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1 Introduction and Preliminaries

Integral transforms and their inverses the Bessel transform are widely used
to solve various problems in calculus, mechanics, mathematical physics, and com-
putational mathematics (see [1-6]). The main aim of this paper is to generalise
the Theorem 1 in [7]. L, »(Ry), 1 < p < 2, is the Banach space of measurable
functions f(¢) on Ry with the finite norm

e 1/p
1A= 17l = ( / |f<x>|px2a+1dx) |

Everywhere « is a real number, o > —%, let

>  (2a+1)d
B=e 7 @&
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be the Bessel differential operator. By j,(x) we denote the Bessel normed function
of the first kind, i.e,
2T (a+1)Ja(2)

xa

Jo()

)

where J, () is the Bessel function of the first kind and I'(x) is the gamma-function
(see [8]). The function y = j,(x) satisfies the differential equation By+y = 0 with
the condition initial y(0) = 1 and y’(0) = 0. The function j,(z) is the infinitely
differentiable and even. In L, o(Ry), consider the Bessel generalized translation
T}, (see [8])

Tnf(z) = E(a +1) / F(V22 + h? — 2zh cos x) sin®® zda.
2

P(3)T(a+3) Jo

The Bessel transform is defined by formula [8-10]

f(t) = / f(x)jo(tz)z?* de, teRT
0
The inverse Bessel transform is given by the formula
f@) = @Tla+ 1) [ Foialto)de
0

We have the Young inequality

1 llg. < K1 Fllp,s (1.1)

where % + % =1 and K is positive constant.

We note the important property of the Bessel transform: If f € L, o(R4)

BI(t) = (—)] (). (1.2)

The following relation connect the Bessel generalized translation and the Bessel
transform:

Tuf(t) = ja(th)F(2). (13)
The finite differences of the first and higher orders are defined as follows:
Apf(x) =Tuf(z) = flz) = (Ta = 1)f(2),
where I is the identity operator in L, (R4 ), and

k

AFf(@) = Ap(AF (@) = (Th =D f(z) = D (=D (T f(),  (1.4)

=0

where TY f(z) = f(x), T, f(z) = Tp(T; ' f(z)), (i =1,2,...,k and k = 1,2,...).
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The k" order generalized modulus of continuity of a function f € L, o(Ry) is
defined by

Q(f,8) = sup [|ALf(2)]p.a-
0<h<$

Let W;Z)(B) denote the class of functions f € L, (R4 ) that have generalized
derivatives in the sense of Levi (see [11]) satisfying the estimate

Q1 (B"f.8) = O(¢(5")), 6 — 0

Wk

TEB) ={f € Lpa(Ry)/ B'f € Lyo(Ry) and Qi (B"f,6) = O(¢(6%)), § — 0}

where ¢(t) is any nonnegative function given on [0,00), and BYf = f, B"f =

BB lf);r=1,2,...

2 Main Results

In this section, we can prove an estimate for the integral

/ RO

N

which are useful in applications.

Lemma 2.1. For f € L, o(Ry)

0o N 1/q
([ et - Fopa) < KIAB 5o
0

where K is positive constant.

Proof. From formula (1.2), we obtain
Brf(t) = (-1)"t f(t); r=0,1,.... (2.1)

We use the formulas (1.3) and (2.1), we conclude

—

T}, B f(t) = (=1)" 5, (th)t* f(t), 1 <i < k. (2.2)

From the definition of finite difference (1.4) and formula (2.2) the image A¥B" f ()
under the Bessel transform has the form

— ~

ARBTF(t) = (=1)"(1 = Ja(th))* " f(2).

By the inequality (1.1), we have the result. O



700 Thai J. Math. 11 (2013)/ R. Daher and M. El Hamma

Theorem 2.2. For functions f(x) € Ly o(R4) in the class W;];(B),

0o k
F(t qt2“+1dt) =0 [ N72g1 (C) ))
i, (7o (e (5

where r =0,1,2,..;k=1,2,....,C > 0 is a fized constant, and ¢(t) is any nonneg-
ative function defined on the interval [0, 00).

Proof. In the terms of j,(z), we have (see [12])

1—jp(z) =0(1), z =21, (2.3)
1—jy(x) =0(z%), 0<z < 1, (2.4)
VhaJ,(hz) = O(1), hz > 0.

Let f € W;];(B) By the Holder inequality, we have

[ e = [ iaeniorestia = [Ca el forea
N

N

- / T a ) () ot

N
- /N (1= Ja () (|0 VE(Fle)e ™5 ) vde
* 5 q2a+1d qu;l >~ _-a h qk| 7 q2a+1d (%k
< (/N O t) (/N 11— altH™ T t)

gk—1

/oo |f(t)qt2a+1dt> qk
N

oo qk oo ~
< N2k ( / |f<t>qt2“+1dt) ( / |1—mth)|q’€|f<t>|qt2w+2a“dt)
N N

In view of Lemma 2.1, we conclude that

qk

( JER e <th>|Q’€|f<t>|qt2q’“+2a“dt)

N

L
qk

/ 11— Ja(th) || ()12 4204t < KO ALBT f(2)
N

15,0

Therefore,

[ Fwreia < [ aemiforeea
N N

0o T
ry ([T foeea) T sk @

From formula (2.5) and definition of j,(z), we have

ja(th) = O((th)~*"%).
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Then
f y|ag2et gy
N
) o qk;l
e} | Fey |2 dr 4 KON/ ( / If(t)\qt2°‘+1dt) AR f ()L
N
1 0 (ﬂfzgl
Rl \f(t)lqtzo‘“dtJquN 20/k (/ \f(t)lqt%‘“dt) AR ()| /%
N
or

gk—1

(1-owmy %) [T fwmeta = o2k ( /. °°|f<t>|%2a“dt) T ALBT @)

Setting h = C/N in the last inequality and choosing C' > 0 such that 1 —
O(C—12) > 1 we obtain

R q2a+1 g0 —2r/k * g qi2a+1 ql;i;l 1/k C)k
T Fopea—one i ([T ifwpeeria) T o [(N .
Then
C k
(1)

which proves the theorem. O

N

/ SRt = o (N—2w¢q
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