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1 Introduction

Many results about the boundedness of singular convolution operators and
their commutators have been obtained, see [1],2],[3],[5] and [6]. But discussions on
questions about the boundedness of some strongly singular convolution operators
and their commutators are still needed. The commutators of strongly singular con-
volution operators on weighted Herz-Hardy spaces have been studied by S.chanillo
in [4], but there are still some questions which are worth study, such as their
boundedness on the Herz-type Hardy spaces. Xiaochun Li and Shanzhen Lu have
obtained the boundedness of the strongly singular convolution operators on the
weighted Herz-type Hardy spaces in [10].

Although the strongly singular convolution operators are very singular, the
commutators of them should be bounded on many function spaces. What we
are interested in is the boundedness of commutators on Herz-type Hardy space.
In this paper, we show that the commutators [g,T}] generated by the strongly
singular convolution operators Tj associated with BMO functions g are bounded

from the homogeneous weighted Herz-type Hardy space H I-(;’bp *(w1,ws) to the

homogeneous weighted Herz space K, &P (w1, wa).

For convenience, we always use the letter C' to denote a positive constant,
which may change from one step to the next and only depend on some fixed
parameters.

First of all, we introduce the strongly singular convolution operator. Suppose
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that 6(¢) is a smooth radial function, and (§) = 1 when |¢] > 1, 8(§) = 0 when
|€] < 1/2, the operator T} is defined by Fourier transform(cf. [10]):

il|”
A _ € 7
According to the definition, we can see that the kernel of T} is very singular,
i —b
briefly, it approximates Ky () = %, where &’ = b/(1-5). In fact, if |z| > 2]y|,

by simple calculation, we can get

Y

Analogous to the usual, we introduce the commutators [g, T,] as follows.

Definition 1.1 Let g be a BMO function, T; be a strongly singular operator as
(1.1). The commutator [g,Tp] is defined by

l9. o) f (x) = g(2)Tof(x) — Ty(g.f)(@). (1.3)

Now, we write the weighted Herz space and weighted Herz-type Hardy space
(cf.[12]) as follows.

Definition 1.2 Let 0 < a < 00, 0 < p < 00, 1 < ¢ < 00, and w1,ws be nonneg-
ative weight functions. Write By, = {z € R" : || < 2*}, E, = By \ Bi_1, and
denote by xj the character function of E;. Homogeneous weighted Herz space
Kg"p(wl, wo) is defined by

K27 (wy,wa) = {f 0 f € L R*\ {0}, wa) « | fll gow oy ) < Oo}v (14)
where
00 1/p
£ 1l e o ‘{ > [M(Bkﬂ“”/"llfx/cll’iq<w2>} '

k=—o0

Definition 1.3 Suppose 0 < a < 00, 0 < p < 00, 1 < ¢ < 00, and wy,w2 € A;.
Homogeneous weighted Herz-type Hardy space HKJP(w1,ws) is defined by

HEKOP (wy,w,) = {f € S'(R"): Gf € K;;m(wl,wg)}. (1.5)

And
Il ke or iwn) = NGl i oy m)
where G f is the Grand Maximal function of f (cf. [12] and [13]).

The A(p, q) class and the weight function class A, are as usual(cf. [8] and [9]).
In fact that if w € A, then there exist constant C' > 0 and 4,, € (0,1) such that

w(B)/w(Q) < C(IE|/IQN™ and w(Q)/w(E) < C(QI/IEN?,
for all measurable subset F C @, where w(Q) = fQ w(z)dx.
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2 Main Result

First, we state the main result of this paper as follows.

Theorem 2.1 Let 0 < p <1< ¢ < 00, @« = n(l —1/q), g € BMO(R"™), and
wi,wo € Ay. Then

19 Tl o ooy < O g s (2.1)

where C' is independent of f.

To proof Theorem 2.1 we need two lemmas as follows (cf. [4] and [14]).

Lemma 2.2 The kernel of Ty f(x) is

iab|m|7b/
O (Il S 1)+ hia), (2.2)
where i = b/(1—b), ay = W09 — B and |h(z)] < C(1+ |af)~++D +
Clz|™™*x(|z| < 1), for some € > 0, and € only depends on b.

. —b/
etas||

Lemma 2.3 Let Kbl,s(.f) = W

C|lfllsr, where 1/s+1/s" = 1.

,and (V' 42)/s < 1. Then |[Ky % f|ls <

Now, we recall the («, ¢, w1, ws)-atom, the (a, ¢, ws,ws, s,b)-atom, and atomic
decomposition of the Herz-type Hardy spaces.

Definition 2.4 Let 0 < p < 00,1 < ¢ <00, s> [a+n(l/g—1)], and wy,ws € A;.
A function a(xz) on R"™ is called a central («,q,wr,ws)-atom, if it satisfies the
following three conditions:

(a) suppa C B(0,7), r > 0, where B(0,7) = {x € R" : |z| < r};
(b) ||a||Lq(w2) < [wl(B(O,r))]—a/n;
(0) Jgn a(w)zdz =0, 18] < s.

Definition 2.1’ Let 0 < p < o0, 1 < ¢ < o0, s > [a+ n(l/q — 1)], and
w1, ws € A1, A function a(x) on R™ is called a central («, ¢, w1,ws, s, b)-atom, if it
satisfies (a),(b) in Definition 2.1 and

() Jan a(@)2Pdz =[5, a(z)b(z)z’dx = 0, 18] < s.
Definition 2.5 Let 0 < p < 00,1 < ¢ < o0,n(1-1/q) < a < oo, andwy,wa € Ay.

Then f is said to be in HKP(wy,w2) (or HK:;‘f’S(wl,oug))7 if in the sense of
distribution
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where ay, is a central (o, ¢, w;,ws)-atom(or (o, q,wr,ws, s,b)-atom) with the sup-
port By, k € Z, and > po | \g|P < oo. Moreover

[e%S) 1/p 0 1/p
e =int (30 ) (kg =t (30 )

j=—o00 j=—o0

where the infimum is taken over all the decompositions of f.

For commutators [g, T3], in[1,8], it is easy to see that the following lemma holds.

Lemma 2.6 Suppose g € BMO(R™), 1 < g < oo, w € Ay. Then [g,Tp] is bounded
on Li(w).

Proof of Theorem 2.1 We only need to prove that (2. 1) holds for any f €
HK‘“’ (w1, ws). By Definition 2.2, for f € HK‘“’ O(wy,ws), there exists decom-
p051t10n = Z - o Ajaj, where a; is a central (a q,w1,we, 0, g)-atom with the

support Bj, and S |A;]P < co. Write

j=—00

+oo
19 TR oy oy = D 1 (BRI 1, Tl Pkl o
k=—o0
—+o0 [e’¢]

= 3 @B S Alg Tilajxe

k=—oc0 Jj=—00 L1 (w2)

p

(2.3)

For 0 < p <1, by the Jensen inequality, we get that

“+oo

Y (B Z IAilP s Tola Xl o oy

k=—o0 Jj=—00

|| [ga Tb]fnl;‘(;np

(wi,w2) —

oo

+oo
< D0 P D BRI g Tilagxel g, (24)

j=—00 k=—o0

So, we only need to prove that for any central (a,q,ws,ws,0,g)-atom a, there
exists a constant C' > 0 such that

llg: Tl s, ) < C

where C' is independent of a.
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Let suppa C B(0,7). And for any kg € Z, let r = 2¥0=1 Then

+oo
g, Tolalo oy = D lrBI " Ilg, Tolaxe 7oy

k=—o0

ko
= > B9, Tolaxe ]} o,

k=—o0

£ B e Tl L,
k=ko+1

=I1+1I (2.5)
For I, since wy,wy € Ay, by the weighted boundedness of [g, Tp] in Lemma 2.4,
we have

ko
1< B all

k=—oc0
:_OX:; {m] " + [%} ap/n

ko—1 dap/n ap/n

3 ( By > v +( | B | )p/

2\, B0, 7)

ko—1

Z 25047(/@—&-1—.’@0)_’_2(11)ch7 (26)

k=—o00

IN

IN

where § only depends on w;.

eiozb\;crb/
Suppose Ky (x) = wa(m <1). By Lemma 2.2, one can get
me S ([ e - swama] wee)
k=ko+1 Ey | /B(0,r)
0o q r/q
w ap/n T — T)— a walT)dx
w3 o ([t~ atatsis] eiorie)

= Jl + JQ. (27)
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By the Minkowski inequality, we get that

© q »/q
Jy < w1 (B ap/n h(z — ) — g )a(y)dy| wa(x)dx
> s (LI o =) (0() = 9] ) )
oo q p/a
wy (Bg)]e2/™ h(x — - — a(y)dy| we(x)dx
w3 @ ([ [ et aatsin] i)
= Jor + Joo. (2.8)

To estimate Jo1, we first give the pointwise estimation of hxa(x) . If || > 2r,
then

1 M=)
hxa(z) <C a(t ( + dt
e N (R P i P

= C</B(0,r) |a(t)|dt> <(1 + \51‘7|)"+1 ! X(||;||ni2)>

1/q
—q'/q 1 X(|~T| < 2)
< Clellze, (/B< e W) ((1 T T e

, -1/q <
< C[wl(B(O,r))}*a/nrn/q (eSSinfB(O,T)w2> (( 1 i X(|$| < 2))

1+ |x|)n+l |x|n75
(2.9)
Thus
Jor <C > [sup wa(@)]P/ 9wy (B)]*P/"
k=ko+1 TEEw

([ o) =01 | . =)l qu)p/q

-p/q
<CCyrr/a (essinf3(07r)w2> Z [ inf wg(x)]p/q{
k=ko+1

: (/Ek l9(x) = gr|*- ((1 - |i‘)n+1 N X(I;||ni2)>qd$>p/q

-p/q
SCHQ”%MoTnp/q (eSSinfB(o,r)w2>

i (k41— ko) ((22155) PIL By T gkeela
Y\ (B 1B(0, r)| (1+ 2k)(n+Dp
k=ko+1

w1 (Bk) ] ap/n
wi(B(0,7))

-p/q
+ Cllglpor™ (essinfmo,r)w)
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1 ap/n n
S (ot 1y (2B) (B YT 2
Y\ Byl B0, 7)) 2k(n—e)p

k=ko+1
, p/q B(0,7)) r/a
<CllallP p(n/q —a) inf “)2(7’
<CllgllBrror eSSILB(0,r) W2 |B(0,r)]
oo oknp/qgkap
k+1—ky)———
tae]

/ -p/q B p/q
+ Clglfpror™ ™~ (essinfB(o7r)w2) <W2((OT)))

[ B(0,7)]
1
9knp/qokap
Z (k +1- ko) Qk(n—s)p
k=ko+1
oo
, 9kp(n/q+a)
P p(n/q' —a) — s
<Clalparor™ (S (o1~ ko) i s
k=ko+1
1
okp(n/q+a)
k=ko+1
= 1
<Cllglfpsor /7 =) (Z(k 1 k) S
1 1
LY gi/ere) 30 2kp<a—n/q/+a>>.
k=ko+1 k=ko+1
Since @ = n(1 — 1/q), we get
oo 1 1 1
Ja1 < C||g||§’9MO<Z(k: +1 = ko) o + PRCALES Y 2’@6) < C. (2.10)
k=1 k=ko+1 k=ko+1

For Jss, by the Holder inequality, we have

oo , p/q
Ba<C 3 (B sp o ([ o)~ ol )

k=ko+1 xEFE}

. (/E /B(M |h(x—y)a(y)|qdyda:>p/q. (2.11)

Similarly, by the estimation of h * a(z), if |x| > 2r, then

a 1 x(lz] <2)\* e
/B(o,,n)lh(”“"_y)“(y)l czy§0<(1+|x)n+1 g ) /}9(07T)| ()] (dy. |
2.12
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Hence

0o p/q
Jan < OO Y (B ing ([ Jatwpran)
B(0,r)

rEF)
k=ko+1

1 x(zl <2),  \"1

(oo}

' wa(By) 17"
<CllglBpom™ E [m(Bk)]ap/n[ ! k)}
k= | B
=ko+1

0 r/q 2knp/q
~ ( / o lat) y) T

1 p/q r/q knp/q
P pn/q ap/n [ w2(Br) q 2
+Cllalfor™® S B ([ )

k=ko+1
’ > (%)) B 0,7“ p/a
<Clallparor™ Y (e | 2L
k=ko+1 ’

1y p/q 2knp/q
- ( / o ) y) e

1 p/a P/4 9knp/q
P pn/q’ ap/n w2(3(07 T)) q 2
+ CngHBMOT E [W1 (Bk)] [ ‘B(O, T)| B(or) |a(y)| dy 9k(n—e)p

k=ko+1
Ia i y p/q anp/q
<CllglB a0 [wi(B)]*” n</ |a(y)|qw2(y)dy> (1 +2F)nFDp
BMO Nl B0 (1 + 2k)(n+1)p
) 1 p/q 2knp/q
+Clglaor™ Y lwn(By))*" laW)'w2(W)dy ) srmos
2k(n—e)p
k=ko+1 B(0,r)
) ap/n knp/
’ W1(Bk) AR
<Clallpuor™ Y | }
e k:kzoﬂ a(BO,7)]  (T+ 200
1 ap/n knp/q
P pn/q w1 (Br) 2
+ CllgllBaror Z [wl(B(O,T)) ok(n—c)p
k=ko+1
, s okp(a+n/q) L okp(atn/q)
P (n/q'—c)
<Ol gl psor™ ™/~ ( 2. Gyzes T 2 ao )
k=ku+1 _k +1

o0

/7 1 4
p p(n/q —a) kp(a+n/q) kp(a—n/q'+e)
SOHQHBMOT (: : Qkp(n/q’-&-l—a) + Z 2% ! + Z 2% ! >
k=1 k=ko+1 k=ko+1
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Since a = n(1 —1/q), we get

00 1 1
1
Jag < Clgl%Mo( > 5 T Yo ook 2’“1’5) <C. (2.13)
k=1

k=ko+1 k=ko+1

To estimate Jy, if 2701 < r1=b < 270 for some jy € Z, then

Jo q P/q
J< k_gﬂ[wlwkw/n( L], Kote=niet = stmawan r(a)i )
¥ k_;i;“[wl B ([ | [ Kuta=ntate) = stmatay el .
= Ju1 + Jia. (2.14)
For Jiz, by the Minkowski inequality, we get that
oo q p/q
Jia < k_%jﬂ[wl(Bk)}w/"( L1 L Ko=) - satiy (o)
¥ k_%l[wlwk)]w/" (L], mve =i st ) .
= Jio1 + Jioo. (2.15)

To estimate K * a(x), let |x| > 2r. By the cancelling condition of a(z), we
can get

Ky +a(z)| < /B o Ve =9) = Ko@) la(w)ldy

And by the property

|yl

|Ky (z —y) — Ky ()] < CW’

|| > 2]yl

we get that

r
Ky xa(x SCi,/ a(y)|dy
| ()] e B(O,T)\ W)l

r q/q e
<(C—— a(w . d
>~ |$|n+b’+1 ||a||L ( 2)</B(0’r) Wo (IZ?) l‘)

—1/q
/ 1
< O™/ 'H[wl (B(0, T))]_a/" (essinfB(oyr)wg)

s (2.16)
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Therefore

Szt < C Y [wi(BR)]*P M sup wy(x)]P9
k=jo+1 z€ By

([ o) =l’| o e ey qu>p/q

oty (eSSin y >p/q i [inf w (m)]p/q [““(B’“)} ap/n
1 B(07T) 2 P rEFy 2 w1 (B(()? T))

1 q r/q
(0=t (s ) )
' /

-p/q
C”g”%MoT(n/q +p <eSSinB(0,r)W2)

i (h+1— koyr (280 PIAT By 1o/ 2knela
k=gjo+1 ’ | Br| |B(0,r)]| 9kp(n+b'+1)
=Jo

-p/q

C”QH%MoTp(n/q/H_a) (eSSinfB(o,r)%

o0

wo r r/q knp/qokap

kp(nib/+1) "
s BO ) P

IN

IN

IN

Since oo = n(1 —1/¢), then

oo
n / — 1
Ji21 < Clgllf ppor? ™/ )<k E 1(k +1—ko)? 2kp(b'+1+n/<1’—a))
=Jjo+

(oo}
1
_ P
= C’||g||BMOrp( Z (k+1- ko)pW>
k=jo+1
e ——
= Y9 BMo™ Sjop)
1
P
< ||9||BMoTpm <C (2.17)
For Ji22, by cancelling condition and the Holder inequality, we get that
o , »/d
Ji22 <C° Y [sup wz(x)]p/q[m(Bk)]“”/”(/ l9(y) — gr dy>
B(0,r)

k=jo+1 z€F)
p/q
(L e - Katlags) (218)
Ey JB(0,r)
Similarly, if || > 27, then

/rq
Kyl —y) = Ky Yy < C—ra Idy. (2.1
/B(O’T) (K (v — y) — Ky (z))a(y)|"dy < C‘x|(n+b,+1)q /B(o,,-) la(y)|%dy. (2.19)
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So
Jiza < Cllgllgaror®™ 7 3 [inf wale)) s (BOI""
k=jo+1 k
p/q 1 /g
~ oiar) ([ s )
</B(O,r) B, |zt +ha
> p/q
< Clllfpaior ™77 3 fon (B | 220
k=jo+1 | B

1y r/q 2knp/q
([ o) ot

> p/4q kn,
< Cllgluor™ Y B ([ Jawidy) e o
= BMO Nt B(0r) 2kp(n+b'+1)
=jo ;

00 ap/n knp/q
P (n/q'+1)p w1 (By) 2
< Cllgllparor k_JZH [wl(B(O,T)) okp(n+b/+1)
=Jo

00 ap/n knp/q
» (n/q'+1) |Bk\ 2
< CllgllBaror™™? ka:H [B(O,r)| 9kp(n+b/+1)
=Jo

/ 1
P (n/d'+1-a) - -

< Cllgllparor™™* " Z kp(b/ +1+n/q' —c)
k=jo+1

oo

1 1
p p
< Cllglhaor™ >, ST S CHQHBMOTPW
k=jo+1
1
p
< CHQHBMOTPW <C.

Now, to estimate Jy1. Decomposing K * a(x) as

cioslz—y| ™" 1 1
Ky *a(z) = C/ z — y P2/ (|x =] |$n[1(b'+2)/s])a(y)dy
1
|| =0T +2)/s]

= E(x) + F(x). (2.20)

+ C(R’bx’s xa(x))

Applying Intermediate Value Theorem to the bracket part in the integrand of
E(x), for |z| > 2r, we can get the pointwise estimate of E(x) as follows.

|yl
E(r) < C’/ ——|a(y)|dy
( ) ©0.1) ‘$|n+l| ( )‘

1
|z[n 1

—-1/q
< Clwr (B(0, 7))~/ (essinfB(O’r)uQ) Fn/a +1
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Write
i |x7y\’b/
, e 1 1
E(z,y) = |z — y[n+2/s (|x =R/ x|n[1—(b'+2)/s])'
Thus
Jo q p/q
ss 3l ([ ][ B - swami] )
s} B, | /B0,
Jo
+ Y [wi(BR))r/m
k=ko+1
1 - q p/q
) (/Ek WD(ZM)/S]/B(O,T) Ky s(xz —y)(g9(z) — g9(y))a(y)dy wg(x)dx)
= Ji1 + Jie. (2.21)
For Ji11, by the Minkowski inequality, we get that
Jo q r/q
s 3l ([ | [ B - ] wala)ds )
ko 1 E. | JB(0,r)
Jo q p/q
#30 wa@([[ E - sy wala)ds )
hhot 1 B, | /B0,
= Ju + Jie. (2.22)

By the pointwise estimate of E(x) , we can show that

Jo
Jun £C Z [wl(Bk)]ap/n[ sup W2(x)]p/q
k=ko+1 zEE

: (/Ek l9() = gr|?- ’/B«W E'(z,y)a(y)dy

-p/q
<Oy (eSSinfxEB(O’T)w)

q p/q
dx)

—p/q
<Cgllppor ™/ (essinfweB(OJ)wQ)

Jo 2kp(a+n/q) |:w2(Bk):|P/q

k+1—ko)?
k ;-&-1( ! 2 2k(ntLp | B|
=Fro
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-p/q
< Olglppor/a+i=r (eSSinfmeB(o,r)wz)

Jo p/q
1 B(0
Z (k+1— ko) : w2 (B(0,7))
QR | B(0, 1)
k=ko+1
Jo 1
< Cllglgaror™ =7 >0 (k41— ko) Sra—ay-
k=ko+1
Note that « = n(1 — 1/q), hence
1
Jiinn < CHQH%MOTPQKT,; <C. (2.23)

For Ji112, by the Holder inequality, one can get

jo p/d’
Jiz < C Z [wi (Bg)]**/™] sup w2($)]p/q</ l9(y) — gr| dl/)
k=ko+1 z€ Bk B(0,r)

| ( /Ek /B(O,r) |E'(z,y)a(y) IQdde;) p/q_

Similarly , if |z| > 2r, then

frq
B (2, y)aly)|"dy < C— "~ / lay)|tdy.
/B(oJ) 2| +D9 g 1

So
Jo
Jinz < CCgllaor™ H07 Y 0 lwn(B]™?/" [ inf wa(a)]P/
k=ko+1 rEb
p/q 1 p/q
. a qd / dl’)
</B(0,'r)| (y>| y) ( Ey |x|(n+1)q
Jo p/q
/ wo(B
< Ollglfpor™ e 07 Y [M(Bk”ap/”{ Té ﬂ
k=ko+1 k
r/q 2knp/q
. q _—
( / o ) dy) e
/ go /4 gknp/q
< Clallor® ™ 3 B ( [ aitalidy) gy
k=ko+1 o
Jo ap/n oknp/
, B) 2 pr/q
< O\ gl[B yper?/a+ P w1 (B
< Cllgllpaor 2 || e
=Ko
Jo ap/n oknp/
P (n/d+1)p | Br
< Cligllsmor Z [|B(0,r)|] okp(n+1)
k=ko+1
, Jo 1
< Cllglnor™ ™= " oy

k=ko+1
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Since aw = n(1 —1/q), then

1
Sz < Cllglpaor’ 5y < ©- (2.24)

For Ji12, by the Minkowski inequality, we get
Jo

Jiig < Z [w1 (B
k=ko+1

. wa ()
I

+ Y lw(Bo)lerm

k=ko+1

/a
LUQ(.T) B q p
: </Ek W /B(O » Ky s(x —y) (9, — 9(y))a(y)dy d$>
= Ji1o1 + Ji122. (2.25)

q p/q
[ o)) - gnaty)dy m)
B(0,r)

Now, for Ji121, one can get

Jo
Ji101 < C Z [wl(Bk)]ap/n[Sup wQ(x)]p/qQ—knp[l—(b/+2)/s]

k=ko+1 rEFEy
q p/q
dx)

. (/Ek lg(x) — g-|*- ‘ /B(O,r) Ky o(x —y)aly)dy

Jo
< ap/nf ; p/ag—knp[1—(b'+2)/s]
<C 3 B jnf sn(o)2

=ko

p(s—q)/sq ~ p/s
-(/|mm—%ﬁwsﬁ) -(/ Wuwa@W> .
Ek Ek

By Lemma 2.3, we know that ||Ky  * a(z)||? < C|la|/®,. Thus

Jo P/q4 oknp(1/q—1/s)
_ / wg(Bk) 2
Juiz1 < Cllgllparollalll . ;ﬂ(k"‘l ko)P w1 (By)] "™ [ | By Qknp[1—(b'+2)/s] "
=Ko
Since

TP 1/s'(a/s")
g wy (x) 1
HMy(/ a@)|” 2 ) SWhmm(/ ym,>
B(0,r) wy () B(o,r) (wy " (x))a/s")
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1 1
and —— + ——~ =1, then
(q/s') ~ (a/s")

—1/q
lalls < Crmta=sD/as" [y (B(0,r))] =%/ (essinfzeEkwg(x)> )
Therefore

—p/q p/q
Ju21 < Cliglsno <eSSinferkw2($)) {W}

Jo ap/n np(q—s’)/qs’
B p(q
> (k+1-ko) B I
|B(0,7)] 9knp[1/q'—(b'+1)/s]
k=ko+1
Jo ap/n np(g—s')/qs’
By riPla
P - p I k
< Clalto Y G+ 1=k (@) sommgm
k’:k_:o—‘rl
jo —s')/as' —
ynp(g—s')/qs’—ap
< Clllpuo Y (k41— ko) Sy 7=
k=ko+1
Jo knp(b'+1)/s
gknp
< Clglhuo Do (h+1 -k
k=ko+1
, 97opn(b’'+1)/s prp(1=0)(b'+1)/s
< CHQHBMO Y = rnp/s
For Ji1292, by the Holder inequality, we get
Jo ,
Jie < C Z [wi1(B)]*P/"] sup wa(z)]P/a2~Frel=(t'+2)/s]
k=ko+1 zeFEy
- q p/a
(L] Rate =)o, = smatupas| ac)
E B(0,r)
Jo
< C Z [wl(Bk)]"‘p/"[ inf w2(m)]p/q2—knp[1—(b’+2)/81
k—hoa1 reE),
, p/d’ ~ q p/q
(/ l9(y) — g-|* dy) </ / Ky s(x —y)a(y) dydx) :
B(0,r) Ey, J B(0,r)
By the estimate of Ky % a(z) ( |z| > 2r), we have
- q rd q
Ky s(z —ylaly)| dy < C ; ; / a(y)| dy.
/B(w) ||+ /s a [
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So, we get that

Jo p/q (n/q'+1)
ap/n WQ(Bk) P
B s Clallpuo > LBl | 2529 e aly,
k=ko+1 k
Jo p/q p(n/q’ +1)
p ap/n wQ(B(()?T)) r p
< Clalto Y ket | 200 el
k=ko+1
Jo ’
ap/m  TPO/TED
< Clylsmo D (B Wllalliq<w2)
kikj’o-‘rl
< Clolye 3D [l ] _r/r
> 9lBmo w1 (B(0,7)) 9kp[1+b'+1/q’]
k=ko+1
e 3[BTy
S 9liBMmo |B(0, )] Qkp[1+b'+n/q']
k=ko+1
, 2o 1
< Clglaror™™ ) Y SRFb /g —a]"
k=ko+1
Since a = n(1 —1/q), we get
Jo 1
Tizs < Cllgllaor® Y SReF]
k=ko+1
P rr
< Cllglsmo spmernarwy
1
p
< Cllglero wpasey = © (2.26)
This ends the proof of Theorem 2.1. O
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