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Abstract : The sequence space £(p) was introduced by Maddox [Spaces of
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Quite recently, the domain of the generalized difference matrix B(r, s) in the se-
quence space ¢, has been investigated by Kirig¢i and Bagar [Some new sequence
spaces derived by the domain of generalized difference matrix, Comput. Math.
Appl. 60 (5) (2010) 1299-1309]. In the present paper, the sequence space £(p)
of non-absolute type is studied which is the domain of the generalized difference
matrix B(r,s) in the sequence space ¢(p). Furthermore, the alpha-, beta- and
gamma-duals of the space EA(p) are determined, and the Schauder basis is con-
structed. The classes of matrix transformations from the space ?(p) to the spaces
l+, ¢ and cqg are characterized. AdditionAally, the characterizations of some other
matrix transformations from the space £(p) to the Euler, Riesz, difference, etc.,
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the paper are devoted to some results about the rotundity of the space é( ) and
conclusion.
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1 Preliminaries, Background and Notation

By w, we denote the space of all complex valued sequences. Any vector sub-
space of w is called a sequence space. We write £, ¢ and ¢y for the spaces of
all bounded, convergent and null sequences, respectively. Also by bs, c¢s, 1 and
¢p; we denote the spaces of all bounded, convergent, absolutely convergent and
p-absolutely convergent series, respectively; where 1 < p < cc.

A linear topological space X over the real field R is said to be a paranormed
space if there is a subadditive function g : X — R such that g(6) = 0, g(z) = g(—=x)
and scalar multiplication is continuous, i.e., |a, — | — 0 and g(x,, —x) — 0 imply
glanx, —azx) — 0 for all @’s in R and all 2’s in X, where 6 is the zero vector in
the linear space X.

Assume here and after that (px) be a bounded sequence of strictly positive
real numbers with suppr = H and L = max{1, H}. Then, the linear space £(p)
was defined by Maddox [1] (see also Simons [2] and Nakano [3]) as follows:

@(p)z{x:(mk)Ew:Zmk|p’“<oo}, (0 <pr < H< o0)

k

which is the complete space paranormed by

1/L
g(x) = (Z mv*) .

k

For simplicity in notation, here and in what follows, the summation without limits
runs from 0 to co. We assume throughout that p, '+ (p,)~* = 1 provided inf pj, <
H < 0o and denote the collection of all finite subsets of N = {0,1,2,...} by F.

Let A\, p be any two sequence spaces and A = (any) be an infinite matrix of
complex numbers a,j, where n,k € N. Then, we say that A defines a matrix
mapping from A into g, and we denote it by writing A : A\ — p, if for every
sequence z = (x)) € A the sequence Az = {(Ax),}, the A-transform of z, is in y;
where

(Azx), = Zankxk for all n e N. (1.1)
k
By (A : u), we denote the class of all matrices A such that A : A — p. Thus,

A € (X : p) if and only if the series on the right side of (1.1) converges for each
n € N and every x € A, and we have Az = {(Az)p}neny € p for all z € A\, A
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sequence z is said to be A-summable to [ if Az converges to | which is called as
the A-limit of x.

The main purpose of this paper, which is a continuation of Kiris¢i and Basgar
[4], is to introduce the sequence space ¢(p) of non-absolute type consisting of all
sequences whose B(r, s)-transforms are in the space ¢(p); where the generalized
difference matrix B(r, s) = {bnk(r, s)} is defined by

T, k=n,
bnik(r,s) =14 s, k=n-—1,
0, 0<k<n-—1lork>n,

for all k,n € N with r,s € R\{0}. Furthermore, the basis is constructed and

~

the alpha-, beta- and gamma-duals are computed for the space ¢(p). Besides

~

this, the matrix transformations from the space £(p) to some sequence spaces are
characterized. Finally, some results related to the rotundity of the space Z\(p) are
derived.

The rest of this paper is organized, as follows:

In Section 2, the linear sequence space £(p) is defined and proved that it is
a complete paranormed space with a Schauder basis. Section 3 is devoted to the

~

determination of a-, 8- and ~-duals of the space £(p). In Section 4, the classes
(U(p) : Leo), (U(p) : ¢) and (£(p) : co) of infinite matrices are characterized. Addi-
tionally, the characterizations of some other classes of matrix transformations from
the space £(p) to the Euler, Riesz, difference, etc., sequence spaces are obtained
by means of a given lemma. In Section 5, some consequences about the rotundity
of the space ¢(p) are given. In the final section of the paper; after comparing with
the related results in the existing literature, open problems and further suggestions

are noted.

~

2 The Sequence Space /(p) of Non-absolute Type

In this section, we introduce the complete paranormed linear sequence space

p)

by

The matriz domain A4 of an infinite matrix A in a sequence space A is defined

A ={z=(zx) Ew: Az € A}, (2.1)

which is a sequence space. Choudhary and Mishra [5] defined the sequence space
£(p) which consists of all sequences such that S-transforms of them are in the space
£(p), where S = (s,1) is defined by

1, 0<k<n,
k=0, k>,

for all k,n € N. Bagar and Altay [6] have recently examined the space bs(p)
which is formerly defined by Basar in [7] as the set of all series whose sequences
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of partial sums are in £ (p). More recently, Aydin and Bagar [8] have studied the
space a” (u,p) which is the domain of the matrix A” in the sequence space £(p),
where the matrix A" = {a,x(r)} is defined by

1+T‘k < <
oulr) = e 0k
0, k> n,

for all k,n € N, (ug) such that ux # 0 for all k € N and 0 < r < 1. Altay and
Basar [9] have studied the sequence space r*(p) which is derived from the sequence
space £(p) of Maddox by the Riesz means Rf. With the notation of (2.1), the

spaces £(p), bs(p),a” (u,p) and r*(p) can be redefined by

U(p) = [(p)]s, bs(p) = [loo(p)]s, a"(u,p) = [l(p)]ar, r'(p)=[l(p)]R:-

Following Choudhary and Mishra [5], Mursaleen [10], Malkowsky et al. [11], Colak
et al. [12], Basar and Altay [6], Altay and Basar [9, 13-15], Aydin and Bagar
[8, 16], we introduce the sequence space Z(p) as the set of all sequences whose
B(r, s)-transforms are in the space £(p), that is

L(p) = {(xk) cEw: Z|sxk,1+rxk|p’“ < oo} , (0<pr <H<o00).
k

It is trivial that in the case pi, = p for all £ € N, the sequence space Z(p) is reduced
to the sequence space ¢, which is introduced by Kirisci and Basar [4]. With the

~

notation of (2.1), we can redefine the space ¢(p) as follows:

~

U(p) == [l(P)l p(rs) -

Define the sequence y = (yx), which will be frequently used, as the B(r, s)-
transform of a sequence x = (zy), i.e.,

Y := Srp_1 + rxy for all k€ N. (2.2)

~

Since the spaces ¢(p) and £(p) are linearly isomorphic one can easily observe that
x = (zp) € Z(p) if and only if y = (yx) € 4(p), where the sequences x = (z1) and
y = (yx) are connected with the relation (2.2).

Now, we may begin with the following theorem which is essential in the text:

o~

Theorem 2.1. {(p) is the complete linear metric space paranormed by g1 defined
by

1/L
g1(z) := (Z |sTr—1 + Txk|pk> ,
k

where 0 < pp, < H < oo for all k € N.
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o~

Proof. The linearity of ¢(p) with respect to the coordinatewise addition and scalar
multiplication follows from the inequalities which are satisfied for x = (zy),2z =

o~

(zr) € £(p), (see [17, p. 30]) and for any o € C, the complex field, (see [18]),
respectively,

1/L 1L
Z |s(Tk—1 + 2k—1) + (7K + zk)P"‘] < (Z |sTp_1 + Tka-)

k k
1/L
+ (Z \szk_l + T‘Zk|pk> (23)
k
and

laP* < max{1, |a|"}. (2.4)

~

It is clear that ¢g1(0) = 0 and g1(z) = ¢g1(—=x) for all z € ¢(p). Additionally, the
inequalities (2.3) and (2.4) yield the subadditivity of g; and

g1(ax) < max{1, |af}g:(z).

~

Let {z™} be any sequence of the points £(p) such that g;(z™ — z) — 0 and
(o) also be any sequence of scalars such that a,, — «, as n — oco. Then, since
the inequality

g1(x") < g1(x) + g1 (2" — )

holds by subadditivity of g1, {g1(«™)} is bounded and we thus have

1/L
g1 (apz™ — ax) = Z |s(amay_) — awp_1) + r(omay — axk)’pkl
k
< lom —alg1(2") + laf g1 (2" — )

which tends to zero as n — oo. That is to say that the scalar multiplication is
continuous. Hence, g1 is a paranorm on the space ¢(p).

It remains to prove the completeness of the space £(p). Let B = B(r,s) and
(@) () () }

{z'} be any Cauchy sequence in the space Z(p), where ¥ = {xo N> S
Then, for a given ¢ > 0 there exists a positive integer ny(¢) such that

gz’ —al) <e (2.5)
for all i,j > ng(e). Using the definition of g1, we obtain for each fixed k € N that

1/L
|(Ba' )i — (Bal)i| < |3 [(Ba') — <Bwj>k|pk1 =
k
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for all i, 7 > ng(e) which leads us to the fact that { Ba%)y, (Bx1), (Bx?)g, . . } is
a Cauchy sequence of complex numbers for each fixed £ € N. Since C is complete,
it converges, say (Bx'), — (Bz)y as i — co. Using these infinitely many limits
(Bx)o, (Bx)1, (Bx)a2, . . ., we define the sequence {(Bx)o, (Bx)1, (Bx)a,...}. From
(2.5) for each m € N and 4,5 > ng(e)

Z| — (Bx),, | "< gi(at —ah)E < el (2.6)
k=0

Take any ¢ > ng(e). First let j — oo in (2.6) and after m — oo, to obtain
g1(z* — x) < e. Finally, taking € = 1 in (2.6) and letting i > ng(1) we have by
Minkowski’s inequality for each m € N that

m 1/L
[Z I(va)kl”’“] <gi(a’ — )+ g1(a") <1+ g1(a")
k=0

which implies that z € Z(p) Since g1 (2" — x) < ¢ for all i > ng(e) it follows that
x' — x as i — oo which shows that £(p) is complete. O

Therefore, one can easily check that the absolute property does not hold on
the space é( ) that is g1(z) # g1(|z]); where |z| = (Jzx|). This says that E( ) is
the sequence space of non-absolute type.

A sequence space A with a linear topology is called a K -space provided each of
the maps p; : A = C defined by p;(z) = x; is continuous for all i € N. A K-space
A is called an F K -space provided M is complete linear metric space. An F K-space
whose topology is normable is called a BK -space. Now, we may give the following:

Theorem 2.2. Zp s the linear space under the coordinatewise addition and scalar
multiplication which is the BK-space with the norm

1/p
]| == (Z |sTk—1 +T:ﬂk|p> , where 1 <p < oo.
k

Proof. Because of the first part of the theorem is a routine verification, we omit
the detail. Since ¢, is the BK-space with respect to its usual norm (see [17, pp.
217-218]) and B is a normal matrix, Theorem 4.3.2 of Wilansky [19, p. 61] gives
the fact that Zp is the BK-space, where 1 < p < oo. O

Let us suppose that 1 < py < si for all & € N. Then, it is known that
£(p) C £(s) which leads us to the immediate consequence that £(p) C £(s).

With the notation of (2.2), define the transformation 7' from Z(p) to £(p) by
x +— y = Tx. Since T is linear and bijection, we have

Corollary 2.3. The sequence space Z(p) of non-absolute type is linearly isomorphic
to the space £(p), where 0 < pp < H < oo for all k € N.
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We firstly define the concept of the Schauder basis for a paranormed sequence
space and nextly give the basis of the sequence space £(p).

Let (A, g) be a paranormed space. A sequence (by) of the elements of \ is
called a basis for A if and only if, for each z € A, there exists a unique sequence
(ag) of scalars such that

nth;Og (m — Z akbk> =0.

k=0

The series ), aiby which has the sum z is then called the expansion of z with
respect to (b,), and written as @ = ), apbg. Since, it is known that the matrix
domain A4 of a sequence space A has a basis if and only if A has a basis whenever
A = (ank) is a triangle (cf. [20, Remark 2.4]), we have:

Corollary 2.4. Let 0 < pp < H < 00 and A\, = (Bx)y for all k € N. Define the
sequence b (1, s) = {bglk)(r, s)}neN of the elements of the space £(p) by

0 n<k
(k) L ) 5
by (ry ) = { % (,S>n’ n> k. (2.7)

for every fized k € N. Then, the sequence {b™*)(r,s)}ren given by (2.7) is a

o~ ~

basis for the space £(p) and any x € €(p) has a unique representation of the form
z =Y, Mb®) (7, 5).

3 The Alpha-, Beta- and Gamma-duals of the

~

Space /(p)

In this section, we state and prove the theorems determining the alpha-, beta-

and gamma-duals of the sequence space £(p) of non-absolute type.
The set S(A, u) defined by

S\ )= {z=(2) € w:az = (z2) € p forall z = (z1) € A} (3.1)

is called the multiplier space of the sequence spaces A\ and p. With the notation
of (3.1), the alpha-, beta- and gamma-duals of a sequence space A, which are
respectively denoted by A*, \? and A7, are defined by

XY= S\ 6), N i=S(\ecs) and A := S(\ bs).

Because of Part (i) can be established in the similar way to the proof of Part
(ii), we omit the detail of that part and give the proof only for Part (ii) in Theorems
3.4-3.6, below.

We begin with quoting three lemmas which are needed in proving Theorems
3.4-3.6.
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Lemma 3.1 (Lascarides and Maddox [21, (i) and (ii) of Theorem 1]). Let A =
(ank) be an infinite matriz. Then, the following statements hold:

(i) Let 0 < px <1 for all k € N. Then, A € (¢(p) : b)) if and only if

sup |ang|"*

< 0. (3.2)
n,keN

(1) Let 1 < pr, < H < oo for all k € N. Then, A € (£(p) : Ls) if and only if
there exists an integer M > 1 such that

supz |ankM*1’p;" < 00. (3.3)
k

neN

Lemma 3.2 (Lascarides and Maddox [21, Corollary for Theorem 1]). Let 0 <

pr < H < oo for all k € N. Then, A= (anr) € (U(p) : ¢) if and only if (5.2), (3.3)
hold, and

lim ani = By for all k € N. (3.4)
n— oo
Lemma 3.3 (Grosse-Erdmann [22, Theorem 5.1.0]). Let A = (ani) be an infinite
matriz. Then, the following statements hold:
(i) Let 0 <py <1 forallk € N. Then, A€ ({(p): ¢1) if and only if
Pk

sup sup
NEF keN

Qnk
neN

< 0. (3.5)

(i) Let 1 < pp < H < oo for all k € N. Then, A € (L(p) : £1) if and only if
there exists an integer M > 1 such that

Dl

Z ankM_l

neN

sup Z
k

NeF

< 0. (3.6)

Theorem 3.4. Define the sets di*(p) and d5*(p) by

Pk

1 s n—~k
di®(p) a = (ar) € w: sup sup - <) an| <oop,
NeF keN neN;: T\
1 s n—k P
a5’ (p) = U a:(ak)ew:supz Z () anM™ <00y,
M>1 NeF T ey TN T

where N = NN{n e N:n>k}. Then,

(1) {€p)}* :=di*(p), (0 <pr <1).
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(i1) {Up)}* = dg(p), (1 <p < H < o).
Proof. (ii) Let us take any a = (a,) € w. We easily derive with (2.2) that
anx —li _—S”_ka = (Cy), forall neN (3.7
ndn — r o r nYk = Y)n ’ .

where C' = {cpi(r, s)} is defined by

=) e, 0<k<n,

for all k,n € N. Thus, we deduce from (3.7) that az = (a,x,) € ¢ whenever
x = (zx) € {(p) if and only if Cy € ¢; whenever y = (yx) € ¢(p). From Lemma
3.3, we obtain the desired result that {¢(p)}* = d5*(p). O

Theorem 3.5. Define the sets d3°(p), dy*(p) and dg® by

. -5
&5 (p) =4 () €w: sup |- ( ) ,
k,neN T
n 1 j—k P
dy®(p) == U (ar) € w: supz - < ) ajM_1 <00 ),
M1 nEN T]:k

n j—k
. —S .
di® =< (ar) Ew: nl;n;o E > <r> a; exists
=

Then,
(i) {U(p)}’ = d*(p) N dz*, (0 < pr < 1).
(ii) {E(p)}’ = dj*(p) N dg*, (1 < p < H < o).

Proof. (ii) Take any a = (ax) € w and consider the equality obtained with (2.2)
that

n n
1

n j—k
(= | yr = (Dy),, forall neN, 3.8
> aan =3 ZT( ) wfw= 0py ol neN, (39)
where D = {dx(r, s)} is defined by

n 1 (—s\J—Fk .
dnk(r,s)_{ Rimkr (F) T 0<k<n (3.9)
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for all k,n € N. Thus, we deduce from (3.8) that ax = (arxy) € cs whenever

~

x = (x) € £(p) if and only if Dy € ¢ whenever y = (yi) € £(p). Therefore, we
derive from Lemma 3.2 that

n 1 /— j—k
SEH(F) e <
PN
and
n _s j—k
lim Z () a; exists.
This shows that {£(p)}? = d5*(p) N dz*. O

Theorem 3.6. The following statements hold:
(i) {Up)}y" = di*(p), (0 < pi < 1).

~

(ii) {£(p)}7 = d3*(p), (1 <pr < H < 00).

Proof. (ii) We see from (3.8) that ax = (axzy) € bs whenever z = (xy) € £(p) if
and only if Dy € £, whenever y = (yx) € £(p), where D = {dx(r,s)} is defined

by (3.9). Therefore, we obtain from Part (ii) of Lemma 3.1 that {{(p)}” = d5°(p)
and this completes the proof. O

4 Matrix Transformations on the Sequence Space
t(p)

In this section, we characterize some matrix transformations on the space £(p).
Theorem 4.1 gives the exact conditions of the general case 0 < pr < H < 0o by
combining the cases 0 < pr, <1 and 1 < pr, < H < co. We consider only the case
1 < pr < H < 0o and leave the case 0 < pi < 1 to the reader because of it can be
proved in the similar way.

We write for brevity that

oo

1(—s\"
dnkZZ* (S> apn; forall k,neN.

o\
Theorem 4.1. Let A = (ani) be an infinite matriz. Then, the following state-
ments hold:

~

(i) Let 0 <py <1 forallk € N. Then, A € ({(p) : €x) if and only if

{ank}pen € d3°(p) Nd5*(p) for each fived n €N, (4.1)

sup |an|"" < . 4.2
n,keN
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~

(i) Let 1 < pr, < H < oo for all k € N. Then, A € ({(p) : bso) if and only if
there exists an integer M > 1 such that

{ank}pen € di*(p) N d5*(p) for each fived n €N, (4.3)
CM) =sup 3 M < oo, (4.4)
neN ©

o~

Proof. (ii) Suppose that the conditions (4.3) and (4.4) hold, and = € £(p). In this
situation, since {ani}ren € {€(p)}? for every fixed n € N, the A-transform of z
exists. Consider the following equality obtained by using the relation (2.2) that

m m m . Jj—k
Z AnkTh = Z Z % (:) Qnj Yk (4.5)
k=0 k=0 j=k

for all m,n € N. Taking into account the hypothesis we derive from (4.5) as
m — oo that

Z kTl = Z anryr for each n € N. (4.6)
k k

Now, by combining (4.6) with the following inequality which holds for any M > 0
and any a,b € C

lab] < M <|aM_1|p/ +1),

where p > 1 and p~1 4+ p'~! =1 (see [21]), one can easily see that

§ ApkTEk
k

sup
neN

< sup Anks| Yk
oup 3 o b
< M[C(M) + g1 ()] < oo.

Conversely, suppose that A € (Z(p) i hloo) and 1 < pp, < H < oo for all k € N.
Then Az exists for every x € ¢(p) and this implies that {a,x}ren € {€(p)}? for
all n € N. Now, the necessity of (4.3) is immediate. Besides, we have from (4.6)
that the matrix E = (e,x) defined by e, = ani for all n,k € N, is in the class
({(p) : ). Then, FE satisfies the condition (3.3) which is equivalent to (4.4).

This completes the proof. O

o~

Theorem 4.2. Let 0 < pp < H < oo for all k € N. Then, A € ({(p) : ¢) if and
only if (4.1)-(4.4) hold and

lim anr = ap for each fized k € N. (4.7)
n—oo
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Proof. Let A € (Z(p) cc)and 1 < pp < H < oo for all & € N. Then, since the
inclusion ¢ C £, holds, the necessities of (4.3) and (4.4) are immediately obtained
from Part (i) of Theorem 4.1.

To prove the necessity of (4.7), consider the sequence b(*) (r, 5) defined by (2.7)
which is in the space Z(p) for every fixed k € N. Because of the A-transform of
every x € Z(p) exists and is in ¢ by the hypothesis,

e 1 N j—k

AbP) (r, 5) = Z - (s> nj €c
— r \ 1
=k neN

for every fixed k € N which shows the necessity of (4.7).
Conversely suppose that the conditions (4.3), (4.4) and (4.7) hold, and take

any ¢ = (zy) in the space Z(p) Then, Az exists. We observe for all m,n € N that

/

. Pi . Pi
m m i—k j—k
an; M~ < sup < ) an; M1
LI (3) w| sy J
which gives the fact by letting m,n — oo with (4.4) and (4.7) that
i—k ) P m m 1 s j—k ) Pk
13 o) D () BT TS i) D] () M T R

kOjk

This shows that >, |axM 1P < 0o and so (ax)gen € {¢(p)}? for each n € N

which implies that the series )", o) converges for every « € £(p).
Let us now consider the equality obtained from (4.6) with a,; — oy instead of

Ank

Z(ank —ap)T Z enryr for all meN, (4.8)
k k

where E = (e,1) defined by e, = anr — ax for all k,n € N. Therefore, we have at
this stage from Lemma 3.2 with S = 0 for all £ € N that the matrix F belongs
to the class (¢(p) : ¢o) of infinite matrices. Thus, we see by (4.8) that

nhﬁnolo ;(ank —ag)z, = 0. (4.9)

(4.9) means that Az € ¢ whenever z € 7| (p) and this is what we wished to prove. [
Therefore, we have:

Corollary 4.3. Let 0 < py < H < oo for all k € N. Then, A € (£ (p) i ¢o) if and
only if (4.1)-(4.4) hold, and (4.7) also holds with o, =0 for all k € N.
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Now, we give the following lemma given by Bagar and Altay [23] which is useful
for deriving the characterizations of the certain matrix classes via Theorems 4.1,
4.2 and Corollary 4.3:

Lemma 4.4 (Bagar and Altay [23, Lemma 5.3]). Let A\, u be any two sequence
spaces, A be an infinite matriz and B also be a triangle matriz. Then, A € (X : up)
if and only if BA € (\: p).

It is trivial that Lemma 4.4 has several consequences. Indeed, combining
Lemma 4.4 with Theorems 4.1, 4.2 and Corollary 4.3, one can derive the following
results:

Corollary 4.5. Let A = (ank) be an infinite matriz and define the matriz C =
(an) by

n
Cnk = Z (n> (1- t)”fjtjajk for all n,k € N.
—\J
7=0
Then, the necessary and sufficient conditions in order for A belongs to anyone of

~

the classes (((p) : €..), (U(p) : €.) and ({(p) : €) are obtained from the respective
ones in Theorems 4.1, 4.2 and Corollary 4.3 by replacing the entries of the matriz
A by those of the matriz C'; where 0 < t < 1, e’ and €., el respectively denote
the spaces of all sequences whose E'-transforms are in the spaces {se and c, co and
are recently studied by Altay et al. [24], Altay and Basar [25], where E* denotes

the Fuler mean of order t.

Corollary 4.6. Let A = (an) be an infinite matriz and t = (ty) be a sequence of
positive numbers and define the matriz C' = (cpi) by

1 n
Cnk = T thajk for all n,k eN,
n =0

where T,, = ZZ:O ty for allm € N. Then, the necessary and sufficient conditions

-~ ~ -~

in order for A belongs to anyone of the classes (((p) : %), (U(p) : %) and (¢(p) : rf)
are obtained from the respective ones in Theorems 4.1, 4.2 and Corollary 4.3 by
replacing the entries of the matriz A by those of the matriz C; where rt_, rt and
ry are defined by Altay and Basar in [26] as the spaces of all sequences whose
Rt-transforms are respectively in the spaces loo, ¢ and cy, and are derived from
the paranormed spaces rt_(p), rt(p) and r{(p) in the case p = p for all k € N.
Since the spaces rf_, rf and r{ reduce in the case t = e to the Cesaro sequence
spaces Xoo, ¢ and ¢y of non-absolute type, respectively, Corollary 4.6 also includes
the characterizations of the classes ({(p) : X&), (¢(p) : ¢) and (4(p) : &), as a
special case; where X, and ¢, ¢y are the Cesaro spaces of the sequences consisting
of Ci-transforms are in the spaces o, and ¢, ¢g, and studied by Ng and Lee [27];
Sengoniil and Bagar [28], respectively, where C; denotes the Cesaro mean of order

1.
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Corollary 4.7. Let A = (ank) be an infinite matriz and define the matriz C' =
(cnk) bY ek = ank — any1i for all n,k € N. Then, the necessary and sufficient
conditions in order for A belongs to anyone of the classes (£(p) : lso(A)), (¢(p) :
¢(A)) and (Z(p) : ¢o(A)) are obtained from the respective ones in Theorems 4.1,
4.2 and Corollary 4.3 by replacing the entries of the matrix A by those of the
matriz C; where Lo (A), ¢(A), co(A) denote the difference spaces of all bounded,

convergent, null sequences and are introduced by Kizmaz [29].

Corollary 4.8. Let A = (ank) be an infinite matriz and define the matriz C' =
(cnk) by cnp = Z?:o aji for all n,k € N. Then the necessary and sufficient

conditions in order for A belongs to anyone of the classes (Z(p) : bs), (Z(p) :cs)
and (£(p) : ¢so) are obtained from the respective ones in Theorems 4.1, 4.2 and
Corollary 4.3 by replacing the entries of the matrix A by those of the matriz C,

where csg denotes the set of those series converging to zero.

-~

5 The Rotundity of the Space /(p)

Among many geometric properties, the rotundity of Banach spaces is one of
the most important topics in functional analysis. For details, the reader may refer
to [30-32]. In this section, we characterize the rotundity of the space £(p) and
emphasize some results related to this concept.

By S(X) and B(X), we denote the unit sphere and unit ball of a Banach space
X, respectively. A point z € S(X) is called an extreme point if 2¢ = y + z implies
y =z for all y,z € S(X).

A Banach space X is said to be rotund (strictly convex) if every point of S(X)
is an extreme point.

Let X be a real vector space. A functional o : X — [0, 00) is called a modular

o(x) =0 if and only if z =0,

)

(ii) o(ax) = o(x) for all scalars o with |a| = 1;
) o(lax+ By) <o(z)+o(y) forall z,y € X and o, > 0 with a + 8 = 1.
)

The modular ¢ is called convexif o(az+py) < ao(z)+po(y) forall z,y € X
and a, 8 > 0 with o + g = 1.

A modular o on X is called
(a) Right continuous if lim, ,1+ o(ax) = o(z) for all z € X,.
(b) Left continuous if lim,_,,- o(ax) = o(z) for all z € X,,.
(¢) Continuous if it is both right and left continuous, where

X(,:{QCEX: lim U(ax):0}.

a—0t
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~

For {(p), we define o, () = >, |swr—1 + rag|"™. I pp > 1 for all k € N, by the
convexity of the function ¢ — [¢|"* for each k € N, one can easily observe that o,

~

is a convex modular on the sequence space £(p). We consider the sequence space

~

£(p) equipped with the Luxemburg norm given by

[ :inf{a>0:0p (g) < 1}. (5.1)

~

It is easy to show that the sequence space ¢(p) is a Banach space with the norm
(5.1).
Now, we may emphasize some basic properties for modular o,.

~

Theorem 5.1. The modular o, on the sequence space £(p) satisfies the following
properties:

(i) If 0 < a <1, then alo, (z/a) < op(z) and op(az) < aopy(x).
(ii) If a > 1, then o,(z) < ooy, (x/a).
(i11) If « > 1, then o,(x) > ao, (z/a).

o~

w) The modular o, is continuous on the sequence space £(p).
p

~

Proof. (i) We have for any x € ¢(p) and « € (0, 1] that
op(x) = Z |szp_1 + rag|”*
k
k
L Pk I T
k
Since py > 1 for all k and 0 < a < 1, we have a?* < « for all k, hence o,(ax) <

aop(x).

(ii) If @ > 1, then 1/a < 1. From (i), we have

(2) o= (2) o (22) <0 (2)

and hence o,(z) < oo, (z/a).

a(szp_q +rzg) |P*

(67

STr_1 +TrTg
«

(iii) If we apply the second part of (i) with § =1/« < 1, then it is immediate
that

oy, (2) = aop(Bz) < afoy(x) = op(x),

as expected.
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(iv) By Parts (ii) and (iii) of the present theorem, we have for a > 1 that
op(2) < aoy(z) < op(ax) < afoy(z). (5.2)
By passing to limit as @ — 17 in (5.2), we have lim,_,;+ o,(ax) = o,(x). Hence,
op is right continuous. If 0 < ao < 1, by Part (i) of the present theorem, we have

alo,(x) < op(ax) < aoy(z). (5.3)

Also by letting o — 17 in (5.3), we observe that lim, ;- op(az) = o,(x) and
hence o), is left continuous. These two consequences give us the desired fact that
op is continuous. O

Now, we may give some relationships between the modular o, and the

o~

Luxemburg norm on the sequence space £(p).

~

Theorem 5.2. Let x € {(p). Then, the following statements hold:
(i) If 2]l < 1, then oy @) < |z
(i1) If ||z|| > 1, then op(x) > ||z]|.
(1it) ||z|| =1 if and only if op(z) =1
() |lz|| <1 if and only if op(z) < 1.
(v) |lz|| > 1 if and only if op(z) > 1

Proof. (i) Let € > 0 such that 0 < ¢ < 1 — ||z||. By the definition of || - ||, there
exists an a > 0 such that ||z|| + & > o and o,(x/a) < 1. From Parts (i) and (ii)
of Theorem 5.1, we have

x x
o(@) < 0 [(llall + )= ] < (llall + )y (2) < flall +e.
Since ¢ is arbitrary, we have (i).
(ii) If we choose € > 0 such that 0 < ¢ < 1—1/||z|, then 1 < (1 —¢)|lz| < ||z
Combining the definition of the Luxemburg norm given by (5.1) and Part (i) of
Theorem 5.1, we have

1
T

IN

1<0p[

(1z)llfc}

so (1 —¢)||lz]| < op(z) for all e € (0,1 — 1/||z||). This implies that ||z| < op(x).
Since o0, is continuous, (iii) directly follows from Theorem 1.4 of [32].

(iv) follows from Parts (i) and (iii).

(v) follows from Parts (ii) and (iii). O

~

Theorem 5.3. The space £(p) is rotund if and only if pr, > 1 for all k € N.



Some Topological and Geometric Properties of the Domain ... 129

~

Proof. Necessity. Let £(p) be rotund and choose k € N such that p, = 1 for k£ < 3.
Consider the following sequences given by

1 — )2 _ )3
T = Oa77785ﬂ5( 8)7 ’
r’r2’ 3 r4

1 —s (—s)?
— o0, 2 =20 L
z { ) ) 7’7 7’2 ) 7”3

Then, it is immediate that « # z and

~

By Part (iii) of Theorem 5.2; x, z, (¢ + z)/2 € S[¢(p)] which leads us the contra-
diction that the sequence space ¢(p) is not rotund.

o~ o~

Sufficiency. Let = € S[¢(p)] and v, z € S[¢(p)] with = = (v+2)/2. By convexity
of o, and Part (iii) of Theorem 5.2, we have

op(V)+op(z) 1 1
1= <27 PP 4=
on(@) < 2 =273
which gives that o,(v) = 0,(2) = 1 and
op(v) + op(2)
op(x) = %. (5.4)
Further, we have by (5.4) that
Z |szp_1 + T‘Ik|plC = 1 Z |svg—1 + 7"Uk|p’C + } Z |szp—1 + 1"Zk|p’C .
k / l 215 l 215

Since z = (v + 2)/2, we have

>

k

Pk

% [s(Vk—1 + zk—1) + 7(vk + 28)]

N | =

(Z |svk—1 + Wk”)
k
1 Pk
—|—§ Z|szk,1 + 7z .
k

This implies that

Pr

1 1 1
‘ [s(Vk—1 + zk—1) + r(vg + 21)]| = 3 |svg_1 + rog|P* + 5 |szr—1 + rzx[P* (5.5)

2

for all k € N. Since the function ¢ — [t|P* is strictly convex for all k € N, it follows

o~

by (5.5) that vy = 2, for all £ € N. Hence v = z, that is the sequence space £(p)
is rotund. O
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Conclusion

The diference spaces £ (A), ¢(A) and co(A) were introduced by Kizmaz [29].
We treat more different than Kizmaz and the other authors following him, and
use the technique for obtaining a new sequence space by the domain of a triangle
matrix. Following this way, the domain of some triangle matrices in the sequence
space £(p) was recently studied and obtained certain topological and geometric
results by Altay and Bagar [9, 14]; Choudhary and Mishra [5]; Basar et al. [33];
Aydin and Bagar [8]. Although bv(e, p) = [¢(p)]a is investigated, since B(1,—1) =
A, our results are more general than those of Bagar, Altay and Mursaleen [33].
Also in case py = p for all k € N the results of the present study are reduced to
the corresponding results of the recent paper of Kirigci and Bagar [4].
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