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1 Introduction

Many results about the boundedness of singular convolution operators and
their commutators have been obtained, see [1],[2],[3],[5] and [6]. But discussions on
questions about the boundedness of some strongly singular convolution operators
and their commutators are still needed. The commutators of strongly singular con-
volution operators on weighted Herz-Hardy spaces have been studied by S.chanillo
in [4], but there are still some questions which are worth study, such as their
boundedness on the Herz-type Hardy spaces. Xiaochun Li and Shanzhen Lu have
obtained the boundedness of the strongly singular convolution operators on the
weighted Herz-type Hardy spaces in [10].

Although the strongly singular convolution operators are very singular, the
commutators of them should be bounded on many function spaces. What we
are interested in is the boundedness of commutators on Herz-type Hardy space.
In this paper, we show that the commutators [g, Tb] generated by the strongly
singular convolution operators Tb associated with BMO functions g are bounded
from the homogeneous weighted Herz-type Hardy space HK̇α,p,s

q,b (ω1, ω2) to the
homogeneous weighted Herz space K̇α,p

q (ω1, ω2).
For convenience, we always use the letter C to denote a positive constant,

which may change from one step to the next and only depend on some fixed
parameters.

First of all, we introduce the strongly singular convolution operator. Suppose
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that θ(ξ) is a smooth radial function, and θ(ξ) = 1 when |ξ| ≥ 1, θ(ξ) = 0 when
|ξ| ≤ 1/2, the operator Tb is defined by Fourier transform(cf. [10]):

(Tbf)∧(ξ) = θ(ξ)
ei|ξ|b

|ξ|nb/2
f̂(ξ), 0 < b < 1. (1.1)

According to the definition, we can see that the kernel of Tb is very singular,

briefly, it approximates Kb′(x) = ei|ξ|−b′

|x|n , where b′ = b/(1−b). In fact, if |x| ≥ 2|y|,
by simple calculation, we can get

|Kb′(x− y)−Kb′(x)| ≤ C
|y|

|x|n+b′+1
. (1.2)

Analogous to the usual, we introduce the commutators [g, Tb] as follows.

Definition 1.1 Let g be a BMO function, Tb be a strongly singular operator as
(1.1). The commutator [g, Tb] is defined by

[g, Tb]f(x) = g(x)Tbf(x)− Tb(gf)(x). (1.3)

Now, we write the weighted Herz space and weighted Herz-type Hardy space
(cf.[12]) as follows.

Definition 1.2 Let 0 < α < ∞, 0 < p < ∞, 1 ≤ q < ∞, and ω1, ω2 be nonneg-
ative weight functions. Write Bk = {x ∈ Rn : |x| ≤ 2k}, Ek = Bk \ Bk−1, and
denote by χk the character function of Ek. Homogeneous weighted Herz space
K̇α,p

q (ω1, ω2) is defined by

K̇α,p
q (ω1, ω2) =

{
f : f ∈ Lq

loc(R
n \ {0}, ω2) : ‖f‖K̇α,p

q (ω1,ω2)
< ∞

}
, (1.4)

where

‖f‖K̇α,p
q (ω1,ω2)

=
{ ∞∑

k=−∞
[ω1(Bk)]αp/n‖fχk‖p

Lq(ω2)

}1/p

.

Definition 1.3 Suppose 0 < α < ∞, 0 < p < ∞, 1 ≤ q < ∞, and ω1, ω2 ∈ A1.
Homogeneous weighted Herz-type Hardy space HK̇α,p

q (ω1, ω2) is defined by

HK̇α,p
q (ω1, ω2) =

{
f ∈ S′(Rn) : Gf ∈ K̇α,p

q (ω1, ω2)
}

. (1.5)

And
‖f‖HK̇α,p

q (ω1,ω2)
= ‖Gf‖K̇α,p

q (ω1,ω2)
,

where Gf is the Grand Maximal function of f (cf. [12] and [13]).

The A(p, q) class and the weight function class Ap are as usual(cf. [8] and [9]).
In fact that if ω ∈ Ap, then there exist constant C > 0 and δω ∈ (0, 1) such that

ω(E)/ω(Q) ≤ C(|E|/|Q|)δω and ω(Q)/ω(E) ≤ C(|Q|/|E|)p,

for all measurable subset E ⊂ Q, where ω(Q) =
∫

Q
ω(x)dx.
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2 Main Result

First, we state the main result of this paper as follows.

Theorem 2.1 Let 0 < p ≤ 1 < q < ∞, α = n(1 − 1/q), g ∈ BMO(Rn), and
ω1, ω2 ∈ A1. Then

‖[g, Tb]f‖K̇α,p
q (ω1,ω2)

≤ C‖f‖HK̇α,p,s
q,g (ω1,ω2)

, (2.1)

where C is independent of f .

To proof Theorem 2.1 we need two lemmas as follows (cf. [4] and [14]).

Lemma 2.2 The kernel of Tbf(x) is

C
eiαb|x|−b′

|x|n χ(|x| ≤ 1) + h(x), (2.2)

where b′ = b/(1 − b), αb = bb/(1−b) − b1/(1−b), and |h(x)| ≤ C(1 + |x|)−(n+1) +
C|x|−n+εχ(|x| ≤ 1), for some ε > 0, and ε only depends on b.

Lemma 2.3 Let K̃b′,s(x) =
eiαb|x|−b′

|x|n(b′+2)/s
, and (b′+2)/s < 1. Then ‖K̃b′,s ∗f‖s ≤

C‖f‖s′ , where 1/s + 1/s′ = 1.

Now, we recall the (α, q, ω1, ω2)-atom, the (α, q, ω1, ω2, s, b)-atom, and atomic
decomposition of the Herz-type Hardy spaces.

Definition 2.4 Let 0 < p < ∞, 1 ≤ q < ∞, s ≥ [α+n(1/q−1)], and ω1, ω2 ∈ A1.
A function a(x) on Rn is called a central (α, q, ω1, ω2)-atom, if it satisfies the
following three conditions:

(a) supp a ⊂ B(0, r), r > 0, where B(0, r) = {x ∈ Rn : |x| < r};
(b) ‖a‖Lq(ω2) ≤ [ω1(B(0, r))]−α/n;

(c)
∫
Rn a(x)xβdx = 0, |β| ≤ s.

Definition 2.1′ Let 0 < p < ∞, 1 ≤ q < ∞, s ≥ [α + n(1/q − 1)], and
ω1, ω2 ∈ A1. A function a(x) on Rn is called a central (α, q, ω1, ω2, s, b)-atom, if it
satisfies (a),(b) in Definition 2.1 and

(c′)
∫
Rn a(x)xβdx =

∫
Rn a(x)b(x)xβdx = 0, |β| ≤ s.

Definition 2.5 Let 0 < p < ∞, 1 ≤ q < ∞, n(1−1/q) ≤ α < ∞, and ω1, ω2 ∈ A1.
Then f is said to be in HK̇α,p

q (ω1, ω2) (or HK̇α,p,s
q,b (ω1, ω2)), if in the sense of

distribution

f =
∞∑

k=−∞
λkak,
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where ak is a central (α, q, ω1, ω2)-atom(or (α, q, ω1, ω2, s, b)-atom) with the sup-
port Bk, k ∈ Z, and

∑∞
k=−∞ |λk|p < ∞. Moreover

‖f‖HK̇α,p
q

= inf
( ∞∑

j=−∞
|λj |p

)1/p

(‖f‖HK̇α,p,s
q,b

= inf
( ∞∑

j=−∞
|λj |p

)1/p

),

where the infimum is taken over all the decompositions of f .

For commutators [g, Tb], in[1,8], it is easy to see that the following lemma holds.

Lemma 2.6 Suppose g ∈ BMO(Rn), 1 < q < ∞, ω ∈ A1. Then [g, Tb] is bounded
on Lq(ω).

Proof of Theorem 2.1 We only need to prove that (2.1) holds for any f ∈
HK̇α,p,0

q,g (ω1, ω2). By Definition 2.2, for f ∈ HK̇α,p,0
q,g (ω1, ω2), there exists decom-

position f =
∑∞

j=−∞ λjaj , where aj is a central (α, q, ω1, ω2, 0, g)-atom with the
support Bj , and

∑∞
j=−∞ |λj |p < ∞. Write

‖[g, Tb]f‖p

K̇α,p
q (ω1,ω2)

=
+∞∑

k=−∞
[ω1(Bk)]αp/n‖[g, Tb]fχk‖p

Lq(ω2)

=
+∞∑

k=−∞
[ω1(Bk)]αp/n

∥∥∥∥
∞∑

j=−∞
λj [g, Tb]ajχk

∥∥∥∥
p

Lq(ω2)

. (2.3)

For 0 < p ≤ 1, by the Jensen inequality, we get that

‖[g, Tb]f‖p

K̇α,p
q (ω1,ω2)

≤
+∞∑

k=−∞
[ω1(Bk)]αp/n

∞∑

j=−∞
|λj |p‖[g, Tb]ajχk‖p

Lq(ω2)

≤
+∞∑

j=−∞
|λj |p

∞∑

k=−∞
[ω1(Bk)]αp/n‖[g, Tb]ajχk‖p

Lq(ω2)
. (2.4)

So, we only need to prove that for any central (α, q, ω1, ω2, 0, g)-atom a, there
exists a constant C > 0 such that

‖[g, Tb]a‖p

K̇α,p
q (ω1,ω2)

≤ C,

where C is independent of a.
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Let supp a ⊂ B(0, r). And for any k0 ∈ Z, let r = 2k0−1. Then

‖[g, Tb]a‖p

K̇α,p
q (ω1,ω2)

=
+∞∑

k=−∞
[ω1(Bk)]αp/n‖[g, Tb]aχk‖p

Lq(ω2)

=
k0∑

k=−∞
[ω1(Bk)]αp/n‖[g, Tb]aχk‖p

Lq(ω2)

+
∞∑

k=k0+1

[ω1(Bk)]αp/n‖[g, Tb]aχk‖p
Lq(ω2)

:= I + II. (2.5)

For I, since ω1, ω2 ∈ A1, by the weighted boundedness of [g, Tb] in Lemma 2.4,
we have

I ≤
k0∑

k=−∞
[ω1(Bk)]αp/n‖a‖p

Lq(ω2)

≤
k0−1∑

k=−∞

[
ω1(Bk)

ω1(B(0, r))

]αp/n

+
[

ω1(Bk0)
ω1(B(0, r))

]αp/n

≤
k0−1∑

k=−∞

( |Bk|
|B(0, r)|

)δαp/n

+
( |Bk0 |
|B(0, r)|

)αp/n

≤
k0−1∑

k=−∞
2δαp(k+1−k0) + 2αp ≤ C, (2.6)

where δ only depends on ω1.

Suppose Kb′(x) = C
eiαb|x|−b′

|x|n χ(|x| ≤ 1). By Lemma 2.2, one can get

II ≤
∞∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

Kb′(x− y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
∞∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

h(x− y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J1 + J2. (2.7)
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By the Minkowski inequality, we get that

J2 ≤
∞∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

h(x− y)(g(x)− gr)a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
∞∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

h(x− y)(gr − g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J21 + J22. (2.8)

To estimate J21, we first give the pointwise estimation of h ∗a(x) . If |x| ≥ 2r,
then

|h ∗ a(x)| ≤ C

∫

B(0,r)

|a(t)| ·
(

1
(1 + |x− t|)n+1

+
χ(|x− t| ≤ 1)
|x− t|n−ε

)
dt

≤ C

( ∫

B(0,r)

|a(t)|dt

)(
1

(1 + |x|)n+1
+

χ(|x| ≤ 2)
|x|n−ε

)

≤ C‖a‖Lq
ω2

( ∫

B(0,r)

ω
−q′/q
2 (t)dt

)1/q′( 1
(1 + |x|)n+1

+
χ(|x| ≤ 2)
|x|n−ε

)

≤ C[ω1(B(0, r))]−α/nrn/q′
(

essinfB(0,r)ω2

)−1/q( 1
(1 + |x|)n+1

+
χ(|x| ≤ 2)
|x|n−ε

)
.

(2.9)

Thus

J21 ≤C

∞∑

k=k0+1

[ sup
x∈Ek

ω2(x)]p/q[ω1(Bk)]αp/n

·
( ∫

Ek

|g(x)− gr|q ·
∣∣∣∣
∫

B(0,r)

h(x− y)a(y)dy

∣∣∣∣
q

dx

)p/q

≤CC1r
np/q′

(
essinfB(0,r)ω2

)−p/q ∞∑

k=k0+1

[ inf
x∈Ek

ω2(x)]p/q

[
ω1(Bk)

ω1(B(0, r))

]αp/n

·
( ∫

Ek

|g(x)− gr|q ·
(

1
(1 + |x|)n+1

+
χ(|x| ≤ 2)
|x|n−ε

)q

dx

)p/q

≤C‖g‖p
BMOrnp/q′

(
essinfB(0,r)ω2

)−p/q

·
∞∑

k=k0+1

(k + 1− k0)
(

ω2(Bk)
|Bk|

)p/q( |Bk|
|B(0, r)|

)αp/n 2knp/q

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrnp/q′

(
essinfB(0,r)ω2

)−p/q
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·
1∑

k=k0+1

(k + 1− k0)
(

ω2(Bk)
|Bk|

)p/q( |Bk|
|B(0, r)|

)αp/n 2knp/q

2k(n−ε)p

≤C‖g‖p
BMOrp(n/q′−α)

(
essinfB(0,r)ω2

)−p/q(
ω2(B(0, r))
|B(0, r)|

)p/q

·
∞∑

k=k0+1

(k + 1− k0)
2knp/q2kαp

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrp(n/q′−α)

(
essinfB(0,r)ω2

)−p/q(
ω2(B(0, r))
|B(0, r)|

)p/q

·
1∑

k=k0+1

(k + 1− k0)
2knp/q2kαp

2k(n−ε)p

≤C‖g‖p
BMOrp(n/q′−α)

( ∞∑

k=k0+1

(k + 1− k0)
2kp(n/q+α)

(1 + 2k)(n+1)p

+
1∑

k=k0+1

(k + 1− k0)
2kp(n/q+α)

2k(n−ε)p

)

≤C‖g‖p
BMOrp(n/q′−α)

( ∞∑

k=1

(k + 1− k0)
1

2kp(n/q′+1−α)

+
1∑

k=k0+1

2kp(n/q+α) +
1∑

k=k0+1

2kp(α−n/q′+ε)

)
.

Since α = n(1− 1/q), we get

J21 ≤ C‖g‖p
BMO

( ∞∑

k=1

(k + 1− k0)
1

2kp
+

1∑

k=k0+1

2kpn +
1∑

k=k0+1

2kpε

)
≤ C. (2.10)

For J22, by the Hölder inequality, we have

J22 ≤ C

∞∑

k=k0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q

( ∫

B(0,r)

|g(y)− gr|q
′
dy

)p/q′

·
( ∫

Ek

∫

B(0,r)

|h(x− y)a(y)|qdydx

)p/q

. (2.11)

Similarly, by the estimation of h ∗ a(x), if |x| ≥ 2r, then
∫

B(0,r)

|h(x− y)a(y)|qdy ≤ C

(
1

(1 + |x|)n+1
+

χ(|x| ≤ 2)
|x|n−ε

)q ∫

B(0,r)

|a(y)|qdy.

(2.12)
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Hence

J22 ≤ CC1r
np/q′

∞∑

k=k0+1

[ω1(Bk)]αp/n[ inf
x∈Ek

ω2(x)]p/q

( ∫

B(0,r)

|a(y)|qdy

)p/q

·
( ∫

Ek

(
1

(1 + |x|)(n+1)q
+

χ(|x| ≤ 2)
|x|(n−ε)q

)dx

)p/q

≤C‖g‖p
BMOrpn/q′

∞∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q

·
( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrpn/q′

1∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

2k(n−ε)p

≤C‖g‖p
BMOrpn/q′

∞∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(B(0, r))
|B(0, r)|

]p/q

·
( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrpn/q′

1∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(B(0, r))
|B(0, r)|

]p/q( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

2k(n−ε)p

≤C‖g‖p
BMOrpn/q′

∞∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

B(0,r)

|a(y)|qω2(y)dy

)p/q 2knp/q

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrpn/q′

1∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

B(0,r)

|a(y)|qω2(y)dy

)p/q 2knp/q

2k(n−ε)p

≤C‖g‖p
BMOrpn/q′

∞∑

k=k0+1

[
ω1(Bk)

ω1(B(0, r))

]αp/n 2knp/q

(1 + 2k)(n+1)p

+ C‖g‖p
BMOrpn/q′

1∑

k=k0+1

[
ω1(Bk)

ω1(B(0, r))

]αp/n 2knp/q

2k(n−ε)p

≤C‖g‖p
BMOrp(n/q′−α)

( ∞∑

k=k0+1

2kp(α+n/q)

(1 + 2k)(n+1)p
+

1∑

k=k0+1

2kp(α+n/q)

2k(n−ε)p

)

≤C‖g‖p
BMOrp(n/q′−α)

( ∞∑

k=1

1
2kp(n/q′+1−α)

+
1∑

k=k0+1

2kp(α+n/q) +
1∑

k=k0+1

2kp(α−n/q′+ε)

)
.
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Since α = n(1− 1/q), we get

J22 ≤ C‖g‖p
BMO

( ∞∑

k=1

1
2kp

+
1∑

k=k0+1

2knp +
1∑

k=k0+1

2kpε

)
≤ C. (2.13)

To estimate J1, if 2j0−1 < r1−b ≤ 2j0 , for some j0 ∈ Z, then

J1 ≤
j0∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

Kb′(x− y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
∞∑

k=j0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

Kb′(x− y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J11 + J12. (2.14)

For J12, by the Minkowski inequality, we get that

J12 ≤
∞∑

k=j0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

Kb′(x− y)(g(x)− gr)a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
∞∑

k=j0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

Kb′(x− y)(gr − g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J121 + J122. (2.15)

To estimate Kb′ ∗ a(x), let |x| ≥ 2r. By the cancelling condition of a(x), we
can get

|Kb′ ∗ a(x)| ≤
∫

B(0,r)

|Kb′(x− y)−Kb′(x)| · |a(y)|dy.

And by the property

|Kb′(x− y)−Kb′(x)| ≤ C
|y|

|x|n+b′+1
, |x| ≥ 2|y|,

we get that

|Kb′ ∗ a(x)| ≤ C
r

|x|n+b′+1

∫

B(0,r)

|a(y)|dy

≤ C
r

|x|n+b′+1
‖a‖Lq(ω2)

( ∫

B(0,r)

ω
−q′/q
2 (x)dx

)1/q′

≤ Crn/q′+1[ω1(B(0, r))]−α/n

(
essinfB(0,r)ω2

)−1/q 1
|x|n+b′+1

. (2.16)



136 Thai J. Math. 4(2006)/ K. Zhao, L. Ma and S. Zhou

Therefore

J121 ≤ C

∞∑

k=j0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q

·
( ∫

Ek

|g(x)− gr|q
∣∣∣∣
∫

B(0,r)

Kb′(x− y)a(y)dy

∣∣∣∣
q

dx

)p/q

≤ CC1r
(n/q′+1)p

(
essinfB(0,r)ω2

)−p/q ∞∑

k=j0+1

[ inf
x∈Ek

ω2(x)]p/q

[
ω1(Bk)

ω1(B(0, r))

]αp/n

·
( ∫

Ek

|g(x)− gr|q ·
(

1
|x|n+b′+1

)q

dx

)p/q

≤ C‖g‖p
BMOr(n/q′+1)p

(
essinfB(0,r)ω2

)−p/q

·
∞∑

k=j0+1

(k + 1− k0)p

(
ω2(Bk)
|Bk|

)p/q[ |Bk|
|B(0, r)|

]αp/n 2knp/q

2kp(n+b′+1)

≤ C‖g‖p
BMOrp(n/q′+1−α)

(
essinfB(0,r)ω2

)−p/q

·
∞∑

k=j0+1

(k + 1− k0)p

(
ω2(B(0, r))
|B(0, r)|

)p/q 2knp/q2kαp

2kp(n+b′+1)
.

Since α = n(1− 1/q), then

J121 ≤ C‖g‖p
BMOrp(n/q′+1−α)

( ∞∑

k=j0+1

(k + 1− k0)p 1
2kp(b′+1+n/q′−α)

)

= C‖g‖p
BMOrp

( ∞∑

k=j0+1

(k + 1− k0)p 1
2kp(b′+1)

)

≤ C‖g‖p
BMOrp 1

2j0p(b′+1)

≤ ‖g‖p
BMOrp 1

r(1−b)(b′+1)p
≤ C. (2.17)

For J122, by cancelling condition and the Hölder inequality, we get that

J122 ≤C

∞∑

k=j0+1

[ sup
x∈Ek

ω2(x)]p/q[ω1(Bk)]αp/n

( ∫

B(0,r)

|g(y)− gr|q
′
dy

)p/q′

·
( ∫

Ek

∫

B(0,r)

|(Kb′(x− y)−Kb′(x))a(y)|qdydx

)p/q

. (2.18)

Similarly, if |x| ≥ 2r, then
∫

B(0,r)

|(Kb′(x− y)−Kb′(x))a(y)|qdy ≤ C
rq

|x|(n+b′+1)q

∫

B(0,r)

|a(y)|qdy. (2.19)
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So

J122 ≤ C‖g‖p
BMOr(n/q′+1)p

∞∑

k=j0+1

[ inf
x∈Ek

ω2(x)]p/q[ω1(Bk)]αp/n

·
( ∫

B(0,r)

|a(y)|qdy

)p/q( ∫

Ek

1
|x|(n+b′+1)q

)p/q

≤ C‖g‖p
BMOr(n/q′+1)p

∞∑

k=j0+1

[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q

·
( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

2kp(n+b′+1)

≤ C‖g‖p
BMOr(n/q′+1)p

∞∑

k=j0+1

[ω1(Bk)]αp/n

( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

2kp(n+b′+1)

≤ C‖g‖p
BMOr(n/q′+1)p

∞∑

k=j0+1

[
ω1(Bk)

ω1(B(0, r))

]αp/n 2knp/q

2kp(n+b′+1)

≤ C‖g‖p
BMOr(n/q′+1)p

∞∑

k=j0+1

[ |Bk|
|B(0, r)|

]αp/n 2knp/q

2kp(n+b′+1)

≤ C‖g‖p
BMOr(n/q′+1−α)p

∞∑

k=j0+1

1
2kp(b′+1+n/q′−α)

≤ C‖g‖p
BMOrp

∞∑

k=j0+1

1
2kp(b′+1)

≤ C‖g‖p
BMOrp 1

2j0p(b′+1)

≤ C‖g‖p
BMOrp 1

rp(1−b)(b′+1)
≤ C.

Now, to estimate J11. Decomposing Kb′ ∗ a(x) as

Kb′ ∗ a(x) = C

∫
eiαb|x−y|−b′

|x− y|n(b′+2)/s

(
1

|x− y|n[1−(b′+2)/s]
− 1
|x|n[1−(b′+2)/s]

)
a(y)dy

+ C(K̃b′,s ∗ a(x))
1

|x|n[1−(b′+2)/s]

:= E(x) + F (x). (2.20)

Applying Intermediate Value Theorem to the bracket part in the integrand of
E(x), for |x| ≥ 2r, we can get the pointwise estimate of E(x) as follows.

E(x) ≤ C

∫

B(0,r)

|y|
|x|n+1

|a(y)|dy

≤ C[ω1(B(0, r))]−α/n

(
essinfB(0,r)ω2

)−1/q

rn/q′+1 1
|x|n+1

.
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Write

E′(x, y) =
eiαb|x−y|−b′

|x− y|n(b′+2)/s

(
1

|x− y|n[1−(b′+2)/s]
− 1
|x|n[1−(b′+2)/s]

)
.

Thus

J11 ≤
j0∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

E′(x, y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
j0∑

k=k0+1

[ω1(Bk)]αp/n

·
( ∫

Ek

∣∣∣∣
1

|x|n[1−(b′+2)/s]

∫

B(0,r)

K̃b′,s(x− y)(g(x)− g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J111 + J112. (2.21)

For J111, by the Minkowski inequality, we get that

J111 ≤
j0∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

E′(x, y)(g(x)− gr)a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

+
j0∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

Ek

∣∣∣∣
∫

B(0,r)

E′(x, y)(gr − g(y))a(y)dy

∣∣∣∣
q

ω2(x)dx

)p/q

:= J1111 + J1112. (2.22)

By the pointwise estimate of E(x) , we can show that

J1111 ≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q

·
( ∫

Ek

|g(x)− gr|q ·
∣∣∣∣
∫

B(0,r)

E′(x, y)a(y)dy

∣∣∣∣
q

dx

)p/q

≤CC1r
(n/q′+1)p

(
essinfx∈B(0,r)ω2

)−p/q

·
j0∑

k=k0+1

[ inf
x∈Ek

ω2(x)]p/q

[
ω1(Bk)

ω1(B(0, r))

]αp/n( ∫

Ek

|g(x)− gr|q
|x|(n+1)q

dx

)p/q

≤C‖g‖p
BMOr(n/q′+1−α)p

(
essinfx∈B(0,r)ω2

)−p/q

·
j0∑

k=k0+1

(k + 1− k0)p 2kp(α+n/q)

2k(n+1)p

[
ω2(Bk)
|Bk|

]p/q
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≤ C‖g‖p
BMOr(n/q′+1−α)p

(
essinfx∈B(0,r)ω2

)−p/q

·
j0∑

k=k0+1

(k + 1− k0)p 1
2kp(1+n/q′−α)

[
ω2(B(0, r))
|B(0, r)|

]p/q

≤ C‖g‖p
BMOr(n/q′+1−α)p

j0∑

k=k0+1

(k + 1− k0)p 1
2kp(1+n/q′−α)

.

Note that α = n(1− 1/q), hence

J1111 ≤ C‖g‖p
BMOrp 1

2K0p
≤ C. (2.23)

For J1112, by the Hölder inequality, one can get

J1112 ≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q

( ∫

B(0,r)

|g(y)− gr|q
′
dy

)p/q′

·
( ∫

Ek

∫

B(0,r)

|E′(x, y)a(y)|qdydx

)p/q

.

Similarly , if |x| ≥ 2r, then
∫

B(0,r)

|E′(x, y)a(y)|qdy ≤ C
rq

|x|(n+1)q

∫

B(0,r)

|a(y)|qdy.

So

J1112 ≤ CC1‖g‖p
BMOr(n/q′+1)p

j0∑

k=k0+1

[ω1(Bk)]αp/n[ inf
x∈Ek

ω2(x)]p/q

·
( ∫

B(0,r)

|a(y)|qdy

)p/q( ∫

Ek

1
|x|(n+1)q

dx

)p/q

≤ C‖g‖p
BMOr(n/q′+1)p

j0∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q

·
( ∫

B(0,r)

|a(y)|qdy

)p/q 2knp/q

2kp(n+1)

≤ C‖g‖p
BMOr(n/q′+1)p

j0∑

k=k0+1

[ω1(Bk)]αp/n

( ∫

B(0,r)

|a(y)|qω2(y)dy

)p/q 2knp/q

2kp(n+1)

≤ C‖g‖p
BMOr(n/q′+1)p

j0∑

k=k0+1

[
ω1(Bk)

ω1(B(0, r))

]αp/n 2knp/q

2kp(n+1)

≤ C‖g‖p
BMOr(n/q′+1)p

j0∑

k=k0+1

[ |Bk|
|B(0, r)|

]αp/n 2knp/q

2kp(n+1)

≤ C‖g‖p
BMOr(n/q′+1−α)p

j0∑

k=k0+1

1
2kp(1+n/q′−α)

.
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Since α = n(1− 1/q), then

J1112 ≤ C‖g‖p
BMOrp 1

2K0p
≤ C. (2.24)

For J112, by the Minkowski inequality, we get

J112 ≤
j0∑

k=k0+1

[ω1(Bk)]αp/n

·
( ∫

Ek

ω2(x)
|x|nq[1−(b′+2)/s]

∣∣∣∣
∫

B(0,r)

K̃b′,s(x− y)(g(x)− gr)a(y)dy

∣∣∣∣
q

dx

)p/q

+
j0∑

k=k0+1

[ω1(Bk)]αp/n

·
( ∫

Ek

ω2(x)
|x|nq[1−(b′+2)/s]

∣∣∣∣
∫

B(0,r)

K̃b′,s(x− y)(gr − g(y))a(y)dy

∣∣∣∣
q

dx

)p/q

:= J1121 + J1122. (2.25)

Now, for J1121, one can get

J1121 ≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q2−knp[1−(b′+2)/s]

·
( ∫

Ek

|g(x)− gr|q ·
∣∣∣∣
∫

B(0,r)

K̃b′,s(x− y)a(y)dy

∣∣∣∣
q

dx

)p/q

≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ inf
x∈Ek

ω2(x)]p/q2−knp[1−(b′+2)/s]

·
( ∫

Ek

|g(x)− gr|sq/(s−q)

)p(s−q)/sq

·
( ∫

Ek

|K̃b′,s ∗ a(x)|s
)p/s

.

By Lemma 2.3, we know that ‖K̃b′,s ∗ a(x)‖p
s ≤ C‖a‖p

s′ . Thus

J1121 ≤ C‖g‖p
BMO‖a‖p

s′

j0∑

k=k0+1

(k+1−k0)p[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q 2knp(1/q−1/s)

2knp[1−(b′+2)/s]
.

Since

‖a‖s′ =
( ∫

B(0,r)

|a(x)|s′ ω
s′/q
2 (x)

ω
s′/q
2 (x)

)1/s′

≤ ‖a‖Lq(ω2)

( ∫

B(0,r)

1

(ωs′/q
2 (x))(q/s′)

)1/s′(q/s′)′
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and
1

(q/s′)
+

1
(q/s′)′

= 1, then

‖a‖s′ ≤ Crn(q−s′)/qs′ [ω1(B(0, r))]−α/n

(
essinfx∈Ek

ω2(x)
)−1/q

.

Therefore

J1121 ≤ C‖g‖p
BMO

(
essinfx∈Ek

ω2(x)
)−p/q[

ω2(B(0,r))
|B(0,r)|

]p/q

·
j0∑

k=k0+1

(k + 1− k0)p

( |Bk|
|B(0, r)|

)αp/n
rnp(q−s′)/qs′

2knp[1/q′−(b′+1)/s]

≤ C‖g‖p
BMO

j0∑

k=k0+1

(k + 1− k0)p

( |Bk|
|B(0, r)|

)αp/n
rnp(q−s′)/qs′

2knp[1/q′−(b′+1)/s]

≤ C‖g‖p
BMO

j0∑

k=k0+1

(k + 1− k0)p rnp(q−s′)/qs′−αp

2knp[1/q′−(b′+1)/s]−kαp

≤ C‖g‖p
BMO

j0∑

k=k0+1

(k + 1− k0)p 2knp(b′+1)/s

rnp/s

≤ C‖g‖p
BMO

2j0pn(b′+1)/s

rnp/s
≤ C

rnp(1−b)(b′+1)/s

rnp/s
≤ C.

For J1122, by the Hölder inequality, we get

J1122 ≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ sup
x∈Ek

ω2(x)]p/q2−knp[1−(b′+2)/s]

·
( ∫

Ek

∣∣∣∣
∫

B(0,r)

K̃b′,s(x− y)(gr − g(y))a(y)dy

∣∣∣∣
q

dx

)p/q

≤ C

j0∑

k=k0+1

[ω1(Bk)]αp/n[ inf
x∈Ek

ω2(x)]p/q2−knp[1−(b′+2)/s]

·
( ∫

B(0,r)

|g(y)− gr|q
′
dy

)p/q′( ∫

Ek

∫

B(0,r)

∣∣∣∣K̃b′,s(x− y)a(y)
∣∣∣∣
q

dydx

)p/q

.

By the estimate of K̃b′,s ∗ a(x) ( |x| ≥ 2r), we have

∫

B(0,r)

∣∣∣∣K̃b′,s(x− y)a(y)
∣∣∣∣
q

dy ≤ C
rq

|x|[n(b′+2)/s+b′+1]q

∫

B(0,r)

∣∣∣∣a(y)
∣∣∣∣
q

dy.
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So, we get that

J1122 ≤ C‖g‖p
BMO

j0∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(Bk)
|Bk|

]p/q
rp(n/q′+1)

2kp[1+b′+n/q′] ‖a‖
p
Lq

≤ C‖g‖p
BMO

j0∑

k=k0+1

[ω1(Bk)]αp/n

[
ω2(B(0, r))
|B(0, r)|

]p/q
rp(n/q′+1)

2kp[1+b′+n/q′] ‖a‖
p
Lq

≤ C‖g‖p
BMO

j0∑

k=k0+1

[ω1(Bk)]αp/n rp(n/q′+1)

2kp[1+b′+n/q′] ‖a‖
p
Lq(ω2)

≤ C‖g‖p
BMO

j0∑

k=k0+1

[
ω1(Bk)

ω1(B(0, r))

]αp/n
rp(n/q′+1)

2kp[1+b′+n/q′]

≤ C‖g‖p
BMO

j0∑

k=k0+1

[ |Bk|
|B(0, r)|

]αp/n
rp(n/q′+1)

2kp[1+b′+n/q′]

≤ C‖g‖p
BMOrp(n/q′+1−α)

j0∑

k=k0+1

1
2kp[1+b′+n/q′−α]

.

Since α = n(1− 1/q), we get

J1122 ≤ C‖g‖p
BMOrp

j0∑

k=k0+1

1
2kp[1+b′]

≤ C‖g‖p
BMO

rp

2p(k0+1)(1+b′)

≤ C‖g‖p
BMO

1
rb′4p(1+b′) ≤ C. (2.26)

This ends the proof of Theorem 2.1. ¤

References

[1] J. Alvarez, Weighted estimates for commutators of linear operators, Studia
Mathematica, 104(2)(1993), 195–209.

[2] J. Alvarez, Continuity properties for linear commutators, Collect. Math.,
49(1998), 17–31.

[3] S. Chanillo, A note on commutators, Indiana Univ. Math. J., 31(1982), 7–16.

[4] S. Chanillo, The weighted normal inequality of strongly singular convolution
operator, Trans. Amer. Math. Soc., 281(1984), 77–107.

[5] R. Coifman, R. Rochberg and G. Weiss, Factorization theorem for Hardy
spaces in several variable, Ann. of Math., 103(1976), 611–635.



Commutators of Strongly Singular Convolution Operators on Weighted . . . 143

[6] Y. Ding, S. Lu and Q. Xue, Boundedness of commutators for the
Marcinkiewicz on Hardy spaces, Math. Sci. Res. Hot-Line, 5(9)(2001), 45–48.

[7] C. Fefferman and E. Stein, Hp space of several variables, Acta. Math.,
129(1972), 137-193.

[8] J. Garcia Cuerva , Weighted norm inequalities for commutators of strongly
singular integrals, Indians Univ. Math. J., 40(1991), 1398–1420.

[9] J. Garcia Cuerva and J. Rubio de Fracia , Weighted norm inequalities and
related topics, Amsterdam, North-Holland, 1985.

[10] X. Li and S. Lu, The strongly singular convolution operator on weighted
Herz-type Hardy space, Acta Mathematica Sinica, 41(1)(1998), 7–18.

[11] S. Lu, Q. Wu and D. Yang, Boundedness of commutators on Hardy type
spaces, Science in China(Ser.A), 45(8)(2002), 984–997.

[12] S. Lu and D. Yang, The decomposition of weighted Herz space on Rn and its
applications, Science in China (series A), 38(2)(1995), 147–158.

[12] E. Stein, Harmonic analysis : Real variable methods, orthogonality and oscil-
latory integrals, Princeton Univ. Press, 1993.

[13] S. Wainger, Particular triangle series, Mem. Amer. Math. Soc., 1965.

(Received 25 October 2005)

K. Zhao
Department of Mathematics
Shantou University
Shantou, 515063, P. R. China;
Department of Mathematics
Qingdao University
Qingdao 266071, P. R. China.
e-mail : zkzc@yahoo.com.cn

L. Ma
Department of Mathematics
Laiyang Agriculture College
Shandong 266109, P. R. China.

S. Zhou
Department of Mathematics
Qingdao University
Qingdao 266071, P. R. China.


