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1 Introduction

The impulsive differential equations appear to a natural framework for math-
ematical modelings of several real world phenomena. For instance, systems with
impulse effects have applications in physics, in biotechnology, in population dy-
namics, in optimal control and so on. For an introduction to the theory of impulsive
systems, we refer the reader to see in [4]. In the framework of impulsive differ-
ential equations, some existence result of periodic solutions for impulsive periodic
control systems with parameter perturbation on finite dimensional space has been
studied by many authors in [2] and [6].

However, the investigation of the existence of periodic solutions for impulsive
periodic control systems with parameter perturbation on infinite dimensional space
have not been study. We apply the semigroup theory (see [1] and [5]) and fixed
point theorems (see [3] and [7]) for impulsive systems, we establish conditions for
ensuring that the system has a unique periodic solution.

The organization of this paper is as follows. Firstly, in Section 2, we intro-
duce some definition of impulsive evolution operator and prove the existence of
periodic solution for homogeneous linear impulsive periodic system by using fixed
point theorem and Fredholm alternative theorem. In Section 3, nonhomogeneous
linear impulsive periodic control system is investigated, we prove the existence of
periodic solution by using properties of compact operators and boundedness of
solution. Finally, in Section 4, we prove the existence of periodic solution for im-
pulsive periodic control system with parameter perturbation by using fixed point
theorems.
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2 Impulsive Evolution Operator and Homogeneous
Linear Impulsive Periodic System

Throughout this paper X will denote a Banach space with norm |-, and
L(X) denote the space of all bounded linear operators on X. Let PC([0,Tp]; X)
be the space of all functions x : [0,Ty] — X, «(¢) is continuous at t # 7y, left
continuous at ¢ =7, and the right limit z(7") exists for k=1,2,...,0, where
0= <7 <T2<...<Ty_1 <Tg =T < 00, which is a Banach space with the
norm

[z]lpc = sup [l2(t)l|x-
t€[0,To]
In this paper, we study the existence of periodic solutions for impulsive periodic
control systems with parameter perturbation on infinite dimensional space,

i(t) = Az(t) + u(t) +p(t, z,8),  tF# 7,

(2.1)
Az(t) = Bra(t) + ¢k + qr(z, ), t=m, keN

where Az(ry) = 2(r) — z(r;, ). Suppose that the system (2.1) satisfy the fol-
lowing assumptions (Al), (A2) and (A3).

(Al) 0=71p<m<T<...<Tpx<..., T 00 as k — oo and there exists
a positive integer o such that 7., =7, + Ty for all k£ € N.

A1.2) A is the infinitesimal generator of a Cy-semigroup {7T'(¢),¢t > 0} in X.

=
w

By, € L(X) such that By, = By, for all ke N.

>
N
—

>
N
)

¢ € X such that cgi, =c¢x forall ke N.

A3

(
(
(
(
(A3.1

)
)
) we PC(0,00), X) such that wu(t+Tp) = u(t) for all t > 0.
)
)

Foreachp > O0andz € B, :={z € X || z||, < p}. p(-,2,§) € PC([0,00),X)
such that p(t+ Ty, z, &) = p(t,z,&) forall (t,z,€) € [0,00) x B, x [0,&].

(A3.2) g, € C(B, x [0,&], X) such that gpio(z,&) = qr(z,§) forall k€N and
(I,f) € BP X [Oa§0]

(A3.3) there exists a nonnegative function x(£) such that

Ip(t, 2, &)l x < x(&), llgr(z, &)lx < x(§) and gli_I}%X(ﬁ) =x(0)=0 (22

forall k€N and (t,z,&) € [0,00) x B, x [0,&)].
For the system (2.1), we give the following definition.
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Definition 2.1 Let Assumption (A1) hold. An operator value function U(t, s)
with values in £(X), defined on the triangle A = {0 < s < t < a} with
t,s € (tk—1, 7] for all k € N, given by

T(t—S), kalﬁsgtgﬂﬁ
T(t —1)(I + Bp)T (11, — 8), Tre1 < 8 <7 <t < T,
Ult,s) = k (2.3)
T(t—m) | [ T+ B)T(r; —75-1)| I+ B)T(ri —s),
j=it+1
fori<k, i1 <s<m<...<Tp<t<Tpyr

is called an impulsive evolution operator.

Proposition 2.2 Let assumption (A1) hold and {U(t,s),0 < s <t <a} bea
family of impulsive evolution operators. For each fizted Ty = 1, > 0, then the
following are satisfied :

(i) U(t,t) =1, the identity operator on X ;
(ii) U(t,s) =U(t,r)U(r,s) forall 0<s<r<t<a;

(i) Ut + KTp,s + KTo) = U(t,s) forall K € N and 0 < s <t <Ty, with
TO Sa.

(iv) U(t,0) = U(t,0)[U(To,0)]M where t =t + MTy for all t € [0,Ty] and
M e NU{0}.

Corollary 2.3 Let assumption (A1) hold and {U(t,s) : 0 < s <t < a} be a
family of impulsive evolution operators, then

sup ||U(t,s)
0<s<t<a

loxy <00 forall a>0.

Definition 2.4 A function x € PC([0,00);X) is said to be a mild solution of
the system (2.1) with initial condition z(0) =z if = is given by

z(t) = U(t,0)zo + /o Ul(t,s)[u(s) + p(s,z,&)]ds + Z U(t, m)[er + qu(z, §)].
0< <t

(2.4)

Definition 2.5 A function x € PC([0,00);X) is said to be a periodic solution
of the system (2.1) if there exists Ty > 0 such that z(¢t+Tp) = x(¢) for all ¢ > 0.

Definition 2.6 Function z € PC(]0,00);X) is said to be a Ty-periodic solution
of the system (2.1) if x(t+ Tp) = =(t) for all ¢t > 0.
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First, we consider the homogeneous linear impulsive periodic system,
i(t) = Ax(t), t# 7,

Az(t) = Brx(t), t=m7, keN.

(2.5)

where Az(rx) = 2(1;}) — () and satisfies the assumption (Al).

For the system (2.5), we give the following definition.

Definition 2.7 A function x € PC([0,00);X) is said to be a mild solution of
the system (2.5) with initial condition z(0) =z if = is given by

2(t) = U(t,0)z0

where
T(t), 0<t <,
k
u(t,0) = Tt — 1) H I+ Bj) —Ti—) |, e <t < Trg, (2.6)
for all £ € N.

Remark 2.8 If {T(t),t > 0} is a compact semigroup in X, then U(t,0) is a
compact operator. Particularly, U(7Tp,0) is also a compact operator.

Theorem 2.9 Let assumption (A1) hold. The system (2.5) has a periodic solu-
tion if and only if the operator U(Ty,0) has a fized point xg € X.

Proof. Let x(f) be a periodic solution of system (2.5). Suppose z(0) = z¢ be
the initial condition of system (2.5), then z(Ty) = z(0) = zo. Since x(Tp) =
U(Ty,0)x0, then xg = U(Tp,0)xo. That is, the operator U(Tp,0) has a fixed
point xzo € X. Conversely, assume that x be a fixed point of U(7Tp,0). Use xq
as the initial condition of system (2.5), then the solution is x(t) = U(t,0)zo where
t=t+MT, forall ¢€[0,7Ty] and M € NU{0}. By assumption and Proposition
2.2 (4), we have z(t) = z(f+ MTy) = U(t,0)[U(Tp,0)]Mxe = U(L,0)z0 = x(?).
Hence z is a periodic solution of system (2.5). O

Theorem 2.10 Let assumption (A1) hold. Furthermore, assume that A is the
infinitesimal generator of a compact semigroup {T'(t),t > 0} in X. Then system
(2.5) either has a unique trivial solution or have finitely many linearly independent
nontrivial periodic solutions in PC([0,00), X).

Proof. Since U(Tp,0) : X — X is a compact linear operator, then by applying
Fredholm alternative theorem (see[3]), we obtain U(Tp, 0) satisfy Fredholm alterna-
tive that either (a) or (b) holds: (a)The homogenous equations [I —U(Tp,0)]z =0
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have only the trivial solution z = 0. That is, U(7p,0) has only a unique fixed
point z = 0 ( i.e., by theorem 2.9, this means that system (2.5) has a unique triv-
ial solution). (b)The homogenous equations [I — U(Tp,0)]z = 0 have nontrivial
solutions, then all of linearly independent nontrivial solutions are finite. Sup-
pose all of nontrivial solutions xi, xg, ..., 2 be such that [I —U(Ty, 0)]%3 =0,
1 =1,2,...,m. So :E(l),mg, ..., are fixed points of U(Tp,0). Again by Theo-
rem 2.9, this means that system (2.5) have periodic solutions, say x!,z2,... 2™
where ! are the solutions of system (2.5) corresponding to initial conditions
2'(0) = 2!, i = 1,2,...,m. Hence the number of linearly independent nontrivial
periodic solutions of system (2.5) are finite. O

3 Nonhomogeneous Linear Impulsive Periodic Con-
trol System
We consider the following nonhomogeneous linear impulsive periodic control
system,

i) = Az(t) +ult),  t# 7,
(3.1)
Azx(t) = Brx(t) + cx, t=1,, keN

where Az(7;) = z(7)—x(7;, ) and A is the infinitesimal generator of a compact
semigroup {7T(t),t > 0} in X. Suppose that system (3.1) satisfy the assumptions
(Al) and (A2).

For system (3.1), we give the following definition.

Definition 3.1 A function z € PC([0,00),X) is said to be a mild solution of
system (3.1) with initial condition x(0) =x¢ if x is given by

t
z(t) =U(t,0)xo + / Ul(t,s)u(s)ds + Z Ul(t, )k, (3.2)
0 0< <t
for all ke N.
To be able to apply the method in Pazy [5], we also need the following lemma.

Lemma 3.2 ([5]) Consider the nonhomogeneous initial value problem

#(t) = Ax(t) +u(t), t>0;
(3.3)
x(0) = xo.

If u € L1([0,Tp], X), then for every xg € X the initial value problem (3.3) has
a unique solution which satisfies

x(t) = T(t)xo + /Ot T(t — s)u(s)ds, 0<t<Tp. (3.4)
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Theorem 3.3 If assumptions (A1) and (A2) hold, then system (3.1) has a unique
mild solution = € PC([0,To],X).

Proof. For t € [0, 7], Lemma 3.2 implies that system
z(t) = Az(t) +u(t), 0<t<m7, z(0)=x, (3.5)

has a unique mild solution on I; = [0,7;] which satisfies
¢
z1(t) = T(t)zo —|—/ T(t — s)u(s)ds, te€[0,7]. (3.6)
0
Now, define
T1
1'1(7'1) = T(Tl)l'() +/ T(Tl - s)u(s)ds, (37)
0

so that z1(+) is left continuous at 7.
Next, on I = (71, T2], consider system

(t) = Az(t) +u(t), 7 <t<m, zi(") =+ B)ri(n)+eci, (3.8)

Since 1 € X, we can use Lemma 3.2 again to get a unique mild solution on (71, 72)
which satisfying

t
x2(t) =Tt —71)[(I + B1)z1(m1) + 1] + / T(t — s)u(s)ds. (3.9)
T1
Now, define z5(72) accordingly so that xzo(+) is left continuous at 7o.
It is easily seen that Lemma 3.2 can be applied to interval (71, 7] to verify
that xo(72) € X. It is also easily seen that this procedure can be repeated on
I, = (T—1, 7k}, k=3,4,...,0 (7o = Tp) to get a mild solutions

t

xp(t) = Tt —7h-1) [(I + Bg—1)xp—1(Tk—1) + cr—1] + / T(t — s)u(s)ds.

Tk—1

for t € (1;,—, 7] and define x (1) accordingly with x(-) left continuous at 7, and
xk(Tk) eX, k=12,...,0.

Thus we obtain z € PC(]0,Tp], X) is a unique mild solution of system (3.1)
and given by.

l’l(t), 0§t§T17

wi(t), The1 <t < 7Tk, k=2,3,...,0.
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Next, by mathematical induction to show that (3.2) is satisfied on [0,Tp]. First,
(3.2) is satisfied on [0, 7]. If (3.2) is satisfied on (7;_1, 7x], then for ¢t € (7%, Tg+1],

t

z(t) =xk1(t) =Tt — 1) [(I + B)ag (1) + c] + / T(t — s)u(s)ds

Tk

=T(t—1)(I + Bg)x(mi) + T(t — T)cx + / T(t — s)u(s)ds

Tk

= T(t —7)(I + By) [U(Tk, 0)zo + /0 Ulri syu(s)ds + > Ulreami)en
0<7; <7}
+T(t — 7)ck —|—/ T(t — s)u(s)ds

Tk

=U(t,0)xzo + /OTk U(t, s)u(s)ds —|—/ U(t, s)u(s)ds

+ 2 0<r<n, Ut Ti)ei + U(t, i) ek

_U(tO)xo—&—/Ot U(t, s)u(s)ds + Z (t,mi)e

o< <t

Thus (3.2) is also true on (7g, Tg4+1]. Therefore (3.2) is true on [0, Tp).

If x(t) is Tp-periodic solution of system (3.1), then we have x(Ty) = x(0) ; namely,

To
1 — U(Ty, 0)]a(0) = /0 UTy, s)us)ds+ S UlTom)er.  (3.10)

0<1<To

We consider into 2 cases.
Case 1 : [I — U(Tp,0)] lexists

Theorem 3.4 Let assumptions (A1) and (A2) hold. Assume that [I—U(Ty,0)]~*
exists and system (2.5) has no nontrivial periodic solution , then system (3.1) has
a unique Ty-periodic solution

2z () = U(t,0)[I = U(Tp,0)] (/O i U(Ty, s)u(s) ds

+ Z U(Ty, )c +/0 U(t, s)u(s)ds

+ Z U(t, ) ck. (3.11)

0<m <t



114 Thai J. Math. 4(2006)/ S. Hinpang, X. Xiang and P. Sattayatham

Proof. Suppose that [I — U(Tp,0)]"! exists and system (2.5) has only trivial
solution. Then (3.10) gives

To
2(0) = [I - U(Ty,0)] " /0 U(To, s)u(s)ds + Y. U(To,m)er | = wo.

0<7,<Tp

Substitute x(0) = z( into equation (3.2), we get

(t) = Ut,0)[I — U(Tp,0)]~* (/O " U(Ty, s)us) ds

+ Z U(To, m)c —|—/O U(t, s)u(s)ds

0<1,<To

+ Y Ut ek (3.12)

0<7,<t

which is a mild solution of system (3.1).

Next, we want to show that a mild solution is unique and is Ty-periodic.
Suppose that y(t) = z(t + Tp) is a mild solution of system (3.1).
By Proposition 2.2(3), we obtain

t+To
y(t) = x(t + To) = U(t + To, 0)xo +/ Ut + Ty, s)u(s)ds
0

+ Z U(t—FTo,Tk)Ck
0< 7, <t+To

To
=U(t+ Ty, To)U(Tp, 0)xo —|—/ U(t + To, s)u(s)ds + Z Ut + To, )k
0 0<1,<To

t+T0o
+/ U(t+ To, s)u(s)ds + Z U(t + To, Tk )ck
To To<7p<t+To

To
— U(t,0)U(Tp, 0)xp + / Ut + Ty, To)U (T, )u(s)ds

t
+ Y U(t—f—To,TO)U(TO,Tk)ck-i-/ Ut s)u(s)ds + Y U(t,m)e
0< 7 <To 0 0< <t
To
=U(t,0)U(T0,O)x0—|—U(t,O)/ U(To, s)u(s)ds + U(t,0) Z U(Ty, i)ck
0

0<7<To
t
+ [ U@+ Y Ulme
0

0<1p <t
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To
=U(t,0) U(TO,O)a:o+/O U(Ty, s)u(s)ds + > U(To, 7k)ck

0<1,<To
t
+ / Ut,s)u(s)ds+ Y U(t,m)e
0 0<7 <t
t
= U(t,0)z(Tp) + / Ut,s)u(s)ds+ Y U(t,m)e
0 0< 7 <t
t
= U(t,O)y(O)—F/ U(t, s)u(s)ds + Z (t,T%)c
0 0<7 <t

This implies that y(¢) is also a solution. By Corollary 3.2 implies that y(t)
x(t+Tp) = x(t) forall t>0.So z(t) is a Tp-periodic solution of system (3.1
which is exactly (3.11). This completes the proof.

[]V I

Case 2 : [[ — U(Tp,0)]! does not exists

In this case, system (2.5) has nontrivial Ty-periodic solutions. Let us construct
the following adjoint equation of system (2.5),

y(t) = _A*yv t 7& Tk,
(3.13)
—Ay(t) = Biy(t), t=m, k=1,2,...,0

where A* is the adjoint operator of A, 0 < 71 < o < ... < Tyo_1 < To = T
and Ay(ry) = y(;7) — y(7;,). Suppose that system (3.13) satisfies the following
assumption (A4).

(A4.1) A* is the infinitesimal generator of the adjoint semigroup {7*(t),t > 0} in
X
(A4.2) Bj € L(X™) such that B}, , = B} forall kecN.

Definition 3.5 A function y € PC([0,Tp], X) is said to be a periodic solution of
system (3.13) with initial condition y(Tp) = y(0) :=yo if y is given by

y(t) = U*(To, t)yo, 0<t< Ty, (3.14)
where
(T — t), Too1 <t <7, =Ty,
k‘ *
U (To t) = T*(ri—=t) I+ B;) | [[ U+ B)T(r; —7i-1)| T*(Th — 7),(3.15)
Jj=i+1

0< 11 <t<T <15 =Ty,
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Theorem 3.6 Let assumptions (A1) and (A2) hold. Furthermore, assume that
X is a Hilbert space and w € L}, .([0,00), X). If system (2.5) have m linearly
with 1 < m < n where x* are peri-

independent periodic solutions x', z2,..., ™
odic solutions of system (2.5) corresponding to initial conditions x*(0) = x} for all
1=1,2,...,m, then

(i) the adjoint system (3.13) also have m linearly independent Ty—periodic so-
lutions y',y2,...,y™;

(ii) system (3.1) has a Ty-periodic solution if and only if
(y,z)=0, (3.16)

where (y, z) the pairing of an elementy € X* with an element z € X such
that

[ —U*(To,0)ly =0 (3.17)

To
and z := / U(Ty, s)u(s)ds + Z U(Ty, 1) ck, or if and only if
0 0<m,<To

To
[t ueds+ 3 Cum)a) =0 (3.18)

0 0<7u<Tpy

Furthermore, let x,(t) be a particular Ty-periodic solution of system (3.1), then
each Ty-periodic solution of system (3.1) has the form

z(t) = zq(t) + Z oz (t),

where oy, 1=1,2,...,m are constants.

Proof. (i) Suppose system (2.5) have m linearly independent periodic solutions
ol 2% ..., 2™ with 1 < m < n where 2! are periodic solutions of system (2.5)
corresponding to initial conditions z*(0) = =}, for all i = 1,2,..., m. By Theorem

2.9, this means that the equations
[I —U(Tp,0)]2! =0 (3.19)

have fixed points !,22,...,2™. Then from Theorem 8.6-3 [3], we know that the

following adjoint equations of (3.19)
1 — U (T, 0)]yf =0 (3.20)

also have m linearly independent solutions y!, y2,...,y™. So yl, 42, ..., y™
are fixed points of U*(Tp,0). Again by Theorem 2.9, this means that system
(3.13) have Tp-periodic solutions, say y', %2,..., y™ where y’ are Ty-periodic
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solutions of system (3.13) corresponding to initial conditions 3*(0) = yé, for all
i=12...,m.

(ii) System (3.1) has a Typ-periodic solution x(¢) if and only if the equation
To
[T — U(Ty, 0)](0) = / UlTo, s)yu(s)ds + 3 UlTom)en =2 (3.21)
0 0<7,<To

has a solution x(0). It follows from Theorem 8.5-1 [3], that the above condition is
equivalent to

(y,2)=0, (3.22)
for all y € X* satisfying
[ —U"(To,0)]y =0 (3.23)
From equation (3.22), we obtain

To
(y,2)=0 o <y,/ U(Ty, s)u(s)ds + 3 U(Ty,m)er) =0
0<75<To

& /0 0( y, U(To, s)u(s) )ds + Z (y, U(To, mw)ex ) =0

0<1,<Ty

& /0 0( U*(To, 8)y, u(s) )ds + Z (U (To, k)Y, ck ) =0

0<1<TH

To
o [tuehutnds+ 3 (yn).a) =0

0< 7 <To

from which we immediately have (3.18). This completes the proof. O

The following theorem guarantee the existence of periodic solution. The proof
is based on boundedness property.

Theorem 3.7 If system (3.1) has a bounded solution, then it has at least one
To-periodic solution.

Proof. Assume that z(t) is a bounded solution of system (3.1). Then for any
t > 0, we have

t
x(t) = U(t,0)xo +/ U(t, s)u(s)ds + Z Ul(t, m%)ck,
0 0< T, <t
where x(0) =x¢ and

To
x(Ty) = U(Tp, 0)xo +/ U(To, s)u(s)ds + Z U(To, Tr)ck-
0 0<7,<Tp
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To
Define z := / U(Ty, s)u(s)ds + Z U(Ty, T )Ck, then
0

0<7,<To

I‘(Tg) = U(To, O)LL‘O + z.

We know that the function z(¢t + Tp) is also a solution of system (3.1) for
t € [0,To] and its value at t = 0 is z(7p). So

x(t+To) = U(t,0)x(Tp) + /Ot U(t, s)u(s)ds + Z U(t, )ck
0< 7 <t

and
z(2Ty) = U(Ty, 0)x(Tp) + 2 = U*(Ty, 0)xo + [U(Tp, 0) + I)z.

Proceeding by this way, we get

m—1
x(mTy) = U™ (Ty, 0)xo + Z U'(Ty,0)z for all m € N. (3.24)
i=0

By contradiction, we assume that (3.1) has no Ty-periodic solution. This means
that the periodicity condition

z(To) = U(Tp,0)wo + 2 = 2o (3.25)
has no solution, i.e., the equation
[I—-U(To,0)]z ==z (3.26)

has no solution. Then from Theorem 8.5-1 [3], we know that there is y € X* such
that

[I—-U"(To,0)ly=0 and (y, z)#O0. (3.27)
The first condition means that U*(Tp,0)y =y, hence
U*"(Ty,0)y =y, forall meN. (3.28)

Assume that (y, z) = # 0. Then from equation (3.24), we have

—1

3

(y,x(mTo)) = (y, U™(To,0)x0) + Y (y, U'(Tp,0)2)

1]

1
<U*m(TOa0)y7 {E0> + <U*1(T030)ya Z>

s
Il
o

= <y,$0>+ i:<yvz>
i=0
= (y, o) +my.
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Letting m — oo, then

lim (y, x(mTp)) = oo. (3.29)

m—00

Since x(t) is bounded solution and y € X*, then

(y, x(mTo))| < lly|

It’s contradiction to (3.29). Consequently, the assumption is not true and system
(3.1) has at least one Tp-periodic solution. O

z(mTo)llx < Myl

X e < 00

Corollary 3.8

(i) Assume that system (3.1) has no Ty-periodic solution, then all of its solu-
tions are unbounded for t > 0.

(ii) Assume that system (3.1) has a unique bounded solution fort > 0, then this
solution is Ty-periodic.

4 Impulsive Periodic Control System with Param-
eter Perturbation

In this section, we will find sufficient conditions for the existence of Ty-periodic
solutions of system (2.1), by using the fixed point theorems of an operator acting
in a Banach space (see [7]). We assume that system (2.5) has only trivial solution.
Let £ = 0, then system (2.1) has the same form as system (3.1) because it follows
from (2.2) that p(¢,z,0) = 0 and ¢x(z,0) = 0. It follows from Theorem 3.4, that
system (2.1) has a Tp-periodic solution ;

1, (t) = U0 - U(Ty, 0" ( /0 " U(Ty, s)us) ds

+ Z U(To, T )Cre —i—/OtU(t,s)u(s)ds (4.1)

0<71,<To

+ Z U(t7 Tk:)ck7

<<t

where U (t, s) is defined in (2.3). Then we have the following theorem to show that
for small § system (2.1) has a Tp-periodic solution which is closed to z,, (¢).

Theorem 4.1 Under assumption (A1)-(A8). Let A be the infinitesimal generator
of a compact semigroup {T'(t),t > 0} in X. Assume that

(i) the To-periodic solution x, (t) satisfies

po= sup |z, @)y <p (4.2)
t€[0,To]

where p be any positive real number ;
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(ii) system (2.5) has only trivial solution ;

(iii) p(t,z,&) and qx(x,€) satisfy Lipschitz conditions, i.e. for any (t,x,£),
(t,y,€) € [0,00) x B, x [0,&)], there exists a constant N (&) such that

Ip(t, 2,8) = p(t, ¥, )l x < N(E)llx—yllx

and llar(z,€) — ar(y, )l x < Nz —yllx-

Then there exists & > 0 such that for & € [0,&] system (2.1) has a unique
Ty-periodic mild solution xiﬂ (t) satisfying

5, (8) = 20, (D)l < p = p0 (4.3)
and
im 26 (£) —
lim 2z (8) = 2, (1) (4.4)

uniformly on t.

Proof. Let PCr,([0,00), X) := {z € PC([0,00), X) | x(t + Tp) = x(t),¥t >0 }.
Moreover, PCr, ([0, Tp], X) is a Banach space with the norm

x = sup |z(?)|x.
]l e, oop (@)l
Let us define
B = B(xT()’pl) = {:E € PCTO([OvTOLX) | ||:,C — T, ||PCTO <pri=p-— PO}
Ll = sup ||U(t7s)||[,(X) (45)
0<s<t<Tp
Ly = H[I_ U(T070)]_1HL(X)

and an operator : B — PCr,([0,Tp], X) such that
To
Q)(t) = U(t,0)[I —U(Tp,0)] 7" (/0 U(To, s)[u(s) + p(s, z(s),§)] ds

+ S U m)len + anlo(m), )] | + / Ut s)lu(s)  (46)

0<71,<To
-I—p(S,.’E(S),f)]dS + Z U(t»’rk)[ck + qk(x(Tk)vg)]'
0<m, <t

From (4.2) and (4.5), we know that if « € B, then

||"EHPCT0 < ”‘T — Ty HPCTO + ||‘TT0 ||PCTD < p1+po=p. (47)
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For any x,y € B, we have

192(2) = QY)llpe,, = oop U, 0)[I - U(To,0)] "
€10,7o
To

U(T07 8)[p(87w(8)7§) - p(s7y(s),§)] ds

0

T Z U(To,Tk)[Qk(x(Tk)ag)_Qk(y(Tk)7§)]>
0<m,<To (4.8)
+ / Ut 9)[p(s, 2(s). €) — pls,y(s), €)lds

0
+ Z U(t, i) [ar(z(7r),€) — ar(y(7x), )]l x

0<m <t

< IN@©lz ~lrey, -

where L= L30Ty + L?Lyo + L1Ty + Lioc  and

19(2r,) = 2, 1 pey, = t S[IOlI;]HU(t,O)[I— U(Tp,0)] 7"
€10,70

(A 0 U(T07 S)p(S,SUTO (8)75) ds

+ Z U(TO;Tk)qk(xTo(Tk)7£)>

0<7 <To (4.9)
t
+/ U(t, s)p(s, v, (s),§)ds
0
+ Z U(tﬂTk)Qk(xTo(Tk)ag)”X
o< <t
< Lx(§).
Let us choose & > 0 such that
n=1L sup N() <1, L sup x(&) <pi(1-n). (4.10)
[€1<&o [€1<&o
Assume that £ € [0,&], then it follows from (4.8), (4.9) and (4.10) that
12@) — QW) lrer, < lle — ey, - .

IN

||Q(xT0) _ITOHPCTO pl(l _77)'

This means that Q : B — B is a contraction mapping, so €2 has a unique fixed
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point acio € B satisfy
aﬁo (t)= U(t,0)[I —U(Tp,0)] " (/0 ' U(To, s)[u(s) +p(s,m§0(s),§)] ds

+ Y U(To,m)len + (@l (1), 6)]
o, (4.12)

! S)uls S 1’5 S S
+Alﬂuﬂ()m(7%(%®M
+ Z U(t,Tk)[Ck“r(]k(xgo(ﬂc)ag)]'

0<7, <t

It is clear that x% (t) is a Tp-periodic solution of system (2.1) and satisfies
estimate (4.3). Since we know that Q(xio )(t) = xiﬂ (t) for all t € [0, Tp).

Then  [ja§ (t) — 25 (t)]lx = 1225 (1) — 24, (B)]|x < Lx(E).
Letting £ — 0, we obtain (4.4). This completes the proof. O

The following definition and lemma will be used in the proof of Theorem 4.4.

Definition 4.2 A set S C PC([0,Tp], X) is quasiequicontinuous in [0, Tp] if for
any 0 > 0 there exists € > 0 such that if x € S, t1, ta € (74—1, 7] N[0, Tp], kK €N
and |t; —ta] <&, then |z(t1) —z(t2)|l < 0.
Lemma 4.3 A set S C PC([0,To], X) is relatively compact if and only if

(i) S is bounded for each x € S,

(i1) S is quasiequicontinuous in [0, Tp].
Theorem 4.4 Under assumption (A1)-(A8). Let A be the infinitesimal generator
of a compact semigroup {T'(t),t > 0} in X. Assume that

(i) the To-periodic solution x, (t) satisfies

po= sup |z () <p; (4.13)
t€[0,00]

(ii) system (2.5) has only trivial solution.

Then there exists &y > 0 such that for & € [0,&)] system (2.1) has a unique Tp-
periodic mild solution x’s;o (t) satisfying

2, (1) — 24, Dl < p— po. (4.14)
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Proof. As in the proof of Theorem 4.1, we determine successively the number
p1 = p — po, the Banach space PCr, ([0, To], X), the set B := B(z,, ;p1) and the
operator 2 : B — PCr, ([0,Tp], X) as defined in (4.6). Obviously, B is a non-
empty bounded closed and convex set. It follows from equation (4.7) that if z € B,

then ||x||PCT0 < p. For any = € B, we have

12s,) = 24 | Per, = sup [[U(0)[ = U(Top,0)]
t€[0,To]

To
(/0 U(To, s)p(s,z,, (s),€) ds

+ > U(To, m)ar(@y, (1), €)

0<71,<To
+ /0 U(t, 9)p(s, 2, (5), €)ds
+ Y U7, (1), §)llx

0<7,<To

< (LT + L3Lao + LiTo + L1 ) (€).

So
HQ(J:TO) — T, ||PCTO < LX(f)

where L = L%LQTO + L%LQO’ + L1T0 + L1(7.
Let us choose & € [0,&p] such that

L sup x(&) < p1.
g€l0, €]

Then for £ € [0,&], we have
||Q(xTo) — T, ||PCT0 < LX(&) < p1,

From which we know that (z) € B and therefore Q: B — B.
It follows from (4.1), (4.13) and (4.17) that

||Q(xTO)||PCTO < ||Q(xTO) — T, ||PCTO + ||$TO HPCTO < p1+po=p.

That is, the set B is uniformly bounded.

(4.15)

(4.16)

(4.17)

(4.18)

Letz € B, and t1,t2 € (1,-1,7]N[0,Tp), i =1,2,...,0, wherery = 0and 7, = Tj.
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For 0 <e <ty <ty <Ty, then we have

H(Qx)(tl) - (Qx)(tQ)”x < HU(tlﬁ O) - U(t270)||c(x) H[I - U(T07O)]_1||L(X)

To
</O HU(TO? S)Ha(x) HU(S) +p(87x(5)’§>||x ds

+ Z HU<T0777€)||4(X>HCI@+Qk(30(7'k)a§)“x
0<1,<To

+/ a 1U(t1,5) = Ulb2; 8)ll o ox) lluls) + p(s, 2(s), )| ds
0

+ / Ut 5) — Ultan8)l]on, lu(s) + p(s, 2(s), )] ds

1—€

n / U (b ), () + p(s, 2(5), €)]] s

t1
+ Z ”U(tl?Tk) - U(tQ’Tk)”L(x)HCk + Qk($(Tk)7§)Hx~

0< <t

from which we know that for any § > 0, there exists € > 0 such that if t; —t5 < ¢,
then ||Q(z)(t1) —Q(z)(t2)||x < 6. Thus B is quasiequicontinuous and by Lemma
4.3, we know that the following set is relatively compact in B;

S={yeB | y=Qx), z € B}. (4.19)

Applying Schuader’s fixed point theorem, it follows that the operator {2 has
a fixed point x% € B and satisfies equation (4.12). It is clear that mio (t) is a
To-periodic solution of system (2.1). O
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