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1 Introduction

Graded prime and graded primary ideals of a commutative graded ring R
with a non-zero identity have been introduced and studied by Refaei and Alzobi
in [1]. Graded prime submodules of a graded R-module have been studied by
Ebrahimi Atani and Farzalipour in [2, 3]. Also, graded weakly prime submodules
of graded R-modules has been studied in [4]. Here we study a number of results of
graded weakly prime submodules (see Sec. 2). Also, we define the graded weakly
semiprime submodules of a graded R-module and we give some results concerning
this class of submodules (see Sec. 3). Before we state some results let us introduce
some notation and terminology. Let G be a group. A ring (R,G) is called a
G-graded ring if there exists a family {Rg : g ∈ G} of additive subgroups of R
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such that R =
⊕

g∈G Rg such that 1 ∈ Re and RgRh ⊆ Rgh for each g and h in
G. For simplicity, we will denote the graded ring (R,G) by R. If R is G-graded,
then an R-module M is said to be G-graded if it has a direct sum decomposition
M =

⊕
g∈G Mg such that for all g, h ∈ G; RgMh ⊆ Mgh. Any element of Rg or

Mg for any g ∈ G, is said to be a homogeneous element of degree g. A submodule
N ⊆ M , where M is G-graded, is called G-graded if N =

⊕
g∈G(N ∩ Mg) or if,

equivalently, N is generated by homogeneous elements. Moreover, M/N becomes
a G-graded module with g-component (M/N)g = (Mg + N)/N for g ∈ G. We
write h(R) = ∪g∈GRg and h(M) = ∪g∈GMg. A graded ring R is called graded
integral domain, if whenever ab = 0 for a, b ∈ h(R), then a = 0 or b = 0. A
graded ring R is called a graded field, if every homogeneous element of R is unit.
A graded ideal I of R is said to be a graded prime ideal if I ̸= R; and whenever
ab ∈ I, we have a ∈ I or b ∈ I, where a, b ∈ h(R) [1]. The set of all graded
prime ideas of R is denoted by Specg(R) ([5]). A graded ideal I of R is said
to be graded maximal if I ̸= R and there is no graded ideal J of R such that
I  J  R. A graded ring R with a unique graded maximal ideal P is called
graded local and denoted by (R,P ). Let N be a graded R-submodule of M , then
(N :R M) = {r ∈ R : rM ⊆ N} is a graded ideal of R (see [2]). A proper graded
submodule N of M is called graded prime, if whenever rm ∈ N where r ∈ h(R)
and m ∈ h(M), then m ∈ N or r ∈ (N : M). A graded R-module M is said to be
graded prime, if the zero graded submodule of M is a graded prime submodule.
A graded module M over a G-graded ring R is called graded finitely generated if
M =

∑n
i=1 Rxgi where xgi ∈ h(M). A graded R-module M is called graded cyclic

if M = Rxg where xg ∈ h(M). A graded module M over a G-graded ring R is
called graded free if it has a basis {xg}g∈G of homogeneous elements of h(M).

2 On Graded Weakly Prime Submodules

A proper graded submodule of a graded R-module M is said to be graded
weakly prime submodule if whenever 0 ̸= rm ∈ N where r ∈ h(R) and m ∈ h(M),
then m ∈ N or r ∈ (N : M) (see [4]). Clearly, every graded prime submodule of
a graded R-module M is a graded weakly prime, but the converse is not true in
general. In fact the zero graded submodule of a graded R-module M is always
graded weakly prime (by definition), but it is not necessarily graded prime. For
example, let R be a graded ring that is not graded integral domain and M a
faithful graded R-module. If the zero graded submodule of M is graded prime,
then (0 : M) = 0 is a graded prime ideal of R by [6, Proposition 2.5], which is not
the case.

The following Lemma is known, but we write it here for the sake of references.

Lemma 2.1. Let M be a graded module over a graded ring R. Then the following
hold:

(i) If I and J are graded ideals of R, then I + J and I
∩
J are graded ideals.
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(ii) If N is a graded submodule, r ∈ h(R) and x ∈ h(M), then Rx, IN and rN
are graded submodules of M .

(iii) If N and K are graded submodules of M , then N +K and N
∩
K are also

graded submodules of M and (N : M) is a graded ideal of R.

(iv) Let {Nλ} be a collection of graded submodules of M . Then
∑

λ Nλ and∩
λ Nλ are graded submodues of M .

We know that if N is a graded prime submodule of a graded R-module M ,
then (N : M) is a graded prime ideal of R by [6, Proposition 2.5]. This is not true
for the case of graded weakly prime submodules. For example, let R = Z

⊕
Z

and M = Z3

⊕
Z4 and G = Z2. Then R is a G-graded ring with R0 = Z and

R1 = Z and M is a G-graded R-module with M0 = Z3 and M1 = Z4. Let
N =< (0, 0) >. Certainly, N is a graded weakly prime submodule of M , but
(N : M) = (0 : M) =< (3, 4) > is not a graded weakly prime ideal of R, because
0 ̸= (3, 8) = (1, 4)(3, 2) ∈ (N : M), but (1, 4) ̸∈ (N : M) and (3, 2) ̸∈ (N : M).

In the following results we give some conditions under which (N :R M) is a
graded weakly prime ideal of R for a graded weakly prime submodule N of the
graded R-module M .

Proposition 2.2. Let M be a graded free R-module with a basis of homogeneous
elements {xλ}λ∈Λ . If N is a graded weakly prime submodule of M , then (N : M)
is a graded weakly prime ideal of R.

Proof. It is clear that for every λ ∈ Λ, Ann(xλ) = 0. Let a, b ∈ h(R) and
0 ̸= ab ∈ (N : M) with a ̸∈ (N : M). So aM ̸⊆ N , hence axµ ̸∈ N for some µ ∈ Λ.
Now b(axµ) = (ab)xµ ∈ N and clearly (ab)xµ ̸= 0. Thus b ∈ (N : M), that is,
(N : M) is a graded weakly prime ideal of R.

Theorem 2.3. If F is a graded free R-module and P a graded weakly prime ideal
of R, then PF is a graded weakly prime submodule of F and (PF : F ) = P .

Proof. Let {xλ}λ∈Λ be a basis of homogeneous elements for F . Then it is clear that
the graded submodule PF is of the form PF = {

∑n
i=1 sixi : si ∈ P

∩
h(R), xi ∈

{xλ}λ∈Λ}. Let 0 ̸= rx ∈ PF where r ∈ h(R), x ∈ h(F ) and r ̸∈ (PF : F ), so
r ̸∈ P . Since x ∈ F , so x =

∑n
i=1 rλixλi where rλi ∈ h(R) and xλi ∈ {xλ}λ∈Λ. But

rx =
∑n

i=1(rrλi)xλi ∈ PF implies that rx =
∑n

i=1(sλi)xλi where sλi ∈ h(R)
∩
P .

Therefore,
∑n

i=1(rrλi)xλi =
∑n

i=1(sλi)xλi and since {xλ}λ∈Λ is a basis for F we
must have rrλi = sλi for all i. Clearly for some λi, sλi ̸= 0. Thus 0 ̸= rrλi =
sλi ∈ P and r ̸∈ P , then rλi ∈ P . Hence x =

∑n
i=1 rλixλi ∈ PF . Therefore PF

is a graded weakly prime submodule of F . It is clear that P ⊆ (PF : F ). Let
r ∈ (PF : F ) and xµ ∈ {xλ}λ∈Λ. Then rxµ ∈ PF and by the way PF is defined,
we have r ∈ P . Hence P = (PF : F ).

Corollary 2.4. Let M be a graded free graded multiplication R-module. Then a
proper graded submodule N of M is graded weakly prime if and only if the graded
ideal (N : M) is a graded weakly prime.



170 Thai J. Math. 12 (2014)/ F. Farzalipour et al.

Proof. This is clear by using Proposition 2.2, Theorem 2.3 and the fact that (N :
M)M = N

Let M be a graded multiplication module over a G-graded ring R. Let N and
K be graded submodules of M with N = IM and K = JM for some graded
ideals of R. The product of N and K is defined by NK = IJM . Moreover, for
a, b ∈ h(M), by ab, we mean the product of Ra and Rb (see [7]). Clearly, NK is a
graded submodule of M by Lemma 2.1 and NK ⊆ N ∩K. Now we show that the
product of graded submodules N and K is independent of the presentation of N
and K. Let N = I1M = I2M and K = J1M = J2M where Ii, Ji are graded ideals
of R for i = 1, 2. We have NK = I1J1M = I1(J1M) = I1(J2M) = J2(I1M) =
J2(I2M) = J2(I2M) = I2J2M .

3 Graded Weakly Semiprime Submodules

Definition 3.1.

(i) A proper graded submodule N of a graded R-module M is said to be graded
semiprime if whenever rkm ∈ N where r ∈ h(R), m ∈ h(M) and k ∈ Z+,
then rm ∈ N .

(ii) A proper graded submodule N of a graded R-module M is said to be graded
weakly semiprime if whenever 0 ̸= rkm ∈ N where r ∈ h(R), m ∈ h(M)
and k ∈ Z+, then rm ∈ N .

Since the graded ring R is a graded R-module over itself, according to our
definition, a proper graded ideal I of R is a graded weakly semiprime ideal, if
whenever 0 ̸= akb ∈ I for some a, b ∈ h(R) and k ∈ Z+, then ab ∈ I. It is
clear that every graded semiprime submodule is graded weakly semiprime, but
the converse is not true in general. In fact the zero graded submodule is always
graded weakly semiprime (by definition), but is not necessarily graded semiprime.
Also, if N is a graded weakly prime submodule of a graded R-module M , then N is
a graded weakly semiprime. Because if 0 ̸= rkm ∈ N where r ∈ h(R), m ∈ h(M)
and k ∈ Z+, so we have r(rk−1m) ∈ N and hence rk−1m ∈ N or r ∈ (N : M).
If r ∈ (N : M) then rm ∈ N . If r ̸∈ (N : M) then rk−1m ∈ N . We write
r(rk−2m) = rk−1m ∈ N and since rk−1m ̸= 0 we must have rk−2m ∈ N . In this
way we obtain rm ∈ N .

Proposition 3.2. A graded R-module M is a graded prime if and only if, for
every 0 ̸= m ∈ h(M), Ann(M) = Ann(m).

Proof. LetM be a graded primeR-module and 0 ̸= m ∈ h(M). ClearlyAnn(M) ⊆
Ann(m). Let r ∈ Ann(m), so rm = 0. So we can write rm = (rg1+· · ·+rgn)m = 0
where 0 ̸= rgi ∈ h(R), so rgim = 0 for any i. Since M is graded prime and m ̸= 0,
so rgi ∈ Ann(M) for any i. Therefore r ∈ Ann(M), and hence Ann(m) =
Ann(M). Conversely, let for every 0 ̸= m ∈ h(M), Ann(M) = Ann(m). Let
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rm = 0 and m ̸= 0 where r ∈ h(R) and m ∈ h(M). Then r ∈ Ann(m) = Ann(M).
So the proof is complete.

In the following results we give some conditions under which (N :R M) is a
graded weakly semiprime ideal of R for a graded weakly semiprime submodule N
of the graded R-module M .

Proposition 3.3. Let M be a faithful graded cyclic R-module and N a graded
weakly semiprime submodule of M . Then (N : M) is a graded weakly semiprime
ideal of R.

Proof. Assume that M = Rx for some x ∈ h(M) and let 0 ̸= akb ∈ (N : M) for
some a, b ∈ h(R) and k ∈ Z+. So akbM ⊆ N and since M is faithful, 0 ̸= akbM .
Hence 0 ̸= akbx ∈ N , N graded weakly semiprime gives a(bx) ∈ N . Therefore, for
every r ∈ R we have r(abx) = (ab)(rx) ∈ N , that is, (ab)M ⊆ N . So (N : M) is a
graded weakly semiprime ideal of R.

Remark 3.4. If M is a graded free R-module with a basis {eλ}λ∈Λ (eλ ∈ h(M)),
then M is faithful. Because if r ∈ Ann(M), then rM = 0 and so for every λ ∈ Λ,
reλ = 0, hence r = 0 and M is faithful. It is clear that for every graded submodule
N of M , (N : M) =

∩
λ∈Λ(N : eλ). Also for every λ ∈ Λ it can be shown that

Ann(eλ) = Ann(M).

Proposition 3.5. Let M be a graded free R-module and N a graded weakly
semiprime submodule of M . Then (N : M) is a graded weakly semiprime ideal of
R.

Proof. Let 0 ̸= akb ∈ (N : M) where a, b ∈ h(R) and k ∈ Z+. Let {eλ}∈Λ

(eλ ∈ h(M)) be a basis for M . By Remark 3.4, it is enough to prove that ab ∈∩
λ∈Λ(N : eλ). We have akbM ⊆ N and since M is faithful, 0 ̸= akbM . Hence for

every λ ∈ Λ, 0 ̸= akbeλ ∈ N , N graded weakly semiprime gives abeλ ∈ N , that is
abeλ ∈ N .

Proposition 3.6. Let M be a P -graded prime R-module and N a graded weakly
semiprime submodule of M . Then (N : M) is a graded weakly semiprime ideal of
R.

Proof. Let 0 ̸= akb ∈ (N : M) where a, b ∈ h(R) and k ∈ Z+. We show that
ab ∈ (N : M). Let x be an arbitrary element of M . If x ∈ N , then abx ∈ N .
Let x ∈ M − N . Then x =

∑
g∈G xg, xg ∈ h(M) and xg = 0 for almost all

g ∈ G. There exists g ∈ G such that xg ̸∈ N , then from akbM ⊆ N we have
akbxg ∈ N . Let akbxg = 0. Then akb ∈ Ann(xg) = Ann(M) by Proposition
3.2. So akb ∈ (0 : M) = P , hence ab ∈ P ⊆ (N : M) since P is graded prime.
If akbxg ̸= 0. Then from akbxg ∈ N we conclude abxg ∈ N for any g ∈ G. In
any case abxg ∈ N for any g ∈ G. Therefore abx = ab(

∑
g∈G xg) ∈ N . Hence

ab ∈ (N : M).
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Theorem 3.7. Let M be a graded R-module and N a proper graded submodule of
M . If for every graded ideal I of R, graded submodule K of M and t ∈ Z+, 0 ̸=
ItK ⊆ N implies that IK ⊆ N , then N is a graded weakly semiprime submodule
of M .

Proof. Let 0 ̸= rlm ∈ N where r ∈ h(R), m ∈ h(M) and l ∈ Z+. We take I = Rr
and K = Rm. Now 0 ̸= I lK ⊆ N , then by hypothesis, IK ⊆ N which implies
that rm ∈ N . Therefore N is a graded weakly semiprime submodule of M .

Lemma 3.8. Let {Nλ}λ∈Λ be a non-empty family of graded weakly semiprime
submodules of a graded R-module M . Then N =

∩
λ∈Λ Nλ is a graded weakly

semiprime submodule of M . If {Nλ}λ∈Λ is a totally ordered by inclusion, then
T =

∪
λ∈Λ Nλ is a graded weakly semiprime submodule of M .

Proof. The proof is straightforward.

If R is a graded ring and M a graded R-module, the subset T g(M) of M is
defined by T g(M) = {m ∈ M : rm = 0 for some 0 ̸= r ∈ h(R)}. If R is a graded
integral domain, then T g(M) is a graded submodule of M and is called graded
torsion submodule. Also if T (M) = 0, then we say that M is a graded torsion free
and if T g(M) = M , we say that M is a graded torsion module (see [2]).

Proposition 3.9. Let R be a graded integral domain and M a graded torsion
free R-module. Then every graded weakly semiprime submodule of M is graded
semiprime.

Proof. Let N be a graded semiprime submodule of M . Suppose that rkm ∈ N
where r ∈ h(R), m ∈ h(M) and k ∈ Z+. If rkm ̸= 0, then rm ∈ N . Let rkm = 0
with m ̸= 0. Then rk ∈ T g(M) = 0, and since R is graded integral domain, so
r = 0. In any case we find rm ∈ N and hence N is a graded weakly semiprime
submodule of M .

Proposition 3.10. Let M be a graded R-module. Assume that N and K are
graded submodules of M such that K ⊆ N with N ̸= M . Then the following hold:

(i) If N is a graded weakly semiprime submodule of M , then N/K is a graded
weakly semiprime submodule of the graded R-module M/K.

(ii) If K and N/K are graded weakly semiprime submodules of M and M/K,
respectively, then N is a graded weakly semiprime submodule of M .

Proof. (i) Let 0 ̸= rk(m+K) = rkm+K ∈ N/K where r ∈ h(R), m ∈ h(M) and
k ∈ Z+. If rkm = 0, then rk(m +K) = 0, which is a contradiction. If rkm ̸= 0,
N graded weakly semiprime gives rm ∈ N ; hence r(m+K) ∈ N/K, as needed.

(ii) Let 0 ̸= rkm ∈ N where r ∈ h(R), m ∈ h(M) and k ∈ Z+, so rk(m +
K) = rkm + K ∈ N/K. If rkm ∈ K, then K graded weakly semiprime gives
rm ∈ K ⊆ N . So we may assume that rkm ̸∈ K. Then 0 ̸= rk(m +K) ∈ N/K.
Since N/K is graded weakly semiprime, we get rm ∈ N , as required.
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Theorem 3.11. Let R be a graded ring and M a graded R-module. Assume that
N and K are graded weakly semiprime submodules of M such that N +K ̸= M .
Then N +K is a graded weakly semiprime submodule of M .

Proof. By Lemma 3.8, N
∩
K is a graded weakly semiprime submodule of M and

N
∩
K ⊆ K. Since (N +K)/K ∼= N/(N

∩
K), so (N +K)/K is a graded weakly

semiprime submodule by Proposition 3.10 (i). Now the assertion follows from
Proposition 3.10 (ii).

Let R be a G-graded ring and S ⊆ h(R) be a multiplicatively closed subset of
R. Then the ring of fractions S−1R is a graded ring which is called the graded
ring of fractions. Indeed, S−1R =

⊕
g∈G(S

−1R)g where (S−1R)g = {r/s : r ∈
h(R), s ∈ S and g = (degs)−1(degr)}.

Let M be a graded module over a graded ring R and S ⊆ h(R) be a
multiplicatively closed subset of R. The module of fraction S−1M over a graded
ring S−1R is a graded module which is called the module of fractions, if S−1M =⊕

g∈G(S
−1M)g where (S−1M)g = {m/s : m ∈ h(M), s ∈ S and

g = (degs)−1(degm)}. We write h(S−1R) =
∪

g∈G(S
−1R)g and h(S−1M) =∪

g∈G(S
−1M)g. One can prove that the graded submodules of S−1M are of

the form S−1N = {β ∈ S−1M : β = m/s for m ∈ N and s ∈ S} and that
S−1N ̸= S−1M if and only if S ∩ (N : M) = ϕ. Let P be any graded prime ideal
of a graded ring R and consider the multiplicatively closed subset of S = h(R)−P .
We denote the graded ring of fraction S−1R of R by Rg

P and we call it the
graded localization of R. This graded ring is graded local with the unique graded
maximal ideal S−1P which will be denoted by PRg

P . Moreover, Rg
P -module S−1M

is denoted by Mg
P (see [8]).

Proposition 3.12. Let M be a graded R-module and S ⊆ h(R) be a multiplica-
tively closed subset of R. Let N be a graded weakly semiprime submodule of M
such that (N : M)

∩
S = ∅. Then S−1N is a graded weakly semiprime submodule

of S−1M .

Proof. Let 0/1 ̸= (r/s)k.m/t ∈ S−1N where r/s ∈ h(S−1R), m/t ∈ h(S−1M)
and k ∈ Z+. So 0/1 ̸= rkm/skt = n/t′ for some n ∈ N

∩
h(M) and t′ ∈ S, hence

there exists s′ ∈ S such that 0 ̸= s′t′rkm = s′sktn ∈ N (because if s′t′rkm = 0,
rkm/skt = s′t′rkm/s′t′skt = 0/1, a contradiction). Since s′t′rkm = rk(s′t′m) ∈
N and N is graded weakly semiprime, we have rs′t′m ∈ N . Therefore rm/st ∈
S−1N , as needed.

Proposition 3.13. Let M be a graded module over a graded local ring (R,P )
with PM = 0. Then every proper graded submodule N of M is graded weakly
semiprime.

Proof. Let N be a proper graded submodule of M and 0 ̸= rkm ∈ N where
r ∈ h(R), m ∈ h(M) and k ∈ Z+. If r is a unit element of R, then m ∈ N and so
rm ∈ N . If r is not a unit element of R, then rm ∈ PM = 0 and so rkm = 0, a
contradiction. Hence N is graded weakly semiprime.
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