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1 Introduction

A number of papers related to transcendence, irrationality and independence
of continued fractions in different settings have appeared, see e.g. [1], [2], [4], [5],
[6], [7], [8], [9], [10], [11], [12], [15], [16], [17] and [18]. We are here particularly
interested in the result of Hancl ([8]) where a linear independence criterion for
classical continued fractions is obtained. This criterion is based on a suitable
growth condition of the partial quotients involved. Similar results for algebraic
independence can be found, e.g. in [1], [9], [10], [11] and [17].

It is one of our two objectives to derive and indeed to extend such a criterion
for continued fractions in the field of formal series over a finite field. In order to do
so and make this paper self-contained, we are led to make available certain facts
about irrational continued fractions in this setting, and this becomes our second
objective. In the next section, we describe the construction of continued fractions
in the field of formal series F,((z7!)), where F, is a finite field of ¢ elements. This
construction mimics that of the classical simple continued fractions in the real case.
We then derive basic properties and show that a continued fraction terminates if
and only if it represents a rational element. As to the characterization of quadratic
irrationals, such continued fraction is (infinite) periodic if and only if it represents
a quadratic irrational. Next we establish the analogous result of Hanél ([8]) for
continued fractions in F,((x™!)) but with weaker conditions. Various interesting
examples of some classes of continued fractions are worked out in the last section.
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2 Construction

Throughout, F denotes F,((z~!)), the field of formal series over a finite field
F,. We start by recalling the construction and basic properties of continued frac-
tions in the field F; more details can be found e.g. in [14]. It is well-known that
elements of F are formal series (in x) written uniquely under the form

-1 —2
E=apx™ +am 12" Fam o™ + ...,

where the coefficients a,,, am—1, @m—2, ... are in F,. Thus F,(x), the quotient field
of Fy[z], is a subfield of F. A valuation |- | in F is defined by putting

0] =0, [£]=q™if € =amz™ 4+ am 1™ " +am o™ 2+ ..., am #0.
The construction of the continued fraction for £ runs as follows: Define
§=[¢1+ (),
where
€] = A Uy 12" 0™ 2 4. Harz+ag, &) = a1 " ra_ox 3+ ...

We call [¢] and (&) the head and the tail parts of &, respectively. Clearly, the head
and the tail parts of £ are uniquely determined. Let

Bo = [¢] € Fy[z].

Then |Bo] = |€] > 1, provided [£] # 0.
If (&) = 0, then the process stops. If (£) # 0, then write

E=PRo+& 0,
where &7 = (€) with |€;] > 1. Next write & = [&1] + (&1). Let
Br = [&1] € Fyg[z] \ Fy.

Then ‘ﬂ1| = |£1| > 1.
If (&1) = 0, then the process stops. If (£1) # 0, then write

G=0+6&",
where &1 = (£;) with |&] > 1. Let

B2 = (€] € Fy[z] \ Fy.

Then ‘ﬂ2| = |£2| > 1.
Again, if (&) = 0, then the process stops. If (£2) # 0, then continue in the
same manner. By so doing, we obtain the unique representation
1 1 1 1

Bit Bot " Bait &

f: [607 ﬁla ﬁ?a"w ﬁnfh é-n} = 60+
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where §; € Fy[x]\F, (i >1),&, € F, |§,] > 1 if exists, and &, is referred to as
the n* complete quotient. The sequence (3,,) is uniquely determined and the (3,
are called the partial quotients of €.

In order to establish convergence, we define two sequences (Cy,), (D) as fol-
lows:

Y

~

C.i=1, Co=0, Chy1=P0nt1Cn+Chy (n>0
D .= 0, Dy = 1, Dn+1 = ﬁn+1Dn +Dp_y (TL > 0)

The results in the following lemma are easily verified by induction.
Lemma 1 For anyn >0, o € F\ {0}, we have
(i)

(11) C,D,_1—-C,_1D, = (_1)n—1’

Oécn + Cn—l
aDn + anl

:[ﬁOa 617 ﬁ27"'7 ﬁna O‘L
(iii) |Dn| > |Dn—1|a
(iv) ‘Dn| =182 ... Bnl (n >1),

Cn (—1)»
(V) g— Fn B Dn(fn+1Dn + anl) (n = 1)

From Lemma 1 (i), we have

Cn _ ﬂncn—l +On—2

Fn_WZ[ﬂo, B, Bavevs Ba] (n>1),

and C,,/D,, is called the n'" convergent of the continued fraction of £. If (£,) = 0

for some n, then & = [By, B1, Po,..., Bn-1], i.e. the continued fraction of &
terminates. Otherwise, (£,) # 0 for all n and the continued fraction is infinite and
this is the case of interest from now on. Since [£,| = |5,] > ¢, Lemma 1 (iii) and
(iv) give

‘Dn(§n+1Dn + Dn—l)| = |Dn‘2|ﬂn+l| > q2n+1-

Using Lemma 1 (v), we get the approximation

Ch

’f‘pn

which immediately implies that C,,/D,, — &£, and enables us to write meaningfully

g: [ﬂ07 ﬂla 627 /[33’"'])

where the right hand side is referred to as the continued fraction of &.
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3 Rational and Quadratic Irrationals

Although results in this section are already known, see e.g. [14], we provide
details for completeness. The first result is that rational elements are precisely
those having finite continued fraction expansions. We then look at quadratic irra-
tionals. It is not difficult to see that infinite periodic continued fractions represent
quadratic irrationals. We show that each irrational element in F satisfying a
quadratic equation over Fy(z) has a periodic continued fraction.

Theorem 2 Let £ € F. Then £ is rational if and only if its continued fraction is
finite.

Proof. It is easy to see that if the continued fraction of £ € F is finite, then £ is ra-

tional. Assume ¢ € F isrational. Let its continued fraction be [By, 51, B2,--., Bny-- -
Since & = [Bo, B1, B2y---y Pn-1, &n], and & is rational, then each &, is rational
and |, = |6n| > 1 (n > 1). Writing &, as fraction, using the above notation,
x Tp42
gn = t= 671 + i
Tn+1 In+1

with ©,, Zny1, Tnto € Fglz]. We see that 1 < |zp41]| < |2,|. It follows that (z,)
is a sequence of polynomials in F,[z] with strictly decreasing degrees and must
then terminate. O

Theorem 2 can also be proved using the Euclidean algorithm as follows: let ¢ =
C(z)/D(z) € Fy(x). By Euclidean algorithm, there are Q1,..., Qni1, R1,..., Ry €
Fylz], 0 < deg R, < deg R,_1 <...<deg R; <deg D such that

C(z) = Q1(z)D(x) + Ry (x)

D(x) = Q2(z)R1(z) + Ra(x)
Q ( (

x) + R3(x)

Rn—2(x) = Qn(x)Rn—l(x) + Rn(x)
Ry 1(z) = Qni1Ra(2).

Thus the continued fraction of ¢ = C(x)/D(x) is finite of the form [Q1, Qa2, ..., Qni1]-
An infinite continued fraction of the shape [y, £1, Ba2,...] is said to be peri-
odic if there are positive integers k, N such that 3,, = B,k for all n > N.

The following theorem is easily checked and we omit the proof.

Theorem 3 If the continued fraction of & € F is periodic, then & is an irrational
root of a quadratic equation over Fy[z].

For the converse of Theorem 3 we have:
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Theorem 4 If £ € F is an irrational root of a quadratic equation of the form
at? 4+ bt +c = 0 where a,b,c € Fy[z], a # 0, then its continued fraction is periodic.

Proof. Let £ =[fo, (1, B2,...] € F. Writing

é-: [ﬁ07 517 ﬁ27"'7 /gnfb 677,]7 gn = [ﬁna 5’n+1a /6n+27~--]~

Then by Lemma 1 (v), £ = (§,Cn—1+ Cn—2)/(énDp—1+ Dy,_2), where C,,/D,, is
the nt" convergent to the continued fraction of £. Direct substitution gives

where

R, =aC?_| +bC, 1Dy 1 +cD?_,,
Sn = 2alctnflc’n72 + b(cnlen72 + Dn71Cn72) + 20Dn71Dn727
T, =aC?_, +bCy_9D,_o +cD?_,.

Observe that a, b, ¢, C;, and D; all belong to Fy[z] and so do all R, Sy, Th.
If R, = 0, then &, is rational, contradicting the fact that £ is irrational. Thus
R, # 0. Note that

S%2 4R, T, = (b* — 4ac)(Cp_1D,_o — Dy _1Cp_2)* = b* — 4ac.

By Lemma 1 (v),

~1)" 1D,
¢Dn-1 = Cn-1 = Dn—l((fn)Dn_1 + D, 5)’
and so 5
Cn-1= D1+ [,
where 6,1 = %. By Lemma 1 (iii), and |§,| = |8,] > 1, we have

|Dn—1| _ ‘Dn—l‘ <
|§nDn—l +Dn—2| ‘5nDn—l‘

16,_1] = 1.

Now, for all n € N,

o1\ S
m=a@m1+D1)+w%1@m1+ 1)+w21

n—1 Dn—l
2 2
n—1 n—1
2 2

n— n—

) )
= (a€? + b€ +¢c)D?_| 4+ 2a£6, 1 +a +b0p_1 = 2al6,_1 +a + bop_1,

1 1

which gives
|Rul < max {|2¢], [al , o]} := €, say.
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Since T}, = Ry, _1, then |T},| = |Ry—1| < £. Now
|S?| = [4R,, T, + b* — 4ac| < max{4¢?, |b* — dac|}.

Hence |R,|, |Sn|, |Tn| are bounded by a constant independent of n. It follows
that, being elements in F[z], there are only a finite number of different triplets
(Rn, Sn, T) and so we can find a triplet (R, S, T) which occurs at least three
times? Say (Rn17 S’I’L17 Tn1)7 (R’I’L27 Sn27 T’I’L2>7 (Rn37 S’I’L37 Tng) These 57117 €n27 gng
are the roots of Ry? + Sy + T = 0 and hence at least two of them must be equal.
But if, for example, &,, = &,,, then B, = Bn, Bnot1 = Bny+1,---, i-€., the
continued fraction is periodic. O

4 Linear Independence

In this section, we establish a sufficient condition for linear independence of
continued fractions in F'.

Theorem 5 Let N € N {an;},—, (j = 1,2,...,N) be N sequences of non-
constant polynomials over Fy. Assume that there exists a strictly increasing se-
quence 0 = ng,ny,na, ... of Ng := NU {0} with the following properties:

|a’"k»j+1| > |ank,j|€nk’ (4'1)
|an j+1] > |an,jlcn (np <n <mngy1; k €Ny, (4.2)
|ank+1-,1| > |ank7N|N_15nk7 (43)
lant1a| > lan NN, (g <n < ngyp 3k € Ny, (4.4)
where €, , 6n, , Cn, dp, are positive real numbers subject to the conditions that
len] > ¢>0 (nk <n <ngy1 3k €Np),
o0 o0
H(Cnrl-l T cnq‘,+1—15n7‘,+1) =00 = H(dnﬁ-l T dm+1—15m+1)-
i=0 i=0
Then «; = lao,j,01,5,---] (7 = 1,2,...,N) and 1 are linearly independent over
F,(x).
Proof. We start with the case N = 1. Here a3 := [ag1,0a1,1,...] is an infinite
continued fraction and so « is irrational, i.e., a; and 1 are linearly independent
over F,(z). Henceforth, take N > 2. Assume that 1,1, aq,...,ay are linearly
dependent over Fy[x]. Then there exist Ay, As, ..., An, Ant1 € Fylz] not all zero
such that
N
AN+1 = ZAjOéj. (45)

Jj=1
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Write each continued fraction o; (j =1,2,...,N) as
Ch.j
oy = —=+ R, ; (4.6)
1= D, n,j
where g%; = lao,j,a1j,--.,an,;] is the n'" convergence of a; and R, ; is its

remainder. Note that by Lemma 1 (v)

Cn,j
Dy ;

Ry,

Qj —

! y £0. (4.7)

- 2
’a""'lijn,J

Substituting (4.6) into (4.5), we obtain

AN —ZA ( ] -+ Ry, ,J)

Multiplying both sides of the last equation by H;vzl D, ;, we obtain

M, = AN+1 ZA n] HDJ—HDJZA an EF[] (48)

n,J j=

We next show M,, # 0. For j € {1,2,...,N — 1}, k € Ny, by Lemma 1 (iv), (4.1)
and (4.2), we have

| Dy j+1]

= \ank,j+1ank—1,j+1 cera1,541

k
=TT lan sl [ane -1 10n, 2541 @ny i1 551] -+ [@n, 14100, 2541+ Ang 11541
i=1
k k-1
> [ en lanoil [T (enirrcnia-cniiio1) [ansajangag - any 1
i=0 i=0
k—1
> H(Cni+1cni+2 T Cm+1—15ni+1) ‘an7j|
i=0
> ‘an,j|

whenever k > Ny for some Ny € N, because [[;°(Cn,+1Cni+2 " Cnipr—1Enspy) =
00. Let [ be the least positive integer such that A; # 0. Forj € {{+ 1,1+ 2,...,N},



170 Thai J. Math. 4(2006)/ T. Chaichana, V. Laohakosol and A. Harnchoowong

k € No, by (4.2),

2

a"k+17]an,j
2

a’ﬂk'i‘laank,l

Rnkyl
Rnk,j

2(7-0

k—1
j—1
> C’Zlk—l-l (Cm-'rlcnr‘r? e C"i+1_1€"i+1)

2(3-0)
(C’ﬂz‘JrlcniJr? e cni+11€ni+1)] .
=0

Since [];2(Cn,41Cn 42+ - Cnipy—1€n,y, ) = 00, there exists Ny > Ny such that for

all je{l+1,l+2,...,N}, and all k > Ny, we have
Rnk,l &

4.9
Bl |4 (4.9)

Then from (4.8) and (4.9), for all £k > Ny,

N N
| M| = ‘Zi:l (Hj:l an,j> AiRp, i

N
= [11Dns sl AR, ] # 0. (4.10)

Jj=1

= max;<i<n {H;’V:I \an,jHAiRnk,ﬂ}

Now we prove that |M,, | < 1 for k sufficiently large. From (4.10), we obtain

O AT, Doyl
! 11 ng.g .
| M, | = | | [Dng il ARyl = . (using (4.7))
k Jl;{ k»J k |ank+1 ank l|
| l|HJ_2| k7]| < ‘ l|HJ_2| )C,N| (by (42))

—
i lan, +1.1]|Dn, 1

ity an 1,11 Dyt

| Al (Gny Ny 1N - ag n) V1
Cil_’“}*”al*ll Ong+1,10n,,1 "+ 42,1
|Al| (ankyNank—]7N"~(1/TI,17N)N71 (ank_l’Na"k_QyN."ank71+17N)N71

ank,lankfl,l e ank_1+2,1

Ony41,10n,,1 " Any+1,1
)N—l

[—1
Crpt1la1,1]
(Gny—1,NQny—2,N " Qng+1,N
Any,10ny—1,1 " Ang+2,1
k—1

A _
| l| H(dni+1dni+2 e dni+1*15ni+1) ! (by (43) and (44))
an+1|a1 1| i=0

A4l 1
= d=1ay,| 1|a1 1|+ H nit1dn; 42 d i+1*16ni+1)_ .
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Since [[;2o(dni+1dn, 42 - - - dnyyy—10n,,,) = 00, there exists No > Ny such that, for
all k > Ny, |M,,,| < 1. From this and (4.10), we obtain 0 < |M,,, | < 1 for k > Ny,
which is not tenable because M, € F,[z]\{0}. O

The criterion of Hanél follows, in the case of Fy((z™!)), by choosing ¢, = &, =
1+ ¢/(nlogn), where € is a positive real number > 1 and §,, = 1 + 1/n, which
gives:

Corollary 6 Let € > 1 be a real number, N € N, {an,j}ffzo (j=1,2,...,N) be
N sequences of non-constant polynomsials over F, such that

<1 + nkfgn) (4.11)

B 1
a2 lan ¥ (14 1) (112)

|an 1] = lan,;

hold for every sufficiently large positive integer n and j = 1,2,...,N — 1. Then
a; = [agj ,a14,...) (1 =1,2,...,N) and 1 are linearly independent over Fq(x).

An immediate consequence of our main result is the following particularly
pleasing result which holds for both R and F,((z71)).

Corollary 7 Let oy = [ag,a1,a2,...] and az = [by,b1,ba,...] be two continued
fractions whose partial quotients are subject to the conditions

Q‘an‘ S ‘bn| S q_llan+l|~

Then aq, a9 and 1 are linearly independent.

5 Examples

Our first example shows the case where the growth inequality conditions, in
Corollary 7, are equalities with linearly independent continued fractions of simple
shape.

Example 1. The two continued fractions in F,

oy = [zt 2%, 2% 27 ], g = [2? 2t 2l a8 ]

and 1 are linearly independent over F,(z) by Corollary 7.
Our second example is quite interesting. In the case of real numbers, it involves
several earlier works, see e.g. [3] and [6], where certain real series are shown to

have explicit continued fraction expansions.
Let 5 > 1 denote a real irrational number and g € F,[z]\F,. Define

ay(B) =3 (g—1)g 7 =Y ¢,g7" €F, (5.13)
v=1

Jj=1
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where ¢, = 0 if there is no j € N with [j8] = v, and ¢, = g — 1 if there is j € N
with [j5] = v. The following auxiliary result is Lemma 1 of [6].

Lemma 8 Let [bg,b1,ba,...] be the simple (real) continued fraction of 1/8 and
Dn /G its nth convergent. Then the ¢, ’s introduced above are determined as follows:

(i) ckpy, =9—1 fork=1,2,...,ba, and ¢, =0 for all other v < biby +1 = ¢s.

(i) If n > 2 and g, < v < Guy1, then ¢, = ¢, (), where r,(v) denotes the
smallest positive residue of v (mod gy,).

Just as in the case of real continued fractions, [6], the continued fraction ex-
pansion of the lacunary series a4(3) in F can also be found explicitly as in the
following theorem.

Theorem 9 Let 3 > 1 be a real irrational number. Let [bg, by, ba, .. .| be the simple
(real) continued fraction of 1/8, pn/gn its nth convergent and let g € Fy[z]\F,.
If
bp—1
Ag := gby, A, =gl Z gt (n>1), (5.14)
i=0

then Oéq(ﬁ) = [Ao, Al,AQ, .. ]
Proof. With A,, defined above, for n > 0, let
Pf2 = 07 Pfl = ]-7 Pn = AnPn71+Pn72; Q72 = ]-a Qfl = 0; Qn = AnQn71+Qn—2~

(5.15)
For n > 1, we claim that
dn c qn
Pn _ v Qn*l’, n = dn =V 5.16
; PRy Q szlg (5.16)

Since the verification for both P, and @, are the same, we only provide that of
the former. When n = 1, since by = 0, Ag = 0, then Py = AgP_1 + P_5 = 0, and
so P, = A1Py+ P_1 = 1. Since q; = b1qo + ¢_1 = by, by Lemma 8§,

q1 by b —1

c B c _ c _ Cp g—1
Z ygql u:Z _Vlgbl V:Z l/gbl u+ _11:0+ 71’

V:lg_l V:lg y:lg_l 9 g_l

i.e., the claim holds for n = 1. When n = 2, we have ¢o = 1,q1 = b1, Py = 0, and
P, =1. By (5.14), (5.15) and Lemma 8,

bzfl
P = E g“thl
=0

— gb2b1+17b1 +gb2b1+172b1 4 +gb1+1 _|_gl
— ng—bl =+ ngQ—le N ng—(bz—l)bl + ng—b2b1

q2

b
—kb Cv —v
— gtD 1 — ng

v=1
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which yields (5.16) for n = 2. Now let n > 2 and assume (5.16) is true up to n.
Then with (5.15), (5.16) and gn4+1 = bnt1Gn + Gn-1, We get

P =A 1P+ Py

bny1—1 gn n—1
_ E E CV 1+/\ Yan+an—1— vy § n+1qn+qn717V7bn+1‘In
v=
bnt1—1 qn qn—1
— § § CV g1 (v+Xan) + § S qn+1*(V+bn+1qn)
bn+1qn Gn+1
— Cp dnt1=1 4 Cu dn+1—H
= 719 719
— 9-— _ 9-
H= u=1+4+bn+1qn
dn+1
_ Cv gn+1—V
- _ 1g )
v=1 9

and the claim is verified. Observe that

brt1—1 gn brnt1gn

3 Zilgqnﬂ—(vﬂqn _ Z g,
A=0 u:lgi

On the other hand, since

—2 1 g -1
Qn=14g+...+g " 4+g" =——
g—1
and [0, Ay, Ag, ..., A,] = P,/Qy, we have
Pn gqn qn »
ay(0) — .l ag(B) — gin —1 ;Cug
gin 0 .
(- E5) e+ 3
v=qn+1
=lg7"||g-1)g"| =0 (n— o).

0

Example 2. Let 5 > 1 be a real irrational number. Let [bo, b1, b2, ...] and p,, /¢,
be the real simple continued fraction of 1/4 and its nth convergent, respectively.
Let g1, g2 € Fy[z]\F, be such that |g1| > |ga| . Assume that the real simple contin-
ued fraction of 1/8 has unbounded partial quotients. Let [Ag, A1, Ao, ..., Ap,...]
and Cp(g1)/Dn(g1) be the continued fraction of ag, (3) and its nth convergent,
respectively. Let [Bo, B1,Ba,...,Bp,...] and Cy(92)/Dx(g2) be the continued
fraction of ay,(3) and its nth convergent, respectively. By Theorem 9,

dn dn—2 dn
_91 45 -1
Ay =gi1bp =0, A, =——F——

0 = 9190 g(llnl_l g1 —1
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and . - .
93" — 93" gy —1
By=gbp =0, B,==—">=— D = >1).
0 = 9200 n gg"*l 1 n(gz) 9o — 1 (n > )

Since the continued fraction of 1/8 has unbounded partial quotients, there is a
subsequence (ng) such that b,, 41 — oo (k — o0). Let ng = 0. Choose ¢,, =
l,en, = ¢ (k> 1) and for all k& > 0, choose ¢, = ¢ (N < n < ngt1). The
conditions (4.1) and (4.2) of Theorem 5 are easily checked. To verify (4.3) and
(4.4), choose

|Bn +1|
Ony = 1,6, = k (k>1)
’ | And

and for all k > 0, ny <n < ngy1, choose

|Bn+1|

dn = .

" A
Then
k

B2 Bn Bn +1 Bn +2 Bn Bn —+1

Ay s1dp.so-dpy 10m. . ) = == 1 1 . itz 2 et

g( i +10n;+2 ir1—1 z+1> ’Al An1—1 An1 An1+1 An2—1 Ang

. ‘ Bnk+2 . Bnk+1 Bnk+1+1

Ank-‘rl Ank+1—1 A77«k+1
_ ‘an+1 (92)||Bnk+1+1|
|an+1 <91)||Bl|

an -
_ ‘Bl | 92 pea |gz|(3nk+1+1—1)%k+1+qme+171
1] |91
dn -1
1] |91

By, q+1
+1
L 9o

| By g1

Anp -1

— 00 (k— o).

By Theorem 5, g, (5), ag,(8) and 1 are linearly independent over F,(z).

Our next and last example comes from one of our recent results, Theorem 8
of [13], which displays another type of lacunary series having explicit continued
fractions.

Theorem 10 Let I be a fized positive integer, {k;},~, a sequence of positive inte-
gers, {ai};~; a sequence of nonzero polynomials over Fy, subject to the condition
that if I = 1, then a; and those a; (¢ > 2) for which k; = 2 are non-constant
polynomials over Fy. Let the sequence {Q;},~, be defined by

Q1=1, Qa, Q3,., Q1 €Fz] =Fy; Qu = ay 1Q8 Q" 2..Q% ) (u>1+1),
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and let Y
Clu) = Z% (weN),
i=1 ©*

Assume that
1. if 1> 2, then Q2| Qs| ...| Qr;
2. ki>2 (i> 1)
If C(u)=[bo;b1,...,0n] (u>I+1), then there exists § € F,\ {0} such that

C(u+1) = [bo; b1y .eey bny BSus —bpy —brn—1, ..., —b1],

ky—1
where s, = % Moreover, if Qa, Qs,...,Qr and all polynomials a; (i >
Au—1ly 1

I) are monic, then 8 = (=1)" {l.c.(bpbp_1---b1)} >, where l.c.(p) denotes the
leading coefficient of p(x) € F,[z].

Example 3. Let j € {1,2}, E; € Fy[z] be monic with deg E; > 1 and |E1| > |Es|.
Let I=1,k, =v+1 (r>1), a1; = E]2 and a,; =1 (v > 2). With Q,; =1,

define _
_ k‘u71 _ auQuuf
Quj = au—1,;Q,2%; and s, ; = ——5— (u=>2).
au—lQu_l
Then
21 21
Q2 = E5, 525 = E7
_ 3! _ 312
Qs =E}, s3.j = Ej
_ ! _ d4l3
Qu,5 = Ej, sa5 = Ej
_ ru! _ pul(u—1)
Qu,j - EJ‘ 5 Su,j = Ej .
Define

Ci(1) =1, Cj(u) —;QT] Cj() —;QM (j=1,2).

Here C;(1) =1= 1], Cj(2) =1+ 1/E; =[1, E;]. By Theorem 10, we have

Cj(g) = [17E_]2’!7 _EJZ!,_E?!L
C;(4)=[1,E¥,-E} —E},—-E3? E} E? —E},
01(5) = [1aE_]2'!7_E]2!7_E32!a _E?!27E32!aE]2'!7_EJZ!7_E;L137

2! 2! 2! 312 2! 2! 2!
Ej 77Ej 77Ej an an 7Ej ’7Ej }7
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Let the sequence (ny)32, be defined by ng = 0,n1 = 1, and ny, = 2np_1+1 (k > 2).
Write ' ol
P, E¥ +E¥ = +...+1
L= Cj (u) = ’ : ul
Qu.;j EY
We see that ged(P, j, Qu,j) = 1 so that P, ;j/Q,.; is just the nf" | convergent of
the continued fraction of C;(00). In general, for

Cl(OO) = [040,0417012,...,0[7“...], C2(OO) = [507613527"'567”"']5

choose €, = q = ¢, for all K > 0 and ny < n < ng41. The conditions (4.1) and
(4.2) of Theorem 5 follow at once. To verify (4.3) and (4.4), for all £ > 0 and
ng < n < ngy1, choose

5nk — |ﬁnk+1‘ and dn . |6TL+1|

v, | |ovn|
Then
N
4 d d 5 | Ba| B3 Ba| |Bs B Br Ps
H( n;+1%n;4+2 """ Un; 111 ’ni+1) I R R R E R R
i—0 (€3] Qg (3 Q4 Q5 (xg (7

6’!74\7#»2 o B’I’L]\H,lfl /37’LN+1

Qny+1 Onyi1—1 Onyygy

_ |@Qny22llsNi22]

QN +2,1| B2
1 | By |(N+3)!=1 (N+2)!
= N .
e (CEr—) e W

Theorem 5 shows then that Ci(c0),Ca(00) and 1 are linearly independent over
F,(x).
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