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Abstract : Nordahl and Scheiblich [1] considered a unary operation * on semi-
groups and introduced the concept of regularity on *-semigroups. In this paper
we impose this operation on ordered semigroups under the assumption of order
preserving, i.e. if a > b then a* > b*. Then we can characterize intra-regular or-
dered x-semigroups. Indeed since x can be considered to be the identity mapping
particularly, the results in this paper can be considered to be the extensions of
some properties in ordered semigroups [2-5].
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1 Introduction

Szdsz [6] has shown that the ideals of a semigroup S are prime if and only if S is
intra-regular and any two ideals are comparable. He also proved that an ideal of a
semigroup S is prime if and only if it is both weakly prime and semiprime; and that
in commutative semigroups the prime and weakly prime ideals coincide. Ordered
semigroups in which the ideals are prime, weakly prime have been considered by
Kehayopulu [2, 3]. Above results, which Szdsz presented in semigroups, are also
true in case of ordered semigroups [4]. Furthermore a characterization for intra-
regular ordered semigroups was done [4].

In this paper we will present analogous results on ordered *x-semigroups. It will
be seen that the ideals requires virtually no changes from that in ordered semi-
groups. However in order to guarantee ideals being able to be ideals after operated
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by x, it is necessary to assume the operator * preserves ordering. Section 2 will
characterize ordered x-semigroups in which all ideals are (weakly) prime. The final
section is devoted to construct the concept of filters and creates a characterization
on intra-regular ordered x-semigroups in terms of the least filter.

An ordered semigroup S is a partial ordering set at the same semigroup such
that for any a, b,z € S, a < b implies za < b and ax < bx. An ordered semigroup
S with a unary operation x : S — S is called an ordered *-semigroup if it satisfies
(z*)* = x and (zy)* = y*a* for any z,y € S. Such a unary operation « is called
an involution [1]. If for any a,b with a > b, we have a* > b*, then « is called an
order preserving involution.

Example 1.1. Let S = {a,b,c,d,e} be an ordered semigroup. The multiplication
7.7 the order 7<” and the corresponding Hasse diagram are given below [4]. Define
the involution * by a* = e (hence e* = a), b* = ¢ and d* = d. It is easy to check
that S is an ordered x-semigroup with order preserving involution x.

<= {(a,a),(a,0),(b,0),(c,¢),(d, b), (d, ¢), (d, d), (¢,¢), (¢, €) }

alblc|d]|e
alblbldld|d b c
[ ] [ ]
blblbld|d|d
cldldlcld]|c
[ ) [ ) [ ]
dld|d|d|d]|d a d e
eldldlc|ld]|c

2 Characterization of Ordered *-Semigroups in
which all Ideals are (Weakly) Prime

Many of the deepest properties of ordered x-semigroups depend on ideals. We
shall introduce the basic concepts and derive some crucial important properties.
Then they will permit us to characterize ordered x-semigroups.

Let S be an ordered x-semigroup. For H C S, we denote (H|:={t€ S|t <h
for some h € H}. If H = {a}, we write (a] instead of ({a}] for convenience (cf.
[5]). A non-empty subset L (resp. R) of S is called a left (resp. right) ideal of
S if (1) SL C L (resp. RS C R), and (2) a € L (resp. R), S 3 b < a implies
b€ L (resp. R). I is called an ideal of S if it is both a left and a right ideal of
S (cf. [5]). We denote by L(a), R(a) and I(a) the left ideal, right ideal and the
ideal of S, respectively, generated by a. Clearly L(a) = (aU Sa], R(a) = (a U aS],
I(a) = (aU SaUaSUSaS] (cf. [2, 3]).

Let S be an ordered x-semigroup with order preserving involution x. We will
see that L* is a right ideal for any left ideal L of S, and R* is a left ideal for any
right ideal R of S.

Proposition 2.1 (cf. [5, Lemma 1]). Let S be an ordered x-semigroup.
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A] for any ACS.

( (B] for any A, B with AC BCS.
(A](B] C (AB] for any A,BCS.
((A]] = (4] for any ACS.
(T] =
(

A

AC(
] C
]

T] =T for any ideal T of S.
AB] and AN B are ideals for any ideals A, B of S.
(SaS| is an ideal for any a € S.
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Proposition 2.2. Let S be an ordered x-semigroup with order preserving involu-
tion *.

1. (bSa]* = (a*Sb*] for any a,b € S.
2. (SaS|* = (Sa*S] for any a € S.
3. I* is an ideal for any ideal I of S.

Proof. 1) Let y € (bSa]*. Since y* € (bSal, y* < bua for some u € S. This
implies y < (bua)* = a*u*b* € a*Sb* because * is an order preserving involution.
Therefore y € (a*Sb*] and we get that (bSa]* C (a*Sb*]. On the other hand if
y € (a*Sb*], then y < a*ub* for some u € S. Hence y* < bu*a € bSa because
a*ub* = (bu*a)*. This implies y* € (bSa] and y € (bSa]*. Therefore (a*Sb*] C
(bSal*. Consequently (bSa]* = (a*Sb*].

2) The proof is handled similarly.

3) Let I be an ideal of S. Since SI C I, we have (SI)* C (I)*. Therefore
I*S* C I*. Since x is an involution on S, (z*)* = z for every x € S, whence
S* = §. Thus I*S C I*. Similarly since I.S C I we have SI* C I*. Let a € I*
and b < a, then b* < a*. Observe that a* € I and [ is an ideal. Thus b* € I,
whence b € I* and we conclude that I* is an ideal of S. O

Definition 2.3. Let S be an ordered x-semigroup and 7' C S. T is called prime
if ABCT, then A*CT or B*CT.
Equivalent definition: if ab € T', then a* € T or b* € T.

Definition 2.4. Let S be an ordered x-semigroup and T C S. T is called weakly
prime if for any ideals A, B of S such that AB C T we have A* CT or B* C T.

Definition 2.5. Let S be an ordered x-semigroup. A subset T of S is called
semiprime if AACT, then A* CT.
Equivalent definition: if aa € T, then a* € T'.

Theorem 2.6. Let S be an ordered x-semigroup with order preserving involution
*. An ideal of S is prime if and only if it is both weakly prime and semiprime.
Furthermore, if S is commutative, then the prime and weakly prime ideals coincide.

Proof. Suppose that I is a prime ideal of S. It is trivial that I is both weakly
prime and semiprime.

Conversely, suppose that 7' is an ideal of S which is weakly prime and semiprime.
Let ab € T, we need to show that a* € T or b* € T. First note that by Propo-
sition 2.1 (bSa](bSa] C (SabS] C (STS] C (I] = T. Then T is semiprime im-

plies that (bSa]* C T. Therefore (Sa*S](Sb*S] C (Sa*SSb*S] C (S(a*Sb*)S] =
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(S((Sv*)*a)*S] = (S(bSa)*S] C (S(bSa]*S] C (STS] C T. Observe that (Sa*S],
(Sb*S] are ideals, and T is weakly prime. Thus (Sa*S]* C T or (Sv*S|* C T.
Hence (SaS] C T or (SbS] C T by Proposition 2.2. To prove that T is prime,
we just need to show that if (SaS] C T then a* € T. The other part is proved
similarly.

If (SaS] C T then (I(a))® = (aUSaUaSUSaS]? C ((aUSaUaSUSaS)3] C
S(aUSaUaSUSaS)S| C (SaS) CT. Thus I(a)(I(a)l(a)] = (I(a)](I(a)I(a)] C
(I(a))?] € (T] = T by Proposition 2.2. Note that T is weakly prime and I(a),
I(a)I(a)] are ideals. It follows that (I(a))* C T or (I(a)I(a)]* € T. Suppose
I(a))* € T. Then a* € (I(a))* € T and we complete the proof. Suppose
I(a)I(a)]* € T. Then a*a* € (I(a)I(a))* C (I(a)I(a)]* C T because aa €
I(a)I(a), whence a = (a*)* € T because T is semiprime. Now T is an ideal
implies that aa € T, hence a* € T by T is semiprime.

To prove the second statement, let T' be an ideal of S. If T is prime then
obviously T is weakly prime. Conversely, suppose T is weakly prime. Let ab € T
Since S is commutative, we have I(a)I(b) = (aU SaUaS U SaS](bU SbUbLS U
SbS] C ((eU SaUaS U SaS)(bU SbUbS U SbS)] C (abU Sab]. Observe that
(abU Sab] C (T] = T. Hence I(a)I(b) C T, and conclude that (I(a))* € T or
(I(b))* € T by T is weakly prime. Therefore a* € T or b* € T; that is, T is
prime. O

Proposition 2.7. Let S be an ordered x-semigroup with order preserving involu-
tion x. The following statements are equivalent:

1. (A*A*] = A for any ideal A of S;

2. A*N B* = (AB] for any ideals A, B of S;

3. I(a) N I(b) = ((I(a)*(I(b))*] for any a,b € S;
4. I(a) = (I(a*)I(a*)] for any a € S;

5. a € (Sa*Sa*S] for anya € S.

Proof. 1)= 2). Since A* and B* are ideals, by hypothesis and Proposition 2.1
we have (AB] C (AS] C (4] = ((A*A*]] = (A*A*] C (A*] = A*. Similarly
(AB] C (SB] C (B] = ((B*B*]] = (B*B*] C (B*] = B*. Thus (AB] C A* N B*.
Furthermore A* N B* is an ideal implies that A* N B* = ((A* N B*)*(A*NB*)*] =
((ANB)(ANB)] C (AB]. Therefore we have (AB] C A*NB* and A*NB* C (AB].
So A*N B* = (AB].

2)= 3). Proposition 2.2 implies that (I(a))* and (I(b))* are ideals. Then
the statement is clear by this fact.

3)= 4). Since I(a) = ((I(a))*(I(a))*] by hypothesis, we just need to show
that (I(a))* = I(a*). Clearly a* € (I(a))*. Hence I(a*) C (I(a))* because (I(a))*
is an ideal. Now let z € (I(a))*. We have z* € I(a) = (a U aS U Sa U SaS|.
This means that x* < a or z* < au or * < ua or z* < uav for some u,v € S.
Thus 2 < a* or x < w*a* € Sa* or z < a*u* € a*S or z* < v*a*u* € Sa*S
for some u*,v* € S, whence z € (a*] or z € (Sa*] or z € (a*S] or x € (Sa*S].
Therefore z € (a*] U (Sa*] U (a*S] U (Sa*S] C (a* U Sa* Ua*S U Sa*S| = I(a*).
ie. (I(a))* C I(a*). Consequently (I(a))* = I(a*).
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4)= 5). It suffices to prove two notions. (i) I(a) = ((I(a*)®I(a)]. (ii)
((I(a*)I(a)] C (Sa*Sa*S]. Then we can conclude that a € I(a) C (Sa*Sa*S]
and complete the proof.

(i) By hypothesis and Proposition 2.1, we have I(a) = (I(a*)I(a*)] = ((I(a)

H@I@I] £ ((Ta6) o)1) = (I(a)I(a)I()](a)). Furthermore (I(a)

)I(@) = (@) (@)](I@")1())(I@)(@")](I(@)] C ((I(a*))*I(a)]
C (I(a)] = I(a) so that I(a) C ((I(a*)°I(a)] € I(a). Thus I(a) =
51(a)].
Since (I(a))® C (SaS] (has shown in Theorem 2.6), we have (I(a))® =
(I(a))?’[(a)l(a) C (SaS](aUaSuUSauSasS](S] C (SaS(aUaSUSaJUSas)sS]. Clearly
S(aUaSUSaUSaS)S C SaS, whence (SaS(aUaSUSaUSaS)S] C (SaSSaS| C
(SaSaS]. Therefore (I(a))® C (SaSaS] and hence (I(a*))®> C (Sa*Sa*S]. Finally
we conclude that ((I(a*))%I(a)] C ((Sa*Sa*S|I(a*)I(a)] € ((Sa*Sa*S](S]] C
(Sa*Sa*SS] C (Sa*Sa*S], and hence ((I(a*)®I(a)] C (Sa*Sa*S].

5= 1). If z € (A*A*], then = < yz for some y,z € A*. By hypothesis
y € (Sy*Sy*S], then y < ujy*ugy*us for some u; € S, i = 1,2,3. Similarly, z <
v12*v9z*v3 for some v; € S, i =1,2,3. Consequently, yz < ui1y*usy*usvy z*vez*vs
€ Sy*S C SAS C A. Therefore x € (A] because = < yz, whence (A*A*] C (4] =
A. If x € A, then we have x < wyz*wez*ws for some w; € S, i = 1,2,3 because

€ (Sz*Sz*S]. Clearly wiz*ws € A* and z*ws € A* since A* is an ideal of S by
Proposition 2.2. Therefore x < wiax*woz*ws € A*A*, whence A C (A*A*]. Hence
A= (A*A*]. O

Theorem 2.8. Let S be an ordered x-semigroup with order preserving involution
*. The ideals of S are weakly prime if and only if A* = (AA] for any ideal A of S
and any two ideals are comparable under the inclusion relation C.

Proof. Suppose that the ideals of S are weakly prime. Let A, B be any ideals of S.
Note that B* is an ideal and (AB*] is weakly prime. Thus AB* C (AB*] implies
that A* C (AB*] or B C (AB*]. If A* C (AB*], then A* C (SB*] C (B*] = B*
and hence (A*)* C (B*)*; that is, A C B.IfBC (AB*], then B C (AS] C (4] =
A. The conclusion now follows that A and B are comparable.

Next we claim that A* = (AA]. Since (AA] is weakly prime and AA C (AA],
we have A* C (AA]. On the other hand let z € (AA]. Then z < ajas € AA for
some ap,as € A. Since A* C (AA], we have af < ujv; € AA and af < ugvy € AA
for some wuy,us,v1,v2 € A. Thus a1 < (ujv1)* and as < (ugus)*. This implies
that x < ajag < (u1v1)*(ugve)* € (AA)*(AA)* = A*A*A* A* C A* because A* is
an ideal. Consequently x € (A*] = A*. Therefore (AA] C A*.

Conversely, let A, B and T be ideals of S with AB C T'. Since A* = (AA4], we
have A* N B* = (AB] by Proposition 2.7. Since A and B are comparable, there
are two cases. If A C B, then A* C B*, whence A* = A*NB*=(AB]C (T]=T
by Proposition 2.7. On the other hand if B C A, then B* C A*, whence B* =
A*NB*=(AB] C (T)=T. Thus T is weakly prime. O

Definition 2.9. An ordered *-semigroup S is called intra-regular if a € (Sa*a*S]
for any a € S.
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Proposition 2.10. Let S be an ordered x-semigroup. Then S is intra-regular if
and only if the ideals of S are semiprime.

Proof. Suppose that I is an ideal of S with aa € I for some a € S. Since S is
intra-regular, we have a* € (SaaS] C (SIS] C (I] = I and hence I is semiprime.
Conversely, suppose that a is an element of S. Clearly (Sa*a*S] is an ideal.
So (Sa*a*S] is semiprime by hypothesis. This implies aa = (a*a*)* € (Sa*a*S]
because (a*a*)(a*a*) € Sa*a*S C (Sa*a*S]. Therefore a* € (Sa*a*S] whence
it follows that a*a* € (Sa*a*S]. Hence a € (Sa*a*S] and we conclude that S is
intra-regular. O

Proposition 2.11. Let S be an ordered x-semigroup. If S is intra-reqular, then
(SxyS] = (Sx*y*S] for any x,y € S.

Proof. Let x, y € S. Since S is intra-regular, we have zy € (S(xy)*(zy)*S] =
(Sy*zry*a*S) C (Sz*y*S]. Thus zy < wia*y*us for some uj,us € S. Hence
usTyug < uzu ¥y uguy € Sx*y*S C (Sax*y*S] for any us,us € S. This implies
SzyS C (Sx*y*S], so (SzyS] C ((Sz*y*S]] = (Sz*y*S] by Proposition 2.1. By
symmetry we have (Sz*y*S] C (SzyS]. Therefore (SzyS] = (Sxz*y*S]. O

Proposition 2.12. Let S be an ordered *-semigroup with order preserving invo-
lution x. If the ideals of S are semiprime, then

1. I(x) = (SzS] for any z € S, and
2. I(xy) = I(x) N I(y) for any x,y € S.

Proof. 1) Let  be an element in S. Note that (SzS] is an ideal whence is
semiprime. Applying this fact and 2222 = z* € (SxS] yields a*z* = (22)* €
(SzS]. Similarly € (SzS] so that I(x) C (SxzS]. Furthermore (SzS] C
(xUaxSUSxUSxS] =1(x). Hence I(z) = (SzS].

2) Since zy € I(z)S C I(x), we have I(zy) C I(z). Also I(xy) C I(y) because
zy € SI(y) € I(y). Thus I(zy) € I(z) N1(y).

We now show that I(z) N I(y) C I(zy). If z € I(z) N I(y), then z € (SzS] N
(SyS] by 1), whence z < ujzus and z < viyve for some uy,us,v1,ve € S. Note
that (yvouir)? = yvourzyvourz € (SzyS] = I(zy) and that I(zy) is semiprime.
Thus (yveuix)* € I(zy). Therefore z*2* < (uyzus)*(viyve)* = ul(yvouiz)* v} €
I(xy), whence z*z* € (I(zy)] = I(zy). It follows that z € I(zy), then I(z)NI(y) C
I(zy). O

Theorem 2.13. Let S be an ordered x-semigroup with order preserving involution
*. The ideals of S are prime if and only if S is intra-reqular and any two ideals
are comparable under the inclusion relation C.

Proof. If the ideals are prime, then they are weakly prime, and hence Theorem
2.8 implies that any two ideals are comparable. Let a € S. Note that (Sa*a*S]
is an ideal by Proposition 2.1, whence is prime. Therefore a* € (Sa*a*S] because
(a*)*(a*)* € (Sa*a*S]. A similar argument shows (a*)? € (Sa*a*S] and a €
(Sa*a*S]; that is, S is intra-regular.
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Conversely suppose that S is intra-regular and any two ideals are comparable
under the inclusion relation C. Let T be an ideal of S and ab € T. We claim
that a* € T or b* € T. By virtue of Proposition 2.10, I(a) is semiprime. Thus
aa € I(a) implies a* € I(a). b* € I(b) is proved similarly. Furthermore by
hypothesis we have either I(a) C I(b) or I(b) C I(a). If I(a) C I(b), then
a* € I(a) = I(a) N I(b) = I(ab) C T by Proposition 2.12. If I(b) C I(a), then
b* € I(b) =I(a)NI(b)=1(ab) CT. O

3 Characterization of Intra-Regular Ordered *-
Semigroups

In Section 2 we considered ideals. In this section we shall introduce the notion
of filters which will be used to establish some congruence. Once some properties
are well made it is not difficult to establish the characterization. For convenience
we define aZb if and only if I(a) = I(b).

Definition 3.1. Let S be an ordered *-semigroup. A subsemigroup F of S is
called a filter if

1. for any a,b € S, ab € F implies a* € F and b* € F,
2. foranya € F,ce S, c>aimplies c € F.

Let N(z) be the least filter of S containing z and N be defined by AN :=
{(z,y) € Sx S| N(x) = N(y)}. A congruence on ordered x-semigroup S is
an equivalence relation o on S which preserves both - and %. In other words, if
(a,b) € o, then (a*,b*) € o [1].

Definition 3.2. A congruence o on ordered x-semigroup S is called semilattice
congruence if (a*a*,a) € o and (ab,ba) € o for any a,b € S. A semilattice
congruence o on S is called complete if a < b implies (a,ab) € o.

Proposition 3.3. Let S be an ordered x-semigroup. Then the relation N is a
complete semilattice congruence on S.

Proof. Trivially N is an equivalence relation on S. Let (a,b) € N. In order to
show that N is a congruence, it suffices to prove that (ac,bc) € N for any c € S
since (ca, cb) € N can be proved similarly. If N(ac) = N(ab), N(bc) = N(ba) and
N(ab) = N(ba) for any ¢ € S, then N(ac) = N(bc), whence (ac,bc) € N.

We first show that N(ac) = N(ab). Obviously ac € N(ac). Thus a* € N(ac)
and hence a*a* € N(ac). It follows that a € N(ac), whence N(a) C N(ac).
Therefore b € N(b) = N(a) C N(ac) because (a,b) € N. Consequently ab € N (ac)
and N(ab) C N(ac). N(ac) C N(ab) is proved similarly.

N (bc) = N(ba) is completed by similar arguments.

Next we show that N(ab) = N(ba). Since ab € N(ab), we have a*,b* € N(ab)
by Definition 3.1. Then a*a*,b*b* € N(ab) because N(ab) is a subsemigroup.
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Again a,b € N(ab) follows directly from Definition 3.1. Hence ba € N(ab) and
N(ba) C N(ab). Similarly N(ab) C N(ba).

Now we turn to prove that A is a semilattice congruence. In addition to
the fact that N(ab) = N(ba) we shall need to show that (a,a*a*) € N. Clearly
aa € N(a) , and hence a* € N(a). Therefore N(a*a*) C N(a) because a*a* €
N(a). On the other hand a*a* € N(a*a*), whence a € N(a*a*). This implies
N(a) C N(a*a*). Consequently N(a) = N(a*a*); that is, (a,a*a*) € N.

To complete the proof we claim that a < b implies (a,ab) € A/. Observe that
ab € N(ab), whence a*,b* € N(ab) and a*a* € N(ab). Therefore a € N(ab),
whence N(a) C N(ab). Furthermore since a < b and a € N(a), this implies that
b € N(a) by Definition 3.1. Thus ab € N(a), whence N(ab) C N(a). We conclude
that N(a) = N(ab), and (a,ab) € N. O

Proposition 3.4. Let S be an ordered x-semigroup with order preserving involu-
tion . Then S is intra-regular if and only if N(x) ={y € S | = € (Sy*S]}.

Proof. Suppose S is intra-regular. Let T, = {y € S | « € (Sy*S]} for any x € S.
We shall show that T}, is a filter, then claim that T,, C F for any filter F' containing
x. To show that T, is a filter, we first prove that T, is a subsemigroup. Let a,
b e T,. Then x € (Sz*x*S] since S is intra-regular. Thus z < viz*z*ve for some
v1,v2 € 5, and x € (Sz*S]. By definition x € T, whence T, # @. Let a,b € T},.
Then x € (Sa*S] and x € (Sb*S], hence x < uja*ug and z < usb*uy for some
u; € §,i=1,...,4. This implies that * < ufau] and z* < ujbuj because  is an
order preserving involution. Note that x € (Sz*a*S] and therefore z < usz*x*ug
for some us, ug € S. Consequently = < us(uzauy)(ujbul)us = usus(auiuib)ulus.
Furthermore S is intra-regular implies that aufuib < uz(auiuib)* (aujuzb) us =
uz(b*uguia®)(b*uguia*)us = urb*uguq (ba)*uguia*ug for some uz,ug € S. We
finally obtain that & < usu}(urb*usug (ba)*uguya*ug)ufue = ususurb*usus (ba)*uy
uja*ugulug € S(ba)*S. This means that z € (S(ba)*S], and ba € T,. The similar
proof shows that ab € T,.

To complete the proof that T} is a filter, we prove (i) for any a,b € S, ab € T,
implies a* € T,, and b* € Ty, (ii) for any a € T,,, ¢ € S, ¢ > a implies ¢ € T},.

(i) Since ab € Ty, then z € (S(ab)*S] = (Sb*a*S], so x < urb*a*ug for some
uy,us € S. Also b* < ugbbuy for some usz,uq € S because b* € S and S is intra-
regular. Hence z < wuq(ugbbug)a*us = ujugbbuga*us € SbS = S(b*)*S. So x €
(S(b*)*S]. Thus b* € T,,. Similarly a* € T,. (ii) Since a € T, we have z € (Sa*S].
Thus = < wja*us for some uy,us € S. Therefore x < uja*us < urb*uy € SH*S
because a* < b*. So z € (Sb*S], and b € T,,.

Now we claim that T}, is the least filter containing z, i.e. T, = N(z). Let F be
a filter of S containing x and t be an element of T,.. By definition x € (St*S], then
x < upt*ug for some uy,us € S. Since S is intra-regular, this implies ¢ < ugt*t*uy
for some ug,ug € S. Thus t* < ujt?uf and x < uitus < wy(uft?ul)us =
wyuft?ufug. Therefore ujujt?uius = (uyujft?)(uiug) € F because F is a filter
containing z. Definition 3.1 implies (ujujt?)* = t*t*ugut = (t*)(t*uqu}) € F.
Again t = (t*)* € F by the same reason. We conclude that T,, C F, whence T} is
the filter generated by .
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Conversely, suppose N(z) = {y € S | z € (Sy*S]}. Let x € S. Observe that
N(x) is a subsemigroup and z € N(z). Thus 2? € {y € S | x € (Sy*S]}. This
implies = € (S(z?)*S] = (Sxz*z*S), i.e. S is intra-regular. O

Theorem 3.5. Let S be an ordered x-semigroup with order preserving involution
*. Then S is intra-reqular if and only if N = T.

Proof. Suppose that S is intra-regular. To show that Z C N we let (a,b) € T
and € N(a). Since I(a) = I(b), we have a < ujz*ug for some uy,uy € S by
Proposition 3.4. Furthermore b € (a U aS U Sa U SaS| because b € I(b). Thus
b<aorb<auzorb<uzaorb< uzauy for some uz,us € S. This implies that
b < uir*us € Sx*S or b < uyrr*usug € Sxr*S or b < uguixFus € Sxr*S or b <
ugurx*uguy € Sz*S. Hence b € (Sx*S], whence z € {y € S | b e (Sy*S|} = N(b)
by Proposition 3.4. We conclude that N(a) C N(b). Similarly N(b) C N(a). This
means that N(a) = N(b), hence (a,b) € N.

To show that N C Z we let (a,b) € N and = € I(a). Note that N(a) = N(b)
and I(a) = (aUaSUSaU SaS]. Then x < aor z < auj or x < wuja or x < ujaus
for some uj,us € S. Since b € N(b) = N(a) = {y € S | a € (Sy*S]}, we get
a < ugb*uy for some ug,uqs € S. This implies that = < ugb*uy or x < ugb*uquy or
x < ujusb*ug or < ujusb*usus. Also b* < usb?ug for some us, ug € S because S
is intra-regular. Therefore z < uz(usb?ug)us € SbS or x < uz(usb?ug)usu; € SbS
or < ujuz(usb?ug)uy € SbS or x < uyus(usb?ug)ugus € SbS. Thus x € (SbS] C
1(b), hence I(a) C I(b). Similarly I(b) C I(a). We conclude that I(a) = I(b) and
(a,b) € I.

To prove the converse let a € S. Observe that (a,a*a*) € N by Definition 3.2
and Proposition 3.3. Thus N' = Z implies that (a,a*a*) € Z. Therefore a € I(a) =
I(a*a*), hence a € (a*a* U a*a*S U Sa*a* U Sa*a*S]. We now consider the four
possibilities: (i) a < a*a*; (i) a < a*a*uq; (iil) a < wya*a*; (iv) a < uya*a*uq for
some ug, us € S. In case (i) clearly a < a*a* < a*(a*a*)* < a*(a*a*)a € Sa*a*S.
In case (ii) a < a*a*u; < a*(a*a*u1)*u; = a*ujaau; < a*uj(a*a*ui)au; €
Sa*a*S. 1In case (iii) it is easy to see that a < wja*a* < wja*(uja*a*)* =
uia*aaul < uja*(uia*a®)auy € Sa*a*S. In case (iv) a < uja*a*ug € Sa*a*S
trivially. Therefore a € (Sa*a*S]; that is, S is intra-regular. O

Example 3.6. Let S = {a,b,c} be an ordered semigroup. The multiplication
the order “ <” and the corresponding Hasse diagram are given below. Define the
involution * by a* = a and b* = ¢ (hence ¢* =b). It is easy to check that S is an
ordered x-semigroup with order preserving involution x.

Lé' »
)

<= {(a’ CL), (b’ CL), (bv b)v (Cv CL), (Cv C)}
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By Definition 2.9, S is intra-reqular because (Sa*a*S] = (Sb*b*S] = (Sc*¢* S|
= S. Also, by Definition 3.1, N(a) = N(b) = N(c) = S, thus N := {(a, a), (b)),
(¢c,c), (a,b), (b,c), (a,c)}. Furthermore I(a) = (aUSaUaSUSaS] implies I(a) = S.
Similarly, I(b) = I(c) = S. Therefore T := {(a,a), (b,b),(c,c),(a,b),(b,c),(a,c)},
whence N =T.
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