatic Propagated and Round-off Error Analysis, paper
presented at the 13th national meeting of the Association for Computing
Machinary, June 1958.

[7] R.E. Moore, C. T. Yang, Theory of an Interval Algebra and Its Application to
Numeric Analysis, RAAG Memoris II, Gaukutsu Bunken Fukeyu-kai, Tokyo,
1958.

[8] Kuo- Ping Chiao, Fundamental properties of interval vector max-norm,
Tamsui Oxford Journal of Mathematical Sciences 18 (2) (2002) 219-233.

[9] M. Sengoniil, A. Eryilmaz, On the sequence spaces of interval numbers, Thai
J. Math. 8 (2010) 503-510.

[10] E. Kaucher, Interval analysis in the extended interval space R, Computing
Suplementa 2 (1980) 33-49.

[11] E. Kaucher, Uber Eignschaften und Anwendungsmglichkeiten der Erweiterten
Intervallrechnung und des Hyperbolischen Fastkrpers Uber R*, Computing
Suplementa 2 (1980) 33-49, by Springer-Verlag 1977.

(Received 29 March 2012)
(Accepted 30 October 2012)

THAI J. MATH. Online @ http://thaijmath.in.cmu.ac.th



