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1 Introduction

Alber and Guerre-Delabriere in [1] suggested a generalization of the Banach
contraction mapping principle by introducing the concept of weak contraction in
Hilbert spaces. Rhoades [2] had shown that the result which Alber et al. had
proved in Hilbert spaces [1] is also valid in complete metric spaces. Weakly con-
tractive mappings and mappings satisfying other weak contractive inequalities
have been discussed in several works, some of which are noted in [3, 4]. Khan
et al. [5] introduced the use of a control function in metric fixed point prob-
lems. This function was referred to as ’altering distance function’ by the authors
of [56]. This function and its extensions have been used in several problems of
fixed point theory, some of which are noted in [6, 7]. In recent times, fixed point
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theory has developed rapidly in partially ordered metric spaces, that is, in metric
spaces endowed with a partial ordering [8, 9]. Using the control functions the weak
contraction principle has been generalized in metric spaces [10] and in partially
ordered metric spaces in [11]. In [12], the weak contraction principle has been
generalized by using three functions. Compatibility of two mappings introduced
by Jungck [13] is an important concept in the context of common fixed point prob-
lems in metric spaces. This concept has been weakened to compatibilities of type
A, type B, type C and finally to weak compatibility [14, 15]. Note that a lot of
authors have proved various fixed-point and coupled point results for one or two
self-mappings in the setting of metric, cone metric, ordered metric or G-metric
spaces, see for instance [16-23].

Now we give preliminaries and basic definitions which are used throughout the

paper.

2 Preliminaries

Definition 2.1 ([24]). Let X be a non-empty set, G : X x X x X — Rt be a
function satisfying the following properties:

(G1) G(z,y,2)=0ifx =y =z

(G2) 0< G(z,z,y) for all z,y € X with z # y.

(G3) G(z,z,y) < G(z,y,z) for all z,y,z € X with y # z.

(G4) G(z,y,2) = G(z,z,y) = G(y,z,x) = - -+ . (symmetry in all three variables).

(G5) G(x,y,2) < G(z,a,a) + G(a,y, z) for all z,y,z,a € X (rectangle inequal-
ity).

Then the function G is called a generalized metric, or, more specially, a G-metric
on X, and the pair (X, G) is called a G-metric space.

Definition 2.2 ([24]). Let (X, G) be a G-metric space, and let (x,,) be a sequence
of points of X. We say that (x,,) is G-convergent to x € X if lim,, 400 G(, T,
Tm) = 0, that is, for any € > 0, there exists N € N such that G(z, z,, z,,) < ¢,
for all n,m > N. We call x the limit of the sequence and write xz,, — « or
lim, 400y = .

Proposition 2.3 ([24]). Let (X,G) be a G-metric space. The following are equiv-
alent:

(1) (zn) is G-convergent to x.
(2) G(zn,zn,x) — 0 as n — +o0.
(3) G(zp,z,2) — 0 as n — +o00.

(4) G(zn,zm,z) — 0 as n,m — +00.
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Definition 2.4 ([24]). Let (X, G) be a G-metric space. A sequence (z,,) is called
a G-Cauchy sequence if, for any € > 0, there is N € N such that G(zp, Tm,x;) < €
for all m,n,l > N, that is, G(xn, Tm,x;) — 0 as n,m,l — +oc.

Proposition 2.5 ([25]). Let (X, G) be a G-metric space. Then the following are
equivalent

(1) the sequence (zy,) is G-Cauchy.

(2) for any € > 0, there exists N € N such that G(xp, Tm,Tm) < €, for all
m,n > N.

Proposition 2.6 ([24]). Let (X, G) be a G-metric space. A mapping f : X — X
is G-continuous at x € X if and only if it is G-sequentially continuous at x, that
is, whenever (x,) is G-convergent to z, (f(xy)) is G-convergent to f(x).

Proposition 2.7 ([24]). Let (X,G) be a G-metric space. Then, the function
G(z,y,z) is jointly continuous in all three of its variables.

Definition 2.8 ([24]). A G-metric space (X,G) is called G-complete if every
G-Cauchy sequence is G-convergent in (X, G).

Definition 2.9 ([14]). (Weakly Compatible Mappings) Two mappings f,g : X —
X are weakly compatible if they commute at their coincidence points, that is, if
ft = gt for some t € X implies that fgt = gft.

Lemma 2.10 ([15]). If f and g are either compatible, or compatible of type A
(resp. type B or type C), then f and g are weakly compatible.

Definition 2.11 ([15]). (g-Non Decreasing Mapping) Suppose (X, <) is a partially
ordered set and f,g: X — X are mappings of X to itself. f is said to be g-non-
decreasing if for x,y € X, gr < gy implies fx < fy.

3 Main Results

Theorem 3.1. Let (X, =) be a partially ordered set and suppose that (X,G) is
a G-complete metric space. Let f,g : X — X be such that f(X) C g(X), f is
g-non-decreasing, g(X) is closed and

Y(G(fx, fy, f2)) < a(G(gw, gy, 92)) — B(G(9z, 9y, 92)) (3.1)

for all z,y,z € X such that gxr < gy =X gz, where ¥, a, 3 : [0,4+00) — [0,400)
are such that, v is continuous and monotone non-decreasing, « is continuous, [
is lower semi-continuous,

Y(t) =0 if and only if t =0, «(0) = B(0) =0 (3.2)

and
P(t) — a(t) + B(t) > 0 for all t > 0. (3.3)
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Also, if any nondecreasing sequence () in X converges to z, then we assume
Ty =z for all n>0. (3.4)
If there exists g € X such that grg X fxg, then f and g have a coincidence point.

Proof. By the condition of the theorem there exists zo € X such that gzg < fxq.
Since f(X) C g(X), we can define 21 € X such that gz, = fxg, then gzg < fzg =
gxy. Since f is g-non decreasing, we have frg =< fz;. In this way we construct
the sequence (z,,) recursively as

fxn = gxpyy forall n>1 (3.5)
for which

g0 2 fro=gr1 2 frr =gr2 X fro 2 2 fep =92, 2 frn = gTp1 X0

(3.6)
If any two consecutive terms in the sequence (z,) are equal, then the conclusion
of the theorem follows. So we assume that

G(frn-1, f¥n-1,fzn) #0 forall n>1. (3.7)
Let, if possible, for some n

G(fxn—la fxn—la fxn) < G(fxna fan fxn-&-l)-

Substituting = y = ,, and z = x4 in (3.1), using (3.5), (3.6) and the monotone
property of ¥, we have

¢(G(f$n—17 Jon_1, f$n))
<Y(G(fon, frn, frnir))
< a(G(gan, grn, gan + 1)) — B(G(9Tn, g, gTns1))  (3.8)
= a(G(frn-1, frn-1, [rs)) = B(G(frn-1, fTn-1, fT4)).

By (3.3), we have that G(fz,—1, fen_1, fx,) = 0, which contradicts (3.7). There-
fore, for alln > 1

G(f$n7 frn, fxn+1) < G(fxn—l, frn_1, fxn)

It follows that the sequence (G(fxn, fon, fXny1)) is a monotone decreasing se-
quence of non-negative real numbers and consequently there exists » > 0 such
that

lim G(fxn, fTn, fToni1) =71 (3.9)

n——+4oo

Taking n — +oo in (3.8) and using the lower semi continuity of § and the
continuities of ¥ and a, we obtain ¢(r) < «(r) — B(r), which, by (3.3), implies
that » = 0. Hence

lim G(fxn, fon, fTns1) =0. (3.10)

n—> oo
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Next we show that (fz,) is a Cauchy sequence. If not, then there exists some
€ > 0 for which we can find two sequences (fz,(r)) and (fa,k)) of (fz,), n(k) >
m(k) > k, for all k > 0,

G(fTmpys fTmrys [Tn@m)) =€ (3.11)

and
G(fTm)s fTm), fTni)—1) < €. (3.12)
By (3.12) and the rectangle inequality, we have for all £ > 0,

€ S G(fTmuy, fTmr), fTni) < G Tmuy, fTm) [Tn)—1)
+G(fTn)—1, [Tnk)—15 fTn)) < €+ G(fTn)y—15 fTni)—1 FTn(r))-

Taking kK — 400 in the above inequality and using (3.10) we obtain

1i =e. 1
k_l)IEI_OOG<f$m(k),fmm(k)afxn(k)) € (3.13)

Also, by rectangle inequality and using that G(z,z,y) < 2G(x,y,y) for any
x,y € X, for all £ > 0, we have

G(fTm) -1 fTm)—1> Tn(r)-1)
S G(fTm)—1> FTmk) =15 fTm)) + GUf Ty fTmeys fTn(k))
+ G(fTn)s fTnk)s fTnik)—1)
S G(fTmk)—1> FTmk) =15 fTm)) + G(f Ty fTmiys fTn(k))
+2G(fTnk)y—15 fTn(k)—15 [Tn(r))

and

G(fZmky, [Tmi)s fTn(r))
S G(fTmkys [Tmrys frmy—1) + GUfTm@)—15 FTm)—15 fTnr) -1
+ G(fTn)—1, fTnk)—1> fTnk))
L2G(fmr)=1, FTmk) =15 fTm)) + G(fTmy—15 fTmk)—15 [Tnr)-1)
+ G(fTn)—1, [Tnik)—15 fTnr))-
Taking limit as k — 400 in the above two inequalities and using (3.10) and (3.13)

we have
lim G(fxm(k)—l, fxm(k)—lfxn(k)—l) =¢&. (3.14)

k—+o00

Again, by (3.6), we have that the elements gx,,) and gx,) are comparable.
Putting z = y = x4y and z = x,,(x) in (3.1), for all £ > 0, by (3.5), we have

V(G(fmrys fTmk)s fTn)))
< aA(G(GZm(k)s 9Tm(k) 9Tn(k))) — B(G(ITm(k)s 9Tm (k) 9Tn(k)))
= a(G(frmp)—15 fTmr)—1> [Tnr)—1)) = BG(FTm@)—1, [Tm)—15 fTnk)—1))-
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Taking k — +o0 in the above inequality, using (3.14), the continuities of ¢ and «
and the lower semi continuity of 8, we obtain ¢ (g) < a(e) — 8(g). Then, by (3.3),
we have ¢ = 0, which is a contradiction. It then follows that (fx,) is a Cauchy
sequence and hence (fx,) is convergent in the complete G-metric space (X, Q).
Since g(X) is closed and by (3.5), fz, = gxn41 for all n > 0, we have that there
exists z € X for which

lim gz, = lim fz,=gz. (3.15)

n—>—+oo n—-4oo

Now we prove that z is a coincidence point of f and g. From (3.6), we have (gz,,)
is a non-decreasing sequence in X. By (3.15) and a condition of our theorem,

9zn < g2. (3.16)
Putting z = y = x,, in (3.1), by the virtue of (3.16), we get
U(G(fan, fon, f2)) < a(G(g2n, g2n, 92)) — B(G(9Tn, g2n, g2))-

Taking n — 400 in the above inequality, using (3.2) and (3.15), we have
G(gz,9z, fz) =0, that is,
fz =gz (3.17)

This completes the proof. O
Theorem 3.2. If in Theorem 3.1 it is additionally assumed that
9z 2 g9z (3.18)

where z is as in (3.4) and f and g are weakly compatible then f and g have a
common fized point in X.

Proof. Following the proof of the Theorem 3.1 we have (3.15), that is, a non-
decreasing sequence (gz,) converging to gz. Then by (3.18) we have gz < ggz.
Since f and g are weakly compatible, by (3.17), we have that fgz = gfz. We set

w=gz= fz. (3.19)
Therefore, we have
9z 2 g9z = guw. (3.20)
Also
fw=fgz=g9gfz=guw. (3.21)

If z = w, then z is a common fixed point. If z # w, then, by (3.1), we have

From (3.3), gz = gw. Then, by (3.19) and (3.21), we have w = gw = fw. This
completes the proof of Theorem 3.2. O

Remark 3.1. Continuity of f is not required in Theorem 3.1. If we assume f to
be continuous then (3.4) is no longer required for the theorem and can be omitted.

Remark 3.2. In view of Lemma 2.10, the result of Theorem 3.2 is valid if we
assume f and g to be compatible, compatible of type A, type B or type C.
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4 Example

Let X = [0,1]. We define a partial order < on X as z < y if and only if x > y for
all z,y € X. Define G: X x X x X — RT by

G(x7y7z): |x—y\+|:v—z|+|y—z|

for all z,y,z € X. Then (X, G) is a complete G-metric space. Let f,g: X — X
be defined as, fr = = — %xQ and gr = = — %x2 for all z € [0,1]. Let ¥, a,f :
[0, +00) — [0, +00) be defined as ¥(t) = ¢, for t € [0,1], a(t) = ¢ for t € [0,1]
and ((t) = % for t € [0,1]. Without loss of generality we assume that © >y > z
and verify the inequality (3.1). For all z,y, 2z € [0, 1] with > y > z,

G,y 1) = (0 =) = 2@ — )+ (= 2) = 22 = )+ (g = 2) — 27 = )

and

Glgr.99.97) = (2= 9) = 52 =) + (2= 2) = 32 = ) + (y=2) = 5 (67 — ).

Now,

a(G(gr, gy, 92)) — B(G (97, gy, 92))

= (- y) - 3@ ) + (= 2) — 5P = )+ = 2) — 567 - )
2
B L R e R 1ot R A I A
6

Since (z —y) — 3(2* — y?) < (z —y) and = > y > z, we have

(@ =9) 3@ )+ =)~ 5@ =) 4 =) 367~ 2]

<(@-y+@—2)+G—2) =@@—y?+(—2)?>+ (-2
+2(@ -2y -2+ @-y)@—2)+@-yy-2)

<@ -y + @ -2+ -2 +2((@—2)2+ (- 2) + (2 — 2)?)

< (2% =) + (% - 22 + (12 - 2).
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Therefore,

(67

(G(gz, 9y, 92)) — B(G (97, gy, 92))

> (- 9)— 52—y + (= 2) — 5@ = ) + (= 2) — 37— )
(@ =) 76 =)+ (P -2
6
1 5 1
=@-y 5@ )+ -2 - @ =)+ (r-y) - 507 - 27)
> (@—y)~ 2@~ )+ (= 2) 2@~ )+ (@ —y) ~ 20— )

Therefore, the inequality (3.1) is satisfied. Then, with any choice of z¢ in (0, 1),
all the conditions of Theorem 3.1 are satisfied. Also f and g are weakly compat-
ible. Further g also satisfies (3.18). Hence Theorem 3.2 is also applicable to this
example. Here z = 0 is a coincidence point as well as common fixed point of f
and g.
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